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[pegucnoeue
pepakTopa nepesoga

DTa KHHTa, NpUHajJexallas nepy Jaypeata Hobesepckoil mpemun, npodeccopa
KanucdopHHACKOro Te XHOJIOTHYeCKOro HHCTHTYTa Puuapna ®efiumana, He HyXxjaeT-
cs1 B cneuHadbHON pekomeHjaunu. Kak u Bce HamucanHoe QeliHMaHOM, OHA OTJIM-
4aeTCsl OPHTHHAJAbHOCTBIO, ICHOCTBIO H3JI0XKeHHsT H 6OraTcTBOM (PH3HYECKOro coaep-
XKanns.

B ocHOBY KHHrH TNoOJCKeH Kype JeKHH#, NPOYHTAHHBIX /sl COTPYAHHKOB
HCCJIe0BaTeNIbCKON Ja60paTOPHK, YTO B 3HAUHTENLHOH CTENeHH ONpefe]Hso ee Xa-
pakTep. B 3THX JseKLMAX aBTOP OCHOBHOE BHHMaHHE YILeJiseT He OGCYXKICHHIO
NPHHLHUIOB CTATHCTHYECKON MeXaHHKH, a TOKasy TOTO, KaK OHH NPHMEHSIOTCS B
JAeHACTBHH, TPH pelleHHH KOHKPETHHIX 3afau. PaccMaTpuBaeMble 3ajaud pellanTces
MaKCHMaJIbHO NMOJPOGHBIM 06pa3oM, TaK YTO UMTATesNb MOMKET MPOCIeJHTh 3a BCEMM
JeTassIMH BBIKJIAJIOK, TOSTOMY KHHIA@ MOXeT GbITb MoJe3Ha H cTyjeHtaM. BriGop ca-
MHUX 3a7a4 B 3HAYHTENBLHOH Mepe ofnpeje/sfeTcsl HAYUHBIMH HHTepecaMH aBTopa, Ko-
TOpble JOCTATOYHO WIKPOKH, — M3BECTHO, YTO OH BHEC 3HAYHTeNbHBIH BKJaj B cTa-
THCTHUECKYIO GU3HKY (METOA HHTETDHPOBaHHS MO TPAEKTOPHSM, TEODHS MOJSPOHOB,
TEOPHs CBEPXTEKYUeCTH).

JleKuuH HauyHHAWTCA ¢ QOPMYJNHPOBKH pacnpefenietdst ['u66ca KaK BeplIMHBI
CTATHCTHUeCKOH MexanmkH. [ajee aBTopa 6OJblI€ HHTEPeCyeT, MOJB3YACh €ro
TEPMHHOM, He ,,BOCXOXJAEHHe Ha 3Ty BepUIHHY* (06 OGOCHOBAaHHH CTaTHCTHYeCKoil
MeXaHUKW TOBOPHTCS OUeHb KPaTko), a ,CHYCK C Hee" — npHMeHeHue OGmMHX HpPHH-
HHIOB K pelIeHHI0 KOHKDETHBIX 3aJay, 4To JeJaeTcsl ¢ GOJBbLIHM MAacCTEPCTBOM.
UutaTenu, KOTOpble NMPHCTYNAOT K H3YUYEHHIO CTATHCTHYECKOH (U3HKH 10 KHHre
QelinMana, JO/KHB yKe HMEThb NpeicTaBjdeHHe o6 OCHOBHBIX HIesX MeToja CTaTu-
PTHYECKHX aHcaMOuell 'M66ca, MO3HAKOMHTBCS C KOTOPHIM MOXHO HO OJHOMY H3
cy wmecTBylOmHUX y4e6HuKoB [1—3].

H3yueHne cTaTHCTHYeCKOH MeXaHHKH Tpe6GyeT OT YHTATeJs aKTHBHOIO OBJaje-
HU S ee JOBOJbHO aGCTPAaKTHBLIMH METOJaMH, OCOGEHHO METOAOM BTOPHUHOIO KBaHTO-
BaHHSl, UTO CJYMKHT cePbe3HBIM MpENATCTBHeM MJs Hauuuatomero. B npepnaraemi x
sekuuax PellHMaHa H3JOKEHHIO OGILEH TEODHH NMOYTH BCerga NpeilleCTBYeT NOApos-
HOe pellleHHe NPOCTHIX KOHKPETHBIX 33aJay, YTO 3aMeTHO 06JeruaeT yCBOeHHe TeGpPHil.
Hanpumep, nposesenHoe B Iil. 1 pacCMOTpeHHE CHCTeMBI MaPMOHHYECKHX OCHHJLIS-
TOPGB, PaBHOBECHOTO TENJIOBOTO HM3JYyueHHs, Ae6aeBCKOH TeOpHH KPHUCTaJJHYecKoi
pelieTKH Nno3Bojisier GoJjiee eCTECTBEHHO NOAOWTH B ri. © K obcyxjenuio GopManns-
Md BTODHYHOIO KBaHTOBaHHs. MajloKeHHe TeODHH MaTPHUBI IJIOTHOCTH HJLIIOCTPH-
pyercsi Ha INPOCTHIX 3ajauyax, B KOTOPBIX MPOBOJHTCH SBHOE IOCTPOGHHE MATpPHIULL
NJIOTHOCTH AJIS1 MPOCTHIX CHCTEM. DTH NpPHMEPHI, C OAHOH CTOPOHBI, NOMOralT YHTa-
TeJI0 JIYUIIe OCBOHTLCS CO CJIOXKHLIM IIOHATHEGM MATPHIEl MJIOTHOCTH, a C Apyroi —
OKAa3bIBAIOTCS HOJIE3HBIMH B IJI. 3 MPH PAaCCMOTDEHHH METOAA HHTErpajoB IO Tpaek-
TOPHsIM B MPHMEHCHHH K 3ajayaM KBaHTOBOH cTaTHcTHKM. [logo6nas TecHas cBsi3b
MeXJY PpAasJHYHBIMH pas3jenaMH XapakTepHa Ajas Bcefl KHHTH. Doabloe BHMMaHHe
B JIGKIHSIX YJAJEHO MeTOAy (YHKUHOHAIbHOTO HHTETrPHPOBaHHS, KOTOPHE OOBIYHO
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Mpeauncnpsue peaaxktopa nepesofad

He BKJIOUAETCA B yyeCI'UKH NO CTaTHCTHYECKOWH MeXaHHKe. DTH pasieJbl, Fie MeTox
(efinMaHOBCKHX MHTErPaJioB MO NYTAM H3JNaraeTcsi CAMHM aBTOPOM, OCOGEHHO HHTe-
pecHrl, Kak H €ro MpHJIOXKeHHe K 3ajaue o noaspoue.

B nexumsx comepxuTcs u CoJee TPAAHLHOHHBIA MaTepPHa: TCOPUS K.aacCHUec-
KHX HeHJea/bHBIX 2308, MAHEPOBCKHE Pa3foKeHHs N[O CTENeHAM NMJAOTHOCTH, Lenoy-
Ku ypasrenuit Boromo6osa-— Bopua —I'puna — Kupksyna — Heona (rn. 4), Teopusn
(hasosbix  nepexofoB NOPALOK — GeCNIOPSAOK, OAHOMEPHAS M IBYMEpHAs 3aj1aus
Hsunra (ra. 5).

Bosibioe ROCTOMKCTBO KHHIH — O¥eln scHOE H MOLpoGHOE 06CyXeHHe MeTona
BTOPHYHOrO K BaHTOBAHHS, OCHOBHOrO A3bIKa KBAHTOBOH CTATHCTHYECKOH MeXaHUKH.
B yueGnoit amTepatype ele He 6BIO CTOJb KHBOTO H ROXOXUHBOFO H3OMCHHS
3TOro Meroia. B kauecTBe npumepos npumedenus ofmero Merona paccMoTpenml
OMepaTops! /EKTPOH-POHOHHOrO B3aHMOJEHCTBHS H B3aHMOJEHCTBHS 5J€KTpoMar-
HATHOTO NOJIA ¢ 3JEKTPOHAMh, a Takxke AHarpammbl Qefinmana. Uutaredn necom-
flEHHO, CMOXKET OUCHHTH KPacOTy 3TOrO METOAA B H3JIOMEHHHM ,H3 NEPBHX DPyK*.

Han cnyuass BsauMoneHCTBHH, BHIPAa)KaeMbiX Yepe3 CIHHOBHIE onepaTopel, pac-
CMOTpeHbl OOMenHbie 5(eKTH, NPHBOAALKE K (EpPPOMArHETHSMY H antudeppomar-
HETH3MY, W NpoGJeMa CHHHOBLIX KoMIjekcoB Bete (ra. 7).

JlopoabHO 10ApoGHO OcBemeHa npoGieMa NoJspOHA B AU3NEKTPHYCCKOR cpene,
KaK A cayyast c1a60fl CBASH, Tak H 1JS MPOMEKYTOUHOH CBSISH, HA OCHOBE Me-
TONa (YHKUHOHAJLHOFO HHTErPHPOBaHHS, MO PaboTaM agropa (ra. 8).

B ra. 9 n3noxena TeopHsi 3JEKTPOHHOTO rasa, MMa3MCHHLIX KoseGaiuil u pac-
IPOCTPAHENHs 3BYKA B HOPMAJIbHbIX METaAAax,a B ril. 10—Teopua crepxnpoBoau-
MOCTH, BKJIOYana spdekT [kosedcona.

Hocnenusna, ra. 11 nocsamena Teopuu CBEPXTEKYUeCTH HHIKOTO relus, ABYX-
PKHAKOCTNOH TeopHK 3TOro 3h(HeKTa 4 OMHCAHHIO BHXPEBOTO ABHMELHS B  IeJlHH.
B stoil ofnacrn ®efinmany npunaznexar Bammpbe pe3ynbTaThl (heliHMaHOBCKHe
BHXDH, CBA3b CNEKTPA 3JICMCHTADHBLIX BO3GYXACHHA C KOPPEASUHOHHONH (yHKIMeH
NNOTHOCTEH, H3MEpsemOll MeToZaMu AudpaKLuH HeHTPOHOB;.

B neknuax comepmuTcs ML HeGOMIBLIOE KOJHYECTBO CCBIIOK, B OCHOBHOM
a2 opurnHaNbhble cTaThH. Ilpn nepesose GbiiH 106ABNEHE! CCBLIKH Ha yueGHUKH
# MoHorpauH, usnanrbie B CoBeTckom Colo3e, Ille YHTATEAL MOXET HafTH o6Cy K-
/leHHe HEKOTOPHX IHCTaJeH, CBA3aHHBIX C PaccMaTpHBaeMbIMU 3ajla4aMu, U GoJee
TIO/IHEIE CCHLWIKH HA OPHTHHANLHYIO JIHTEDATYDY.

Ocraercs 8aMeTHTb, YTO KHMFa He JHWEHA OTHENbHBIX HEJIOCTATKOB; H3JOXKeHHe
OT/IHHAETCH H3BECTHOH ()PATMEHTAPHOCTHIO; HE BCErNa yAadeH MW IeecO06pasen BhI-
Gop 0603HaYeHHH, He OCBEIlEHBI HEKOTODHIE WHTEpEeCcHDIE COBPCMEHHBIE METOJIbI.

Buecre ¢ Tem KHMra sBNACTCS HEHHBIM TOCOGHeM, OTPaXKalolUM ,,TBOPYECKyIo
71a60pPaTOPHIO® OIHOrO H3 KpPYMHEHNHX COBpEMEHHBIX GH3HKOB, M Mbl HajeeMcs,
HUTO OHA C MHTEPECOM 6yNeT BCTPeYeHa IUMPOKHM KPYFOM UHTATeNCH, Kak H3yyar-
KX CTaTHCTHYECKYIO (DH3MKY, TAK M AKTHBHO paGOTAIONMX B 3TOH O6MacTH.

IMepeson Bhimonnuan 0. T, Pyno#t (ra. 1-5) w H. M. Ilnakuza (ra 6—11).

A. H. 3y6apes

. JNIUTEPATYPA
1. Xyane K., CraTHcTHYeCKash MeXaHHKa, H3J-BO »Mup«, 1966,
2. Ky6o P., CraTHcTuyecKas MeXaHHKa, H3J-BO »Mup«, 1967,
3. Hcuxapa A., CraTncTuueckas (usuka, uag-so ,Mup«, 1973,



BeepeHue

B CTATUCTUYECKYIO
MEXAHUKY

§ |
Cratuctuueckas

CyMMa

OcHOBHOM NPHHLUHN pPABHOBECHOH CTATHCTHYECKOR MeXaHWKH

COCTOHT B CJICAVIOUIEM.
Ecau paBHOBECHAA CHCTEMA MOXKeT HaXOLHTbCA B OAHOM H3 N
COCTOHHHﬁ, TO BEPOSATHOCTBL TOTO, UTO OHA HaXOJHUTCH B COCTOAHUU n

¢ sueprue#i E,, paBHa'
1
) e—E,./kBT’

rae

N
Q= 2 e-EnltgT:

n=1
spech kp—rocrosinnas Boabumana, T —remnepaTypa. Bennuuny Q
HA3LIBAIOT CMAMUCTUYECKOR CYymmoll,

Ecan |i>—cocrosinue ¢ sHeprueit E; a A-—KBaHTOBOMEXaHH-

dyeckuil omeparop HabmofaeMo¥ ¢H3HUecKOH BeJHUHHBI, TO CpeaHee
sHAyeHHe (MATEMaTHUeCKoe OXKHJaHHe) 5TOH BeJHUHHBI PaBHO

RIS ST

I10 yHIaMEHTaAbHOE COOTHOLIGHHE ABJAETCA BEPUIMHOA cTaTHC-
THUECKOH MEXaHHKH; OCTalbHOe ee COAep:KaHHE ecTh JHOO CIycK
€ BepUIMHBI, KOTJAa OCHOBHbIE TPHHLIUNLI NPHMEHANOTCA K YaCTHBIM
BoIpocaM, Jn00 BOCXOXKAEHHE Ha Hee, KOTAa BHIBOAATCH OCHOBHBIC
COOTHOLIEHHSI H YTOUHAIOTCA TOHSITHA TEMJOBOrO PaBHOBECHS W
TeMiepaTypbl. Mbl HauHeM C BOCXOXKIEHHS.

U D10 pacnpelesieHne HasbiBaeTcsd KAHOHHUECKHM pacnpenefeHHeM [nG6ca u
crpasejJnBo Ais cucTemel B Tepmoctate (eM. [1], ra. II1).— Hpum. ped.
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Fn. 1. BaepeHue B CTATUCTHUBCKYIO Mexauwky

Ecau cucrema oueHb ciabo cBsi3aHa C TEPMOCTATOM TIPH AaHHOM
wyTeMIepartype®, ecjd XapakTep 3TOH CBSI3H ABJsIETCS HEOolpeaeseH-
HBIM HJIM TOYHO He HU3BECTEH, ec/JiU CBs3b JeHCTBYET B TeueHHe AJIH-
TEJBHOTO BPEMEeHHW H, HaKOHell, eclu BCe ,OBICTpHIE" NpOLECCH yxe
Npous3olly, a ,MenjeHHble“—eule Her, TO TOBOPAT, UTO CHCTEMA
HaxXOZUTCA B COCTOSIHHH MeN108020 DABHOGECUA.

Hanpumep, ecau cocyn ¢ rasoM noMecTHTb B T€PMOCTAT, TO ras
B KOHIle KOHIOB MOXEeT pas3pylHTb 060.104KYy, OAHAKO 3TOT Npoliecc
MPOUCXOAUT CPABHUTENBLHO MeAJIeHHO, W A0 TeX NMop, noka 060/04Ka
He paspyllieHa, ra3 HaxoAMTCS B TelJIOBOM DABHOBECHHU.

hy OUr. 1.1.
e —— He —
Hpe —
Er
Es
YpoBHU 3HEPTHH
B cHcTeme S
Ey=Hs +Es=Hpn+Ep u Tepmocrarte H.

PaccMOTpuM fBa pasjHYHBIX COCTOSIHHAl 7 H § CUCTEMbI, HMEI0-
mue pasuble sHepruu E, = E,. Torga cucrema ¢ oaMHakoBoi BeposT-
HOCTBIO MOXKET HAXOAUTLCH B JI0OOM H3 3THX COCTOAHHI, AeHcTBU-
TeJbHO, JiIo00e CKCJb YrOAHO Majnoe BO3MYILEHHe MOXKeT 3acTaBHUThb
CUCTEMY INepeHTH H3 COCTOSIHHA r B ADYroe cOocTofiHHe s ¢ TOH XKe
3Hepruefl (TO xeé BepHO M AAsA mepexoja us r B s). [lockoabky
cHCTeMa HaXOJUTCA B KOHTaKTe C TEPMOCTATOM B TeUeHHE JJIHTE/b-
HOTO BPEMEHH, MOXKHO OXKHJIaThb, YTO COCTOSIHHS C OJAMHAKOBON 3Hep-
rueft_Oyayrt __DaBHOBEpOSITHHL Ana/orMuHO CJ€IyeT OXHAaTh, YTO
COCTOSIHUSI € pa3/MuHON SHEPTHell 6YAYT MMeTh pa3JHuHbIe BEpOsT-
HOCTH.

[lockoabky 1Ba COCTOSIHHSL € ONMHAKOBOH 3Hepruefl paBHO-
8€DOATHBl, BEPOSITHOCTL TOTO, YTO cHcTeMa OyAeT HaXOJAHThCA B COC-
TOSIHHH C 3Heprued E, 3aBHCHT TOJNBKO OT 3HEPTHH 3TOFO COCTOSHHS
P = P(E).

PaccMoTpuM Temepb cucTeMy S, HaxoAsiuyiocs B PaBHOBECHH
¢ OoJsbliuM TepMmocTatoM H (dur. 1.1). OnelT nokassiBaer, urto
NoBeJleHHe TaKOH cHCTeMbl He 3aBHCHT OT NPHPOAE TEPMOCTATa;
MO3TOMY TEPMOCTAT M €ro IMOJHYK 3HEpPruo £ MOXKHO CUHTAThL
oyeHb OOJIbIIMMH, a paspelleHHble YPOBHH 3HEPrHH TEPMOCTaTa —
KBa3HHeNpPephIBHLIMH,




§ 1. CratncTmueckas cymma

O603HauuM YpPOBHH 3HepruM Tepmocrata yepes H;; oHH, 10
NPeano/oXKeHHI0, pachpeieneHsl KBaduHenpepuBHO. Ilyets E,—
YPOBHH 3HeprHHu cucTeMbl S; Toraa H; 3> E; nas Bcex sHaueHHH i, j.
CucTeMy BMecTe C TEPMOCTATOM MOXKHO NpeJCTaBsaTh cebe KaK HOBYIO
cucteMy T, TakKe HAXOISIIYIOCH B COCTOAHHH TEILIOBOIO PaBHO-
BecHus.

Cucrema T o6JafaeT HEKOTOpO# 3Hepruel, He HMeOIIEH CTPOro
(MKCHPOBAHHOTO 3HAueHHsi, TaK KaK TEPMOCTAT B3auMOjeHcTByeT
¢ BHELIHHM OKpYyXeHueM. [Io3ToMy MBI MOXEM CUMTATh, YTO 3IHEP-
rMs CHCTeMBl 3ak/oueHa B uHrepBate E,+ A. Ecau BeaudunHa A
JOCTATOUHO MaJa, MOXHO CUHTaThb, UTO COCTOAHHS TEpMOCTaTa B MH-
tepBaie H,;+ A paBHoBeposTHB V. [Tyctb 1 (H,)—4HCJIO COCTOAHHM
tepMocTaTa /, NPUXOASNIUXCA Ha €QMHUUHBIA MHTEpPBaJ 3HEPruu
86.1u3d f1,, T. €. MJIOTHOCTb COCTOSAHHH.

BeposatHocts P (E,) Toro, 4to cucreMa S HaXOAuTCsl B COCTOs-
Huu c sHeprueil E,, NponopUHOHATbHA HHCIY CIOCOOOB, KOTOPLIMH
cHCTeMa MOKeT TOJy4YHTh COOTBETCTBYMULyl0 3Hepruto. HHbivu
c/J10BaMH, OHa [poNOpUHMOHAJbHA BeinuuHe 2An (E,—E,)—uucay
cocToaHuil TepMocrata H, NpH KOTOpbIX cHcTeMa T MOXKeT MMeTh
3Hepruio B MHTepBajte E 4 A; Torza

P(E Ey—E

p(E,f)) - 7?((500—5,,'; =exp [Inn (E,—E,)—Inn(E,—E)].
Benomuum Tenepb, uro E,<€ E,. Ecam npuHsATb, 4TO Be/JHYHHA
(d/dE)Inm (E) =0 (E) noyrn He 3aBucut or E B paccmMarpuBaeMon
o6nacTe 3Hepruil ®, TO MOXKHO 3aIHCcaTh

P(E) _ o-B(E, - Em

P(Er) :

D Taxkoe pacnpejeseHHe Ha3blBAeTCS MHKDOKAaHOHHYeCKHM pacrpefefenuem
F'u66ca M cnpaBeMBO /s SHEPreTHYECKH H30JHMPOBAHHOA (C TOMHOCTBIO no A}
cucreMel.— [ pum. ped. .

2) OcHOBHOE NPEANoJokKeHHe, cleJJaHHOe 3/1eCh, COCTOMT B TOM, UTO paccMarpH-
paeMas cucTeMa o6jafaeT KBa3HHENpPEPHIBHBIM CMEKTPOM B JaHHOW 06JacTd sHep-
rHil ¥ He MMeeT KaKOH-MMGO XapakTepHcTHuecKoW sHepruu. Ecnu &, W &, —aBa
3HAYEHHs] SHEPTHH TaKOH CHCTEMBl, OMpeJe/JeHHBle C TOYHOCTHIO 0 aAXMTHBHOI
MOCTOAHHOH &£, HMeeM

f(e1) _[leite)
_— b
Fleq)  Feate)
rae f(e) — BEPOATHOCTb peasiH3aLH¥ COCTOSHHA C SHEprHed &. ITonaras
f(e)=g(e—¢s)

g(e)g(e1—ex) =g (0)g(e1—ea-18);
5T0 (byHKIHOHANBLHOE ypaBHEHHE HMEET eIUHCTBEHHOE pelleHHe
g(e)=g(0)e-Be (B =const),

noJayuaem

TakK YTO
[(e1) _ =B (es—e0)
(22)

~n

9



Tn. 1. Beegene B cTaTMCTU4ECKYIO MexaHMKy

Toraa
P(E;) ~e-BEp,

M3 ycioBust HOPMHPOBKH AJis BepoaTHocTel caenyet, uto P (E)) =
= (1/Q)e~PBEi, rae Q= e~
{

Taxum o6pasoM, QyHAAMEHTANbLHOE COOTHOLIEHHE KaXKeTCsl BIOJHe
npaBRonofo6HeiM. OfHaKO IJs TeX, KTO COMHEBAETCS B MOCTOAHCTBE
¢yuxuuii f(E), npuBegeM HeKOTOpPbLIE MPHMEpPHL.

Ilpexkpe Bcero OyjieM cuuTaTh, YTO TepPMOCTAT COCTOHT U3 N

HE3aBHCHMBIX TapMOHHYECKHX OCUUJAAATOpPoB. TorZa ero 3Heprus
paBHa

N
F = XDnhw,

i=1

rA€ Mbl npeanoJiaraeM, 4YTo 4HcJaa 1; OYEHb BE€JHKH, H H€ YYHTHI-
Bae€M S3JHEPrutd HYJEBbIX kosebaHul. OueHuM UwucjIo COCTOﬂHHﬁ,

SHeprust KOTOPHIX HHUXKe & . Ecan N =2, Mbl uMeeM cCUTYallHiO,
uzobpaxeHHyo Ha otur. 1.2,

I, OHI'. 1.2,
\ o s o
\
\* . . LY
A\ o -
L ¥ =¢onst
e\ e o//A/'
° \‘v/o 3 . .
. .\\o . L3 . - .
e o N o o o o o Cocrosinust ¢ suepruefi,
. }\ s 3 & & & MeHbLlet ocj—, AJIsT ABYX
i \ e TapMOHHYECKRX

ity OCLHJIIITOPOB.

s 3voro caywas UCKOMOE UHCJIO COCTOSHHI IPONOPIUHOHANBHO
wowa s TpeyroasHuka. QueBHAHO, YMCJIO COCTOSAHHA ¢ SHeprued,
He nmpesBocxoasimed &, B cayyasix 60/bLIMX ¢ OPOUOPILUOHAJbHO F &Y
TOrJd YHCJO COCTOAHUH, NMPUXOAANHMXCA Ha €IMHUYHLIH MHTepBaJ
gHepruu, paBHo N(F )~ (d/dF )TN ~ FN-1, rak uro

Inn (&) =const - (N—1)Iné&,

dinn(F) N—1 _N—1I ~ 2

Hna 6oabuiux N
1

b=
rae W —sHeprusi B pacuere Ha OAHH OCUHJJATOP,
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§ 1. Cratuctmueckas cymma

C Ipyro#l CTOpOHbBI, MOXKHO BEPHYTbCH K YPaBHCHHIO

P(Er) — '](EO'"Er)

P (E}7) N(Ey—Er)
H HEeMOCPEACTBEHHO [POCJEANTb 3aBHCHUMOCTb MOC/EIHEr0 OTHOLLE-
Husa or N. HUwmeem

N(Eq—£y) - (Eq—E N -1 —_
N(Eq—Er+) (Eg—Ep )N -1
_(1=E /NW)N-1 e~ ErW
_(I_E,,/NW/)N——I'——" e_E,,/W/

npy N -— o0,

Sadava. O6bsicHuTh, noueMy W He 3aBuCHT OT V.

B pesysibTaTe MHl NPUXOIHM K 3HayeHHO LA [§, cOBNafaoUIeMy
€ paHee MOJYUYEHHBIM.

n; V?(Lm/yzﬁ);(nlz +n§)»’/? QUT. 1.3.

L) .

Uncno cocrosnnii

¢ SHepruei, MeHbled §F ,
TIPHMEPHO PAaBHO ILJIOMAIH
1U300PaXKEHHOTO Kpyra

B kauecTBe BTOpPOro MpuMepa pacCMOTPHM TEPMOCTAT, NPEACTAB-
asouuil coboii N uacTul, HaxogAmMxcs B AlmHKe. B sTom caydae

p. 2 2
P"2’1+PZ'1+P:1+PE’2+P;‘2+P§2 + .. _{_PiN—l_PyN—l_PZN
2m *

2m 2m

g’:

Ylpeﬂnonaraﬂ rnepHoOAHYECKHEe TpAHUUHBIE YC/JAOBHA, MMECEM

p _2nﬁ (nenoe yuesao) 2nxnﬁ
x L - L y
rne L—paauHa cooTBeTcTBYylouero pebpa smuka. Torzaa
2nh

g:_ﬂ[ni'+n;l—{— nf,—{—fliz-{—----{—”:Nl,

MpuHueM NP HAJH4YUU TOJNLKO JBYX BEJTHUHH 71 MOMCHO GBLTO bl
BLIYHC/IUTL B HENOCPEJACTBEHHO € MOMOWbIO dur. 1.3.
Yucao cocTosiHMA ¢ sHepruefi, MeHbUIeH & , NMPUMEPHO PABHO

njowagd Kpyra paauycom V'o?'(Lm/:rcﬁ); B cJaydae N dHacTHu

11



fn. 1. BeepeHne B CTAaTMCTMHECKYIO MEXaHWKY

c/eayeT HCMOJb30BaTh runepcdepy B 3N-MepHOM MpoCTpaHCTBe,
¥ YHCJ0 COCTOSHHWHU C 3Hepruel, He mpesocxoinuiell & , MponopUHo-
naneno (V& )*V. Orciona caenyer, uTo BequunHa B mouTH NIOCTOfH-
Ha ¥ paBHa (s W)~!, rne W —3Heprus, UPUXOAAMIAACK HA ONHY
yactuny .

PaccMoTpuM gBe HesaBUCHMBlE CHCTeMB S, U Sz ¢ YpPOBHSMH
suepruu A; u B, BeposTHOoCTe TOTO, UTO CHCTeMa S, MMeeT 3Hep-
ruo A;, paBHa

e BA;

Py(4) =3
[

IlpuBenem Tteneps cucremboi S, H Sz B KOHTAaKT JAPYT C LPYTrOM
p S4 B

(6e3 KakuX-1u6O OrpaHWuUeHHH) M PACCMOTPHM COCTABHYIO CHCTEMY

Sy=8,4+3S5 ¢ snepruamu T,= A, 4 B;; Toraa

Pr(Ty=Pr(A;+ B) =
e_BT(A£+Bj) g"ﬁTAi g"BTBj

= 2 e~ Brai z e‘ﬁTBJ': 2 e~ bBrdi Z e~ BBy’
i i / i

H

BeposaTHOCT TOrO, 4TO cocTaBHAsl CHCTEMAa S, HAXOZHTCS B TAKOM
COCTOSIHHH, B KOTOpPOM CHCTeMma S, HMeeT 3Hepruw A4;, pasHa
e BrA e~ BrB; e~ Brd

Pr(A)=2, ST A | S T ST A P4(A).
{ i {

li

AnaJjsoruuno
e’ﬁrBi

Z e~BrB;°
i

Pp(B) =

Mbl BUIHM, YTO €CJIM [iBe CHCTeMBl OPHBOASTCH B KOHTAKT APYT
c apyroM (Ge3 KakuX-1u60 OrpaHuueHuii), To B COCTOSAHHH PABHO-
LeCHsl OHH XapaKTepUBYIOTCS ONMHAKOBBEIM 3HaueHHeM . Ananoruu-
HBIM CBOHCTBOM ofJajaeT TeMmIepaTypa; 3TH BeJHUYHHbl CBA3dHb

D Tlpusefennoe noKasateqbCTBO TOro, YTO CHCTEMa B TepPMOCTATE 06Aagaer
KAHOHMUECKHM pacnpesiesenyeM I'uG6ca, T. e. Teopembl I'u66Ca, ocHOBaHO Ha BHGOpE
MOJEJIH TEPMOCTATA (CHCTEMA OCLHHJNATOPOB WA HACAAbHLIA ras). MoXHO f0Kasarh
9Ty TeOpemy, He fpuGeras K KOHKPETHOH MofeJH TepMocrard, €ClH paccMaTpH-
BATH NAHHYIO CHCTEMY KakK MOACHCTeMY 6O0JIbLIOH CHCTEMbI TOH e NpPUPofbl. ITo
Onlio cpeaano 0. Kpytkoseim [2] ans kaaccuueckoro cayyas. OGo6menne noxa-
3aTe/IbCTBA Ha OGOJLIIOH KaHOHMuYeCKHii aHcambib oM. B [3]. Hsdoxenne aTux
JOKa3aTeJIbCTB CM. B [4], ctp. 31 u 36, a ofofllenHe Ha KBaHTOBHIH cayuadf cw.
TaM ke, crp. 80 u 86. [lpm sTWX ZAokasaTelbcTBaX Takke TpebyeTcs pewars
QYHKUHOHANLHOE (KW WHTErpadbHoe) ypashenue aas 1 (E), HO ¢ ZONONHHTENbHEM
YCJIOBHEM IOCTOAIHCTBA SHEPruy TNOJHOH cucTeMbl.— [Ipus. peo.
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§ 1. Cratnctu4eckas cymma

OOLIETIPHHATEIM  cOOTHOWeHHeM P =1/kzT, rae kz—mocrosiHHas
Bonpumana .

CorJjlacHO OCHOBHOMY NMPHHIUNY CTATHCTHYECKOH MEXaHHKH, €CJH
H3BECTHA CTaTHCTHYeCKasi CyMMa

Q =Ze- E,/kpT
n

TC MOXHO HaHTWH Bce TepMOAHHaMHyeckHe cBofictBa. CaoGonnas
syeprus F onpenensiercs ciaeayiomuM o6pasom:

ngé’“En/kBTEG'F’kBT, (1.1)
F=—FkgTInQ=—FkgT In <;€_En/k87‘). (1.2)
COOTBETCTBEHHO /51 SHTPOIIMHM HMEEM
S=—ky 3 P,In P, (1.3)
rae
P, == EultaT . (1.4)

b BoJsiee TOro, NMPeAnoJOXKHM, YTO CINEKTP XapPAaKTEPH3YETCA MJOTHOCTLIO CO-
crosinufi n(g), KOTOpas H3MEHSeT JIHLIb MacliTab NpH 3aMeHe & —» Pe:

n(ep)=n(e) U (B)- ()

Toraa, coraacuo dopmyae (1.7), U (B)=C/p (cm. crp. 17), u B Benuuune C ne-
TPYAHO y3HATb OGBLIYHYIO (TOJIHYIO) TEMJOEMKOCTh, TaK 4TO

G G GiHGCy,
_ 1
Bi " B p
nocnennsns GopMyJsa COBMNAAaeT ¢ H3BECTHBIM SKCHEPHUMEHTAJbHBIM 3aKOHOM.
Y paBHeHHe (#) HMeeT €IHHCTBEHHOe peLIeHHe
n(g)= Aen,
KOTOpOe COBMAajaeT C MOJYYEHHBbIM Bbille [JIs1 MHKDOCKOMHUECKHX TeJl.
Ha ocnose ¢opmyasl (1.7) HeTPYAHO TakKe MOKasaTh, YTO

du
dp
tak uto U seasiercs y6oiBatomed ¢yuxunefi B. [Ipennonoxum, uto ase eucreMn

¢ pasauuHbiMH 3HaueHuaMu B (B; < P;) cMelIMBAIOTCS APYr ¢ APYToM; Mocae cve-
WHBAHUS B HHX yCTaHaBJuBaercs ofllee 3HaueHHe f, KOTOpoe ompejessiercs ycio-

BHEM
U1 ([31)+U2(52)=U1(‘3)+U2(B)~

B cuay y6wpatomero xapakrepa U umeeMm B; < B < By, # 5Heprus nepexofuT oT
TeJa ¢ MajhkiM 3HayeHueM P K Teay c Gojlee BBICOKHM 3HadeHueM f; 370 Takxe
corjacyercsl ¢ HALIHM HHTYHTHBHBIM [PeJCTABJEHHEM O TeMIeparype.
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Fn. 1. Beegenne B cratcTHueckyio MexaHuKy
N3 ypasuenus (1.2) Buauo, uto
( OF I g
—_— = = —_— ™ /k T —
(0T>V k”‘?‘[Qe " {

TOrla Kak jaB/eHHe P u cpeinss sueprus U onpemensiorcss sbi-

pPaxKeHugaMHu
P-E(-PE)=— (). 0o

U :65_‘_5"@— EntkgT (1.7)

—anH:S, (1.5)

YuurteiBag, uTto

A ~E jk,T
T_?ﬁ;;e n R,

M HCnoib3ys CcooTHowehuss S=-—0F/0T; U=F4TS, Haxomum
kgT20Q .., 0 [ F\ oOF o F
U= g o7~ TZBT’\T)“F" o — d(IjT) T’ (1.8)

U\ oF a JdF oF OF 0% F 0%F
CV‘“(ET‘/V”ﬁ~5T<T37)‘ch"5T'“TaT2“‘—T<0—T?>v' (1.9)
Hro6el noayunts Gosiee sicHOe nmpeacTaBieHHe O (H3HYECKOM CMLICTe
JaBleHus, pPaCCMOTPHM APYroe BO3MOXKHOe omnpenededue. | aMib-
TONHAN CHCTEMBI 3aBHCHT OT o0beMa, T. e. H=H (V). B kauectse

onepaTtopa aBJeHH s MOXKHO B3ATL P = —a3H/6V; Toraa
® . A .
:F}._Q]Ploe‘fi/kﬂ
2

Hosoe onpenenenne sKBHBaJEHTHO NpelbAyIIeMy, ecJu

‘011 aE(
Kpome Toro, umeem
9E; lim Ep(V')—E; (V) lim CLH S — (l VH iy
a"/__V’-»V ViV V’—»V Vi— ’
rae|i’> —cobcTBenHEli BekTOp oneparopa H' = H(V'), coorBercrByio-
Hi coGCTBeHHomy BEKTOPY |i{> onepartopa H. HOCKOJ’Ib}\y H'=H +
+ (H"—H), MoxHO HCNOAb30BaTh TEOPHIO BO3MYHIEHHH, cYHTan

—H ~0; Torna nmeem B nepsoM nopsiake <i’ [H [i'y ~ (L[H|t>+
+<L|H’ — M |i>. Tarum o6Gpasowm,

oE; lim G|H —H[z) l

LA P Vs Vi
u oba olipeeJIeHHsl JaBJIeHHS OKa3bIRaloTCH SKBHBaJeHTHLIMH,

14



§ 1. Cratncruueckas cymma

[Tockoabky H MoxkeT sBJAsTbCH QyHKIHeH He TOJAbKO o00beMa,
HO H (OPMBI CHCTeMbl, Hallle ONpeJeseHHE JaBJeHUS JOJAKHO YUH-
ThiBaThb, KaK HMeHHO u3aMeHsiercs o0beM. BooOwe rosopsi, aasa
JI060ro mapamerpa o MOXKHO ONpeneauTb OOOCLIEHHYIO CHJY COOT-

HOLIeHUueM
_ [ OEi N\ —E kgt
Famg X (=),
L

npuyeM

S

BOBMO)KHO H TpeTbe onpeneﬂeﬂue JaBJIeHHUA:
’ U
P=—5(V, S).

Ero 3KBUBaJIEHTHOCTH ABYM NPEALLIYILHM JerKO yCTaHOBHTh, HCIIO/b-
3ys coorHomenne U =F 4 TS.

Y paBuenue S = — (0F/0T )y BHITNOJNHsETCA TOJIBKO B DABHOBECHH,
Korja omnpegeneHa peauudHa F. [Ipy OTKJIOHEHUH OT DaBHOBECHs
sutponus S Bcersa Bo3pacTaeT C TedeHHeM BpeMeHu ). Uto6H!
MoKa3aTh 3TO, 3aMeTHM, 4TO, COMVIAaCHO HeCcTalHOHAapHOH TEOpHH
BO3MYIILEHUH

daP ,
ar 22(’Vnm’2 Pn_—!vmu 12 Pm)'

rre |V, |*—oTHeceHHas K eAMHHLE BPEMEHH BEPOATHOCTH Nepexona
CHCTEMbI M3 COCTOSIHHS n B cocTosiHue m, npuueM |V, . [P=|V_,,[%
Toraa

ds ap dP; dpP;
L ——kBLZ(d—t’—i-ln PG ) = —ky X P,

i

TaK Kak

aP; _ d __apP
Tea nPi=g =0

HMwmeem, naJee,

das S
&= —ky 2|V (P, —P,) I P =

mi

k P
=_jngIVnmlz(Pn—Pm)(lnPm_]npn)’

Tle Kaxkio0e cJlaraeMoe B IpaBoil 4acTu oTpularebHo (3Hak P,— P,
NpOTHBOMNOJOXKeH 3Haky In P, —lnP,); Takum obpasom, dS/dt> 0.

L) Bogsiee nogpo6GHoe o6CYKAeHHe MpoGJieM, CBA3AHHBIX CO CTPEMJICHUEM CHCTEeM
K paBHOBECHIO, H APYTHX BONpPOCOB TEODWH HEPABHOBECHBIX NPOLECCOB CM., Hanpi-
mep, B {4, 5].— lpun. ped.
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Fn. 1. BaepeHue B CTATUCTHYECKYIO MEXaHMKY

[Ipexxae uem nepexoiuTh K BbHIMHCJAEHHSM, 3aMETHM, YTO eCJiH
cucTeMa npencraBisieT coG0H HaboOp HECKOJIbKHX He3aBHCHMBIX
NoACHCTEM, IPUUEM Eno,sz,,:E E,,i (E,,I.— 3HEPrHH [OACHCTEM), TO

i

-BZE,
Fe—tyTnQ=—kyTInXe™ e —pyTin ¥ ¢ ¢ o

Ny, Mgy ue.

= —#kgTIn ] <§e"BE”i> = _/e,,Tg [m ;e_BE"i] =3F.

CBoOOMHAS 3HEPIUSA CJAOKHOH CHCTEMbI paBHa cymme CBOCOIHBIX
SHEPrUH ee HeB3anMOAeHCTBYIOUIMX yacTel,

§ 2
NMuneitusie
FAPMOHUYECKHE  OCLMNNATOPbI

PaccMotpum cuereMy rapMoHuueckux OCUHJ/ITOPOB, Haxons-
IMHXCA B TeNJOBOM paBHoBecHH. YTob6bl HaliTH CTATHCTHYECK Y10
cymmy @, cBoGomHYIO 3Hepruio F u CPemHIoO sHepruto U 3100
CHCTEMBI, CJACLYeT Y4eCTh, YTO OCUMJAASITOPHI He B3aHMOREHCTBYIOT
APYT C APYroMm, HO HaXOUSTCS B KOHTaKTe C TePMOCTATOM. Torna,
onpeaeaus CcBoGOAHYIO 3Hepruio F, pas i-ro OCUHJLIATOPA, UMeeMm

Aaa M ocHnaaaTOpPOB
M

i=1

CooTseTcTBenno
— [
Q=X e En/taT, (1.10)
n
rA€, COTIaCHO KBaHTOBOH MeXxaHHKe,
Ei=Fh l =0,1,2

= Nho; n—{—7 (n=0,1,2,...), (1.11)

TaK 4TO
e—hmi/szT

Qi zze—hm[(n +1/o)ikgT ) (1.12)
n ,

1 -—1+e“hmi/kBT+e—2hmf/kBT—{—
l__e—hml-/flzBT = A
Fi=—kyT In QF%H%T In (1—e™eit*s7), (1.13)
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§ 3. Manyyenne abconoTHO vepHoOro tena

AHaJOTHYHO cpeaHssa sHeprua U;, npuxoasdmascid Ha Kaxabli
OCUHJJISATOP B TEIJI0OBOM DaBHOBECHH, PaBHA

U":Qii; Ezr'le—E‘}z/kBT:a(ST)fT‘;, (1.14)
TakK 4TO .
—ho,/k T ) )
Up=f§i+f%ftﬂpé%~=§§L+:ﬁ;§§ijr. (1.15)
Torpa
F=Y F=Y [ﬁ;’—urk,,r In (l—e—hwt'/kBT)] ,
i i (1.16)

V=3 U:=3

i

[Em_i_}_ __ﬁ“’.f ____] .
1

2 ehu)[/kBT .

TIpHHATO oNpenensTh cpejHee 3HauY€HHEe n; YHCe] 3alOJHEHHS
COCTOAHHH 11; PaBEHCTBOM

Ur = (7 ) o

- !

ehwl./kBT g )

OTKYJa

BosBpamascsy Kk mnpumepy, paccMoTpeHHomy Ha ctp. 10, Mb BH-
AUM, 4TO ]Il OYEHb BLICOKHX Temneparyp (u 3HaueHufl U) Besu-
UuHa

1

W%Ul%kBT:ﬁ

AeACTBUTENLHO He 3aBHCHT OT U/,
3aMeTuM, 4YTO BKJaj OT i-r0 ocuuanstopa B F npeHebpexx HMo
MaJ, ecau ﬁco,.>>kBT (3TO He OTHOCHTCHA K c/iaraemoMmy hw;/2). ITpu

HH3KHUX TeMmuepaTypax BBICOKOYACTOTHBIE MOJBI KoneGaHHH ,3aMO-
POXKEHBI* M He [al0T BKJajla B TeNJOEMKOCTD.

$ 3
Usnyyenue
abconoTHO YepHoro Tena

B Bonpoce 06 mnsiayyeHun aGCcosOTHO 4YepHOro Tena npuMeM
CJACAYIOUYI0 TOYKY 3penHust. B mogocTd, KoTopasi npeacraBsasier
coGoH Mojesib aGCOMIOTHO YepHOro Tesa, uUMeercs 00Jblloe Yuc-
70 THNOB KoseGanuil (kosnefaresnbHBIX Mof). UHCJAO 3THX MOi B

17



Tn. 1. BeegeHue B CTATUCTUHECKYIO MEXaHMKY

pacuere Ha eauHMUy 00beMa U eIHHHUHBIH HHTEPBAA 4acTOT onpe-
AGIAIOTCST  KJIACCHYECKMMH COOTHOLUeHHsMH. OaHaKo Kaxkaas Moja
B OTHeJLHOCTH BeleT ce0si KaK He3aBHCHMBIH KBaHTOBOMEXaHHUe-
ckuil ocumaaATop, Tak 4ro E,=nho (Mbl OIlycKaeM JHUIL cJara-
emoe fuo/2).

Caaraemoe fiw/2 TIPHBOAUT K NOABJIEHHIO OECKOHEYHOH 3HeprHu
NPH HAJHYHH GECKOHEUHO GOJIBLIOTO YMC/Ia MOA: YTOGHI H3GaBHTLCS
OT 3TOH TPYIAHOCTH, BBEAEM T'aMHJbLTOHHAH
fiﬁ)i

1
H; =5 (P} + 0ig?) — 5

B smux npeanmonoxennsix merpyamo NOJIYYHTE BbIpAXKelHe 1714
SHEDPTHU, NPHXOAAUIEHCA HAa eAMHHNY OObeMa M efHHUYHBL HHTep-
Ba.1 4acTOT (MJIH BOJHOBBIX qyucest); HalzeM cHaYasna CoOOTBETCT-
Bylolllee YHCJIO MOX.

IlpencraBum cefe TMraHTCKMil SIWHK ¢ JuHEHHBIMU pasMepamu
a, b, ¢ n HasoxuM TpeGoBaHUE, YTOGH HA CTEHKAX SILIMKA BINOIHS-
ICb NMEPHOJMUECKHE TpaHuuHble yeaoBua. Toraa 1/A, npencrasiser
CODOH YHC/IO BOJIH Ha €IHHHNY AJIHHBI B HaNpaBJIeHWH OCH X, a
a/h, —TNOJIHOe WHCIO BOJH B sUlMKE B HANPAaBJEHHH OcH x. B CHY
TpeGOBaHHA E€PUOANIHOCTH IPAHHYHBIX VC/IOBHH OTHOLICHH e a/h,=n,
npeacras/asier coGoll uesoe 4uco.

[ycte k, =27/ ; Toraa

aky
on = lx
H aHaJoruydo
bk, — cR,
2n v o ®
dk bdk dk
225 —dn,, Y=dn, 2% —gn,,
2n 2 : 27

d3k dk dkyclkz
3y — =abt——=aqbe —> 42
d®n=dn,dn, drzz——abc(%)3 abe G

[1s Kaxnoro sHayeHun k BOSMOMHBI ABe pasyinuHble NONAPH3ANMH,
Takum 06pasoM, Y4HCIO MOZ ¢ BOJHOBBIM BEKTOPOM, JIeXKAH UM B
HHTepBaJe Mexay k u k-4 dk, B pacuere Ha €IMHHLY ofbeMa ompe-
HAEJSeTCsT COOTHOILEHHEeM

dfin o dvk
(abe) — < (2n)3 °

YureMm Tenepn, uto ® = ke, rie C—CKOPOCTh CB€Ta, H UHCJO
MOZ CTOJIb BENHKO, YTO MOKHO OEpedTH ot CYMMbI K HHTerpasy.

Vmeem rorna
kBTSSSln(l-—exp [-—"—;"g])% (1.17)
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§ 3. Uanyuenne abconioTHO uepHoro tena

(HanomuuM, 4to useH hw/2 onyuen.) Hanee, u3 coo6pakeHHu# cum-
METPHH TIoNydYaem

F ho (k)] \ 4nktdk
7:2/3,,’1‘Sln<l—exp [— " ]) P
U_o [ ho (k)exp [—ho(k)/kpT] 4kt dk

o j l—exp [—Fhw (k) kgT] (20)°

V
O603HaYuUM x:ﬁm/k,;’l‘:ﬁkc/k,ﬂ‘; TOTAa

(1.18)

8

it (kpT)?

U 81 (kTP emr ,
V 7 (2a)® pacs é l—-e-xxdx_ 15k3¢3 =oT*,

254
o= kB (1.19)

15k3c3

Tlonyyennble pe3ysabTaThl MOXHO 3allicaTh B 6oJee INPHBBIYHOH
tdopmMe, 3aMmenss hw Ha hv.
Uucso mox B pacuete Ha eaMHHLy oGbeMa B HHTepBade oT Kk j0

k+-dk paBHO
9 Ankidk  kdk  8mvidv
@Qm)d — @ T 3 ’
Tak Kak k= 2nv/c. Cpelnsis 3Heprus OCUMJJNATOPA C YACTOTOH v
paBHa hv/(e""*B" —1); Torza smeprus, npuxomsmascs Ha eHHHLLY
o6bemMa /s MOJA B HHTEpBaJe OT v 10 v-+dv, paBHa

U, dv :ﬂ: 8mve hv dv .
—1

3 hvjk T
1% C ¢ /B
Ota dopmyna cosnagaer ¢ (1.18) u npeacraeaser coboil 3axow
usayqenus Ilarauka.
CoorBeTcTBeHHO (opMy.aa

( Udv=oT

(1.20)

npeacTaBiaser coboit saxon Cmegana— boasymana.
dns ouenb Bhicokux T (kgT >>hv) nmeem

8nv? hv dv __ 8mv?
3 14 (hvjkpT)—1" 8

Uydv = kyT dv; (1.21)

3Ta QopMyJia npeacTaBaseT cob6ol 3axkon Pases— [umcunca. O6o3Ha-
yasi F*=F/V u U*=U/V, nony4aem A5 TEIIOEMKOCTH rasa (oTo-
HOB, HaxOJSIILHXCA B PaBHOBECHH C IOJIOCThLIO,

*
CV——- ddl;, =407T3.

Eciu ocunanatop (mam KoseGartesbHast Moja) BOaGyxjaeH [0
N-ro yposus, tak uto E=FHho,N, To TrOBOpAT, 4YTO uMeeTcs
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Fn. 1. Beepenue B craTHCTHUECKYIO MeXaHMKy

N dotoHOB ¢ sHeprueii fuo,-. Tem campiM ¢oToHb onpenesnoTCa
KaK CTeneHb BO30YKIEHHS MOJbI, IO3TOMY HX NEePEeCTaHOBKY HeJab3f
paccMaTpHBaTb KaK HOBOe COCTOsIHHE; HHBIMH CJA0BaMH, (DOTOHBL
HepasAMYHMBL. D7T0T dakT, Ha KOTOPDOM OCHOBaHa KBaHTOBas cTa-
THCTHKA, OyJeT HCNOJIb30BAH B jfajbHeilleM.

$ 4
Konebarus
B TBEpPOOM Tene

[TocrapuM 3ajauy HalTH TENI0EMKOCTD TBepjaoro Ttesaa. Ilpu
STOM MBI TIOJIyYHM BaKHble De3Y/bTAThl, KOTODLIE OKAXKYTCst 110Je3-
HBIMH BO MHOTHX JPYrHX CJydYasiX; B NepPBYIO OYepeib 5TO BHIYHC-
JIEHHEe HOpMaJIbHBIX KOJeOaHuH (HOPMaJbLHBIX KoJeGaTeJdbHbIX MOJ)
KpHCTaMAIa.

IlporpamMa Hammx geficTBHH TakoBa:

l. Bymem paccMaTpuBaTh TBepioe TesqO Kak KDHCTaNIHYeCK Y10
PELIETKY aTOMOB, KXAbIH H3 KOTOPBHIX NMOAOOEH TAPMOHHYECKOMY OC-
UHJTATOPY; PasyMeeTCsi, STH OCUHJISTOPBI CBA3aHbl MeXAY COGOIl.

2. Hafizem HOpMmanbHble KoneGaHHf CHCTeMBl. MX 4meso paBHo
4nCay CTeneHed cBoGoAbl KpHcTamia, umenHo 3(AN), rae (AN)—
YHC/I0 aTOMOB B KpHCTa/lle. Hopmasibuble Mofbl BeayT cebsi Kak
He3aBHCHMBIE KBAHTOBbIE OCLHUJISTOPHI.

3. Buyncaum csoGonuyio ssepruioo F, 3Has HOpMaJIbHble MOJDI.

4. 3nas F, uafizem C, u Ja00YI0 ApYryio TepPMOJMHAMHYECK Y10
BeJuuuHy, NpEiACTaBAAIUYI0 HHTepec. B wyacTHocTu, HeTpyaHO
HaHTH 5HEprHi0 cucteMbl (/, OTKyAa B JajbHEHIIeM Ml Hemo-
CPEACTBEHHO U moJyuuM Cy.

Cucrema oGosnauenmii. PaccmoTpum kpucTamt ¢ A aTomamu B
SJIeMEeHTapHOl siuefike. [Ipeanosoxum ans yaoG6CTBa, YTO sieMeH-
TapHas suedKa npejacTabjaseT coGo# MPAMOYIOJbHBIH napaJsljiesent-
nell C JIHHEHHBIMH pasMepaMmy a, b, ¢ BAO/b TPeX B3aHMHO nepien-
AUKYJAPHBIX ocell x, y, z. IlycTh Hayalo KOOPAMHAT HAXONMTCS
B ,LeHTpe" siUeHKH; MOCTaBUM B COOTBETCTBHe STOH sAuelKe TPOHKy
uuces (0, 0, 0). Sluefika, pacmosaramouiasics Ha ocH x crnpaBa oT
paccmoTpenHo#, Gyner oGosnauatsesi (1, 0, 0) u 1. 1. Takum obpa-
30M, J00ass sYefika MoxkeT 6bIThb 0603Hauela BexTopoM N=n_a+
+n,b+4n,c, re a=ai, b=>bj, ¢c=ck. Eciu nua KaxAylo aueiixy
IPHXOAUTCH A aTOMOB, NOHafOGHTCA 34 NONOJHHTEAbHBIX KOoOpJIu-
HAT M1 YKA3aHHS MECTOMOJOKEHHS KaXKA0TO H3 HHX; 0603HAYHM
Uepes @ OQHY M3 COOTBETCTBYOWUX 34 KOOpAMHAT.

OGosnauum uepes Z, n OTK/JIOHEHHE KOOpAHHATH & B N-iI fdeiike
OT DaBHOBECHOTO 3HaYeHHs (Maccy atoMma m GyneM B AajbHelilem
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§ 4. KonebaHns B TBEpAOM Tene

cuHTaTh PaBHOH EIMHHIE HJIH BK/IOYHM €e B Z); BeJHUHHA Z, Nim
xapaKTePH3YeT TaKoe Ke OTKJOHeHUe B suelike, 6/H3KOH Kk Adelike N.

Ecau, Hanpumep, B 3JeMEHTAapHOH fiueliKe HMEIOTCS JBa aTOMa
A, m A,, To cvmemenne atoMa A; B HallpaB/eHHH OCH X 000O3Haya-
ercsi uepe3 Z;n, atoma A, (B ToHl e suefike)—uepe3 Zyn, a
atoMa A, B OIHOH U3 CMeXHEIX siYeek —uepe3 Zj n;i, rAe
1= (1, 0, 0), unu (0, 1, 0), unu (0, 0, 1).

HopmaabHbie kosnebanusi (Moabl). KuHeTHyeckas M MOTEHIHA/L-
Has SHEPTHA ONPEeReJAIdTCS COOTBETCTBEHHO BHIPaXKEHMSAMH

1 ~ >0 1 <o
T=5 X Zixn =5 Zin (1.22)
IO yacTHUaM o, N
H HalrpaBJeHHAM

N

1 ~ v
2 Tt ), JLenlenamt . (123
+2°" B’z"“, M<dZO‘,N()ZB,N+M >Z=0 % NEB.N ( )

Ilpear1o/oxKHUM, UTO 3/€KTPOHBEL B KPHUCTAJ/JIE BCETLAa YCIeBaOT cJje-
JOBaTh 3a KOHpHrypauued, orBevawooued MHHHMaabHOH 3Hepruu
(naxe B TOM cJaydae, KOrjJa aToMbl KpucraJjia Koaebaworesa . B sroi
KoHGurypanuu jJedcTByiomas Ha PO pe3ybTHPYIOLLAs CHJa paBHA
HY. IO, ecJid cMmemleHHe Z, N DPaBHO HYJIO, T. €.

oV
SR T —)
< 0ZOL,N >Z= 0

AnnutuBras Koncraurta V (0) He NoBaMsieT HA HallM pe3y.bTaThbl,
TaK 4YTO ee MOXKHO 0e3 ymep6a onycTuTb. O603HaYuM

< v > .

0Z, NOZg Nim Jz=0 @’

npuyem Cly=CgM, Tak 4TO BeJMYHHBI Chp 38BHCAT JIHUIL OT OTHO-
CHTEJIBHOTO pPAaclloJOXKeHHsl fiYeeK HBYX aTOMOB (HO He OT HX abco-
JUOTHBIX 1To/I0kenui). [Ipenebperan BhICINMMYU YTEHAMU Pa3iOXKeHHs,
3anplieM NOTEHUHANbHYIO PHEDPIHIO B Buje

1
Veg 2 CeZa,NZp,x 1+ M. (1.24)
M

a, B, N,

[Tpn HuU3KHMX Temneparypax orOpachiBarie U/JEHOB BBICLINX
NOpAJKOB MPEACTaBJAETCA JOCTATOYHO ONpPABJAHHLIM, TaK Kak pac-
CTosinue MexX1y aToMaMd MMeeT NopsajoK 1A, a aMmauTyasl KoJe-

b COOTBETCTBy}OU.Lee IpHOJIHKEHHE HA3BIBAIOT HHOTAA alHAGATHYECK HM. — llpun.
flepeg .,
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Fn. 1. BeegeHue B CTAaTUCTUUECKYIO MEXAaHUKY

Gaunil Npu KOMHaTHOH Temrepartype umeroT nopsagok 0,1A. OgHako
He cJeflyeT CJIHUIKOM YIHMBJATBLCA, €CJIH SKCIEPHMEHT He MOATBep-
AUT HallK HAeaJH3HpOBaHHbIe NIpejcTaBjeHusi. Boobie B nojgobGuHIX
BOTIPOCAX MBI BCerga JAOJIKHBI CHauasa HJeaJU3HpOBATh 3ajauy, a
3aTeM IIONbITATLCA HAHUTH MONPaBKM, KOTOPhIE YAYUIIAT Pe3yJ]bTar.

Yro6b1 060CHOBATE NPOLEAYPY, HCIOAL3YEMYIO faJee AT HaXOXK-
JeHHs1 KoJleOaHHH KDHCTas/a, PacCMOTPHM KJ/ACCHYECKYIO 3a]ady
0 KOJeOaHHSX CBA3AHHBIX OCUUAMATOPOB. IlycTh raMHJILTOHHAH
UMeeT BUI

P,2
H =2 5+ Xy Cigiai

rle ¢;—KOODAWHATBI CMeIeHu# H3 [OJIoKEHHH paBHOBecHs, Pj=
=M,q;—umnyiase, Cj;= C;;—xKoHcTauTsl, /s HCKIIOYEHHs! TOCTO-
SIHHBIX BeJHYnH M; cllesnaeM 3ameHy

ST Cij
gi=q:V M; u CUZW'
p=22__L1 p,
dq; VM:‘
rpe % —aarpamxuan cucTemel. Torga nosnyuaem
P 1N
H:LZT‘_}—?%_Cquq/; (1.25)
ypaBHeHHA JABHXXEHHS HMEIOT BHJ
: oH : cH
9:=3p; =Pn Pi=——ag=—zci/qr

Pasnoxum Tenepb ABHXXE€HHE CHCTEMbl HA MOJAbLI, KaKjaas H3 KOTO-
pBIX HMEET CBOW HAaCTOTy, TOrJa IIOJHOE€ ABHXKEHHE CUCTEMbl MOXHO
NnpeACTaBHTL B BHJ€e CYMMbl OTAE€JbHBIX MOJ. nyCTb MOAa o HMeeT
YacTOTY ®y, TAK UYTO

g —e e,

rae a/® He 3aBHCHT OT BpeMmeHu. Toraa

@) __ ()
wgza® =¥ Ciaf.
i

Kaaccudeckas 3agada o KoJeGaHHSIX CBS3aHHBIX OCIHAJAATOPOB
cBeJlach, TAKHUM 00pasoM, K 3ajaye HaXOXIeHHsi cOGCTBEHHBLIX 3Ha-
YeHHA M COOCTBEHHBIX BEKTOPOB AEHCTBHTE/NLHOH CHMMETPHYHOMN
MaTpulbl || C;||. dns OTBICKAHMA YacTOT w, HYXKHO PELIATbL ypaB-

HeHHe .
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§ 4. Konebanns s tBepaom tene

[oc/7e 3TOTO MOXKHO HaHTH H coBCTBeHHBle BeKTOopbl a/®. [locaern-
HHEe MOTYT ObiThb BbIOpaHbBl TaK, 4YTO

:
> a@a® — 8.

7

O6ulee pelleHHe /s CMellleHHH ¢; HMeeT BHJ
ZC q(ow

rae C,—TpOH3BOAbHbIe MOCcTOsHHBIE. BBoas Qn=C,exp (—iwyl),
Q

nosyuaeM ¢; =, a®Q,, OTKyia c/eiyer
02

Z a:'i)Qi = 2 af’ai®Qqy = E 6ochoc = Q/-

[Ipoussons sameHy nepemeHnbix Q= Za"’q,, Haxoium f{ = Z,f,a,
02

rje
l 9 l 9
HOL _—? P&,T?“VZQ(ZZ-

DToMY raMHJbTOHHAHY COOTBETCTBYIOT pellieHu st @, = C, exp (—imyt).
ITycTh Temnepb HaM HYKHO peLIHTh KBAHTOBOMEXaHUYECKVIO 3a-
Jauyy O CBs3aHHBIX ocunmmopax. MmeeM onsth

H= Z«)M +ZCL/qu/’

h o
L()ql

rje B 3TOM cJaydae
P;=

[TpousBoaa Ty ke caMylo 3aMeHy MEpEeMEeHHBIX, [oJyyaem
( Ql A
= Za[""qi = zafm VMi(/i»
14 13
HZZ Hocv
[e2

rjie ﬁ
— 2 0‘) _ 2
H,=— 5 0% + o)aQ

Orcrona HenocpeaCcTBEeHHO clefyeT, 4To COOCTBeHHbIMH 3HAUeHH SIMH HC-
-y Y/
XOJHOTO TaMHU/JIbTOHHAHA HABJAKTCHA BeJHUYHHb E—Z,(Na—l— /4) By,
o

Hckomoe pelllenre Ans1 KBAHTOBOMEXAaHHUECKOH CHCTeMBI CBsI3aHHBIX
OCILHJ/ISITOPOB CTAHOBWTCS TpPaBHaJbHBIM, €CJ/l pelieHO ypaBHEHHe

8, H:o

3y — 2-. ==
Det || C;;—?8;;|| = Det VAL,

23



Tn. 1. Beegenmne B cratucTHueckyio MEXaHNKY

ITpp HanMYMH 1TPOM3BOJILHOTO TBEPIOro Tena c Y/4-102% ato-
MaMH HaM CJelyeT, O4YeBHAHO, HCKAaTb COOGCTBEHHBIE 3HAYEHHA
102 % 10®-maTpuubl. OxHAaKO, ecaH TBEpPAOE TeJa0 IMpeJcTaBJsieT
co0oH KpHCTaJl, 3ajaya CYUECTBEHHO ympomaerca. KJacCHYecKuli
raMu/JIbTOHHAH AJdfl KpUCTaJla ¥MeeT BHJ

1 ; 1 M
H=+ Z Zyn +5 Z Co,8ZaNZBN+im ,
o, N o, B, N, M

a COOTBETCTBYIOILEE KJ/acCHYecKOe ypaBHeHHe JBHKEHHs (C yyeTom
M -M
toro, 4to Cog=Cp, ) 3alHChIBAETCH CJEAYIOILUM 06pa3oM:

M
Zun == 2 CloZonin.

EcrecTBeHHO npeanofioxuTh (a8 JaHHOH MojbI KoseBanui),
YTO €CJH OfHAa H3 fAYeeK KPHUCTaAaa KogeBleTcs onpejpeeHHbIM
00pasoM, TO u Bce OCTaJbHbie KOJeDJIOTCA TaK Ke, HO C pasuu-
HbIMH (asamu. CoOTBeTCTBEHHO OyJeM HCKaTh pellleHHe B BHJIe

Za,N =0y (K) e @elCN,

rze K BblpakaeT OTHOCHMTe/lbHHIH cABHMr ¢has MeXKAYy sueldKamu,
TaK 4TO MHOXHTeNb ¢‘K'N onuchiBaeT BONHOBOE JABHIKEHHE.
Hailinem Tenepb ancnepcronHoe coorHouleHne o = (K), pemas
ypaBHeHHE
. M . .
©%a e KN = 2 (Ca,ﬁaﬂetK-M)eLK-N.
M, B

[onoxum
Vap (K) = X Cope™ ™,

nmpuYeM MaTpuua 7Y.ps(K) spmuTtoBa (cM. Huke ctp. 27). Toraa
mzaazzyaﬂaﬂ, ¥ Mbl JIOJIKHH PEliMTb XapaKTePHCTHYECKOe ypas-
B

Henue ans 3A X 3A-mMaTpuUb:
Det )] o — %844 || = 0. (1.27)
Pewenne storo ypapHeHusl UMeET BH]
0 (K) = o,

rae r npoGeraer snauenus or 1 g0 3 A. CoorercTBytomas moga
OIMCBIBAETCA BbIpak€HHEM

Zg) \ (K) = ap (K) e= o' Kigik N,
rape

Dahal =8
Q

24



§ 5. TennoemkocTte kpucranna

Torpa rnoJdyuaem cJjaeayrollee BbipaxK€HHe, OIIHChIBAtoLlee oflree
JIBHXKEHHEe!

a N o= Z C (K) aa(K)e—Lm(”(K)tetK N

rie C,(K)/]/n—npomsonbﬂble MOCTOSIHHBIE, 1 ——MOJHOEe YHCT0

3/€MEHTapHbIX sYeek. (MHoXKHuTeNb l/l/n BBeJeH ¢ Ledabio GoJee
u3sIILHOMA 3anucH jganbpHeAHX ¢GOPMYJ, OJHAKO 0e3 Hero MOMKHO
u OBOHTHCH.)

Hycts Beanunna Q,(K)=C,(K)exp [—i0'” (K)?] onuchiBael
JaHHYIO MOAY KoJsaefaHHH; Tor/a

Za —2. Q, (K)as, (K eKV—‘n (1.28)

TaK 4TO

Q (K) ~ ZN Zon ag (K)em N, (1.29)
@,
# ramMUJIbTOHHAH CHCTEMBl NIPHHHMAeT BHJI

1 N e
H=%5 ¥ (2, v+ Y CapZanZp, nim] =
a, N

B, M

—% S [1Q (K) P4 0”2 (K) | Q- (K) ], (1.30)
K, r
0" (K) = [0 (K)]*.

Ecau paccMmatpuBath @, (K) H KOMIIJIEKCHO CONPSIXKEHHYIO BEIH-
YHHY KaK HE3aBHCHMBIC MepeMeHHble, TO Te e ypaBHeHHs JBH-
JKEHHs MOXKHO MNOJYYHTb C IIOMOLILIO TaMHJbTOHHAHA

H=KZ,[IQ',(K)!2+w"”(K)IQ,(K)I2]- (1.31)

)
TennoemkocTb
KpucTanna

Haa HaxoxaeHus cBoGopHOH 3Hepruu F caexyer NPOH3BECTH
CyMMHpOBaHI/le Mo BCeM BO3MOXHBIM MoaaM. [Iast oaHO# MOl
F=kgl'In[1—exp(— —lioP)/k,T)]. 3uavenns K npoberaior Ksasu-
HeNpepbiBHBIA CHEKTp, H Wi Kaxjaoro K umeiorcs 3 A wactor o).
[Tycts kpucTaan umeer o6veM V; Kpome Toro, GyieM cY4uTaTh, 4TO
HaJ/l0eHbl NepHOAHYeCKKHe I'DAaHHUYHBIE YCJOBHs, TOrja B HHTepBaJje
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[n. 1. Beepenue B CTAaTUCTHHECKYIO MEXAHMKY

mexay K u K--dK umeerca npumepro Vd*K,(2n)® Mox ¢ JaHHBIM
3Hadennem p. TakuM o6pasom,

F hof ~ho{D [k ,T7 d?K
o =kgT (2 o ~1——/eBTln[l—&—e “K'[*B ]%§ (1.32)

o

K »p

3necy d*K =dK,dK,dK,, a S CJYXKHT COKpAaUleHHbIM 0003Haye-
K
HHEM JiJIsi TPOHHOro HHTerpaJa

n/a wb mje

~q/a -a/b -n/e

BbiGop B KadecTBe mnpejeNoB HHTErPHPOBAHHUS —m/a M m/a ofy-
CJIOBJEH CiepyromuM ycaoBueM. BekTop K Bxoaur B moxazaredb
skcroHedTH ¢K'N, tak urto

-,N__iKnaiKnb iNn ¢
KN == o T o™y ot

rae n,, n,, n,—ueibe ducaa. Ilpu stom

el'k’xnxa — el' (K +em/an_a _ g[Kx”xa emi
w Beixod K 3a yxkasaHHble npejesbl He TNPHBOAHT K NOSBJIEHHIO
KaKHX-Ju00 HOBBIX MOJ.

IToxaxem Tenepb, 4TO TeIJIOEMKOCTL KpHCTal/la, HalJeHHAas
3THM METOJIOM, COIJIACYeTCsl C 3KCNEePHUMEHTOM: HMEHHO, MpH BHICO-
kux Temnepatrypax Cy =3R, a Npd HU3KHX TelI0eMKocTh Cy cTpe-
MHTCA K HYJIO NIPONOpLUHOHAAbHO T3,

Ham 6yner yno6uee paGorate ¢ U, uem ¢ F. 3aMetuMm npexje
BCEro, 4YTO B CIIEKTPe CYWIECTBYEeT MAKCHMalbHasi YacToTa 0.
Pasnocts Qa3 koneGanui JByX CMeKHBIX aTOMOB HE MOMeT mpe-
BOCXONUTh 180°, TaK 4YTO MHHMMaJbHasl IJHHA BOJHBL J0JKHA GBHITH
NOpsAJAKa YJABOEHHOTO DACCTOAHHA MeXIYy artoMaMu (0603HAaYUM
ero 2a). Otciona HaxoauM, 9T0 K=Ky~ 211/2a u vy = 0 (K,).

PaccMoTpum  crawana BbicOKOTemmepaTypHblii  mpegen. Ilpu
kpT > liw, Bce BosbyxaeHHBIE MOAB 061afalOT NIPHMepPHO OjHOH
M TOH Ke 3Hepruedl; TouHee, ecau uUMeercss N aTOMOB, TO

fiw; fw; k

U=% —¢ —_—t kgT =
EL_: 2 +2i:exp (hoykpT)—1" 2 2[: (01+Z£ sl

=U,+3NkgT =U,+3RT  (1.33)

(rae N —uncao Asoraapo). Orcioga noayuaem Cy = 3R mis 60.b-

wux T 3aMeTHM, 4TO TIPH 3TOM Mbl MO[VIA BOOOHIE ONYCTHTH 3HEep-
FHIO HYJeBBIX KoJebGauni U,
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§ 5. TenrnoemKkocTs KpucTanna

JIns odeHb MaJbIX 3HAuYEeHHH T(kBT<<ﬁmM) nosefedne Cy
TaKKe MOXKHO NpPHOJHXKEHHO onpeneauTh. Onyckas chraraemoe U,
SMAHM, UTO BKJaj BBICOKOYACTOTHHIX Moi B U Maj, Tak Kak

ho
—_——~0
exp (ho/kgT)—1

ecad fio>>k,T. Mb 3naem Takxke, uto npu K =0 cymecTsyior
TPY MOIBl C HYJeBoifl uacToTOH, KOTOpble COOTBETCTBYIOT CABHTY
{Tpanc/AlUKH) KpHCTaAaa Kak wejoro. Jas wmanbix 3pauenuii K
JIONAKHO ObITb TPH MOZABI C OUeHb HHU3KHMH uacToTamHu. las u3yue-
HHSl HX 3aBUCHMOCTH OT K paccMoTpuM vYep (K) B mnpenene wa-
abix K. Tlockoabky

Yab (K)= % Cgc‘, B KM,
tae CYp—neficTBHTe bHBIE YHCIA, HMEEM
VEa (K) —_—%}C%{ae—iK-M =§CEN(\Z eiK-M:vaB(K)_
Anajoruuno ana gelcTBUTeNbHBIX K HMeeM Y5, (K) = Vpe (—K),
TaK 9TO YVup (K) =7vps (—K) u
[ (o, K) = Det [[55(K) —0"0qp || = Det || vpo (K) —0*6gq[l =
— Det || Yup (—K) — 028ap]| = (0%, —K).

Hanee, nmockonbky [ ABasiercs yeTHOH ¢yHKuMed K, Hmeem
O (e

BBHay TOro uro XapaKTepHCTHYECKOE YpaBHEHHe [OKHO HMeTh
pewleine w=0 npu K =0, snauenne [ (0, 0)=0. Xapakrepucru-
4ecKoe ypaBHeHHE MPHHHAMAET BHJ

w? Tz o 2‘ K,K (aK oF; ) -+ Usenn BoICWHX mopsigkos = 0,

TaK 4TO NPH Madblx ® H |K| nmeem

. cos a; cos a;(0%f{0K; 0K j)o | /s
o=|K| [ 207/00° '

TJle COSo; —HaNpaBJasioliie KOCHHYChl BekTopa K.

Hubimu  caosamu, o =|K |vu, rie v—cKoOpoCcTs 3BYKa, KOTOpas
MOXeT 3aBuceTb OT HanpabjeHuss K, ecau He Bce BesHUYHHB
(0°//0K; 0K ), paBub apyr apyry. Ilpu noctatouno Manbix yacto-
Tax U He 33BHCHT OT 4acTOThl; B 3TOM COCTOHT npubauxcenue Hebas.
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ln. 1. BeeaeHn:z B CTaTHCTMUECKYIO MEXAHHKY

1 ypo6ctBa GyaeM cuMTarbh B AanbHelilieM, 4To BCe TPU CKO-
pOCTH 3ByKa COBnaaawt, tak 4ro o =_y,K. Torpa

7iu), ii(l),'
U= 2‘ [ ' hm-’k T l:, =

7ico, ho(K)  4nK? ®
“Z. +3 S J (2n)3dK’ K:v_o

a)/k T

Muoxutens 3, crosuiufi nepes HHTErpasoM, YUHTHIBAET, 4TO /S
Kaxaoro K CYIECTBYIOT TPH HH3KOYAcTOTHBIX KoJefauusi. Mieem
nasnee

(O}H

(03
g e do, rtae oy =0K, . (1.34)
e ! —1

3%

on2ed

U=U,+

Haiitn 3navenus K, . MOXKHO, NPHPABHAB ITOJHOE YUCJIO MO1 ero
TOUHOMY 3HauyeHulo, paBHomy 3AN, rae AN —nogaHoe 4duca0 aTo-
MOB B KpHCTaJe:

KMauc Kmakc K3 Vv
3AN — SVarK _ g 4nK? dK =57
(2n) ) (2:,-[).1 on? »
0 0
TOrja
Ky = (67°p)'h,
rae p—4YHca0 aToOMOB B ennHHUe oObema. [TosoxHM
7ia) kBTx
—_—, W= s
T kgT =T 3
RLT 35 kpT dx kKo
0 do=2_"_"8 , 0= 2.
h? h kg
Torna
/T
M
3k4 T4 3
Voo T8 | FE =Sy (1.35)
2n2ﬁ3vg

aneck O —memnepamypa JeGas. TakuM 06pasoM, TENI0EMKOCTH Cy
IPH HHU3KHX TeMlepaTypax NponoplHOHalbHa T3

C,=4ATs, (1.36)
rae A —m*kE/10h%¢ npu T/O — 0.
YOeruThca B CHpaBefMBOCTH 5TOH 3aBHCHMOCTH MOXKHO GoJee

HArJIAAHBIM 00pa30M, ecH TPeAnoJIOKHTh, YTO BKJAL B CPeLHION
SHEPruio TeX MOA, AT KOTOPHIX hw; > kgzT', mpeneGpexumMo mai,
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§ 5. TennoemkocTe kpMcTanna

TOrLA KaK BKJambl BCeX MOJ, AMsl KOTOPbX hw; < kyT, OIMHAKOBHI
W paBHbl kgT.
Yuci0 Moj € BOJHOBBIM YHCJIOM, HE MPEBOCXOMsHM K, paBHO

4nk K3V
3V S ok =om -

Ilpu wHu3kux TtemnepaTypax BeJnunHa K =/v,; cJeI0BaTENLHO,
YUCJA0 MOJ 7, YaCTOTa KOTOPBIX He TPEBOCXOAHT ®,, PAaBHO
®3V/2n*08. YuutweBas, uto ho,=k,T, uiu o, = kgT/h, nmeem
k3 T3y
ne—B_
om0k
3aBHCHMOCTb 3HEPrHH OT TeMIepaTyphl Aaercsi GopmyJoi

U k4TS 6,T) RAT4

v o oomehsd BT onhsvh
TaK UTO TenJoeMkocTb C, mpornopiuoHadbHa T3 (YHCJeHHbIH MHO-
XKHTeb, pa3yMeeTcsi, HEBEpeH).

Ecan moza c uacToTodi ©; BO30OyxJAeHa Ha n-# ypoBeHb H ee
sueprus E; = ho; (n+1'/,), To TOBOPAT, UTO B KPHUCTAL]Ie HMEETCSH
(OHOHOB ¢ 4acTOTOH ®; W 3HeprTHEH hw;.

Cy PUI. 1.4.
‘j’R ————— e - -

TenﬂoeMKOCTb TBepﬂOrO
76 Teua.

Ha ¢ur. 1.4 usobpaxena obmas ¢opma 3aBHCHMOCTH TeMIOEM-
KOCTH TBepJOro Teja OT TeMIIEpaTyphl.

[Ipumep. Tlyctb snemeHTapHas siuefika siBasercs KyGHuecKod H
COAep:KHT OAHH aToM (¢ur. 1.5). Kaxauii aTom BeneT cebsi kak
rapMOHHYECKHH ocUHAIATOP ¢ KO3(DHULHEHTAaMH YyIPYTOCTH &k, (MexXay
O6MrKaHIIUMU cocefiMH) U k, (MeXAy cocelsMH, CJeIYIOUIHMH 3a
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fn. 1. Beeaenne B CTAaTUCTHHECKYIO MEeXaHHKY

6 KadaME). DTOT caydall JOCTATOYHO IPOCT, TAK YTO MBI MOXKEM
YyIPOCTUTbL CHCTEMY OGo3HaveHHH (x=1, 2, 3), 2 UMEHHO MIOJIOXKHTb

Zin = Xn, Zsn =Yn, Z3n =2ZN.

Urobpl HaWTH TpH cOOGCTBEHHBlE YaCTOTHl, CBA3AHHBIE C KaxKipiM K,

cllelyeT cHauala onpeseauts Cyp W Y. HCNodb3ys KoMiiekc-
Hble KOODJIMHATH, HMeeM

V= Z Vg,
a, B
rie
Vap ZNZM Cz\ﬁZ;,NZB,N+M- (1.37)
Hanpuwmep,
Vu:NZ“ CHXNXnim. (1.379)

Ecan oBosHaunrs cmeweHue atoma N H3 [0J0KeHHA paBHOBECHS
yepes Xn, TO NOTeHIHabHAs SHEPTHA 33 cueT gedopMauuu ,Ipy-
HUHB, coequnatomed atombl N 1 M, paBua

g hm | X=Xy )|
9 + &M‘ 3
npudem Km=~k,, ecau atom N-+-M aBaserca O6JukaiiliuM HepBbIM

cocegom atoma N, B Km=k,, ecau OH ABJSIETCA COCEIOM, CJe-
AYIOWKM 3a 6JMxKaHIIuM.

p ~ ®UT. L5.
[ ] L] L]
L] . kz
Ky6uuyeckasn pemerxa
L. 7 ' C OFHHM aToMoM Ha
4 » SJEMEHTAPHYIO AYEHKY.

A5l nofyyeHust MOJAHOH MOTEHNHMAJILHON 3HEPruM CJAeayeT Hpo-
CymMMHpOBaTh No BceM N u M u 3areM pasjgenuTh pesyabTaT Uo-
110/1aM, 4TOOLI He YYUTHIBATH KAXKAYIO CBA3b (,[IPYKHHY") NBaXIbl.
OnHaKko NpH  HCNONB30BAHHM KOMILIEKCHBIX KOODJHHAT CJefyer
YMHOXMTb V Ha fgBa A HOAyYeHUs] NPABHILHBIX yPaBHeHH
IBUKEHUA:

=53 K’“I (Xn—Xn1m) l—x‘T ’ (1.38)
N, M
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§ 6. dpdert Méccbayspa

M
Va= b 3 K (1 ) Xk Xiom) (Xu— Xoom) =
N. M
- My
=—;-X KM<‘ ) [(XNX N+ XNemXnam)—
N, M
‘—(X‘XN+M+X1‘\I+MXN)—I:
M
= M N N— N N+M B
K ’M“ [XX XxXniml. (1.38")
N. M

ConocraBass sbipaxenns (1.37°) u (1.38"), MbI BHAHM, 4TO

°1=2KM<IMT*'>2, N =— KM<“M>Z (1.39)
M

3nech Beqnunna (Mx/|M|)? pasna 1 npuy M=(+1, 0, 0) n '/,
npu M=(x1, =1, 0) nau M= (=1, 0, &1); Bo Bcex ocTanbHLIX
caAyuasix sTa BeJdHUYHHA paBHa HYyJ0. Takum o6pa3som,

0, — 2k, +4k,; CET "V =—k w1,

M o
i Bce Cq. s MOryT ObITb Halfimensl aHajoruuyHo. Ilocae sToro MoxHO
BBIYUCJIUTD
M K
Yaﬁ(K)=§ s [eu\.M]

H 3aTeM pelmuTh ypaBHeHHe Det||ygp—0*8qp||=0. Haa kax-
goro K MbI DoJyuHM TpH KOPHfl, TaK UYTO B pesyJ/abTate Oyner
HafineHo 3N 3Hayenuf coOGCTBeHHBIX 4acToT @Y (K).

§ 6
DdpdoekT
Méccbayapa

Ecnu cpoGonnoe Bo36y:KAeHHOE $5pPO TEPEXOAHT B OCHOBHOE
cocTtosiHue, Hany4yas ¢OTOH, TO 5Heprus (hOTOHA MeHblIE 3HEpPruH
BO30y K/JEeHUsA H3-32 TOro, 4TO AAPO HCOBITHIBaeT otgasy. OaHako,
ecad BO30YXKJIEHHOE SJpPO HAXOAUTCA B KpPHCTAJIe, CYLIeCTBYeT
KOHeUYHasl BepOsITHOCTb TOro, 4TO OHO HM3JYYHUT OTOH C 3Heprue,
B TOYHOCTH paBHOH 3Heprud BO30YyxkAeHHsI. MHBIMM cjoBamu, cy-
IIeCTBYeT OTJAMYHAs OT HYJS BEPOATHOCTL TOrO, YTO COCTOSIHHe
KPHCTAA/a NOocje H3JIy4YeHHs B TOYHOCTH COBNAJaeT € HAyaJbHBIM
COCTOSIHHEM. AHAJIOrHYHO CYLIecTBYeT KOHeYHas BepPOATHOCTL TOro,
4TO COCTOSIHME KPHCTaJ/aa He U3MEHUTCA B pe3yJ/bTarte MOTJIOLEeHUs
doToHa. DTO siBJeHHEe HOCUT Ha3BaHHe agpexma Méccbayspa; ero
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Fn. 1. BeefeHnue B CTATUCTMYECKYIO MEXAHMKY

MO2KHO OODLAICHHTB, PacCMaTPHBAs KoJeGaTe bHble MO KPHCTANIA.
[lycTs, Hanpumep, TemnepaTypa paBHa aGco/ioTHoMy HYyJw. Toraa
nepex usjydyeHneMm ¢OTOHA KPHCTAM [AO/KEH HAXOAHTHCS B OCHOB-
HOM KoJeGaTe/bHOM COCTOSIHHH. HafiieM BeposiTHOCTH TOro, uTO
KpHCTan1 OyleT HaXOAHTBCSI B TOM e (OCHOBHOM) COCTOSIHHH H
nocse H3JYYeHHs.

[lycre R ompenenser noJioxenue Bo36y:KIGHHOrO aToMa, a P —
HMIyJIbC H3/1Yy4eHHOro ¢oTona. Ilpumem Ges nokasaTeabcTBa, uTO
aMILTHTYAA BEpOSTHOCTH OOHApYXKHTb KPHUCTAJJd B 3aJaHHOM KO-
Heunom (final) cocrosnun <fin| pasna

a=<fin| Ae?®* R |iny,

rie |in)> osnayaer HawaabHoe (initial) cocTosHue xpucranna.
Kpome Toro, 6ynemM paccMaTpuBaTh JHIIL KoJeGaTeJbHBIE COC-
TOSHHS KpHCTAJ1a W MpeHeOpexeM BceMu agbeKTaMH, CB3aHHBIMH
C HM3MEHEHWEM COCTOSIHHS sfpa.
Ilycrs ¢oton usnyuaercs atoMoM M, cpeamee NOJIOKEHHE KOTO-
poro naercst BEKTOPOM R, y, a cMelleHHEe U3 HEro—BeKTOPOM Zy:

R=R,, y+Zy.

Ecin cOBMeCTHThL HAyaJo KOODAMHAT CO CPEIHHM IOJIOXKEHHEM BO3-
OyxIeHHOro atoma, To umeeM R, , =0.

OCHOBHO€ COCTOSIHHE OJHOMEPHOr0 rapMOHHYECKOr0 OCUH/IATOPA
OINHCHIBAETCS BOJIHOBOH ¢yHKuHel

= (@ \sw @by
1p-_<a'ch> € !

rae Q —paccTosHHe, H3MEPEeHHOe B CHCTeMe efHHHI, B KOTOpO#
m=1 (m—wmacca ocunanaropa). BosHoBas ¢yHnkuus Kpucrasia
B OCHOBHOM COCTOSIHHHM PaBHA MPOM3BEJEHHIO BOJHOBHIX (yHKIH
Ka»JOH MOABl KoJeGaHui:

B @ (K)\ Vs —o(K)] Q2 (K) |
'q)r(pm‘r = H <7> exp [ ok )

K, r

Hawm HYXHO BBIYHCJIHTH BEJHYHHY

F=C| (8 prpuer e ity

rae [-—BEeposITHOCTb TOTO, YTO KPHUCTAJ] OCTAHETCS B OCHOBHOM
cocTosiHuM, C-—KOHCTaHTa, He 3aBHcswas oT P. [Tpu P—s 0 Besn-
yuHa [ JOJKHA CTPEMHTBCH K eIMHHIe. VIMEHHO, ¢ NOMOIIbIO 5TOrO
YCJIOBHS MOXeT OhiTh OfpeleleHa KoHcTaHTa C, Jaxe ecau nogy-
YeHHOe BbipaXKeHHe JJIsi [ NepBOHAYa/bHO He CONEpPXKHT IPABHJb-
HOro MHOXkHTeas. [B nanbHeliieMm Mbi He 6yneM BHITHCHIBATL SBHO
muoxutenn A u (w/mh)"s.]

’ S (1.40)
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§ 6. Dpdekt Méccbayspa

[lyetb Zam = Zo,o —CMellleHHe  siipa, H3JyYaioero doToH;
npuMeM JJIsi POCTOTHI, YTO MMIYyJbC (POTOHA HAOpaBJeH MO OCH o.
Torna nam caepyer BBIYHC/HTH BEJIHYHHY

el )

(exp[lpia 0] ) <H exp [—m(r') (12(2 Qr (K/)D :

YuuTteiBas, 4TO

1
Zg, o=  (K)ag (K) ==,
%Q (K) a5 (K) Ve
uMeeM

o I [ [ 0001

K,r

% exp [l ( o= ) Q, (K)aa(K)JdQ (K)}

~ P? | ag (K) | P?lag (K) |
KH,re P [ 4ho'" (K) 7 ]_eXp[ Z 4het™(K) 1 ]
3aMeTuM, uTO
(Za)>=(2 a [a8"]* Q,(K) Qb (K') f K- K)Né);
KK
h lag (K) |2
— 2 $*]
—;Ia (K) F<Q? (K)> Z 210 (K)°
Torna MOXKHO 3amHcaTh
2
f~ exp [— (—g;) <Zs, M>],
U janee, yuuteiBas, 4to f=1 npu P =0, HMeeM OKOHYaTeJLHO

f=exp [——<ﬁ2><2a M>] (1.41)

Moxno na#iTH Bhlpaxenue AJs [ M NPH KOHEUHBIX TeMmmepary-
pax. s 3TOro ciaefyeT BHIUHCAUTL BEJTHUHHBI

fi=KilePa o |0,
rjae i—-PIHL[eKC COCTOAHHSA KpHCTAaJMaA; Torjaa

= %Z fie—EilkgT,;
FremEitksT =TT | <nlexp [ﬁ;]_- Q, (K)a, (K)] | n> rx

K,r
e [t f)
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fn. 1. Beeflenne B CTATUCTMHECKYIO MEXaHWKY

rae |n> 0o603Havaet f-e COCTOSHHE OJHOMEPHONO T'apPMOHHYECKOTO
ocunaaAropa ¢ yacroroid o (K). ITockoabky n—odeHb Goubwas
BeJHYAHA, MOMKHO 3aMHCaTh

oo (=g )= T |1 =g 25 <KD e () P [

s [ (v £ ]

| LPrent ik
2 Q(D(r)(]()nﬁz

2 2n4-1) ho'r (K)’
Ia&(K)lzl exp [———%—(n : 2;}5 a )J ,

K,r

—~ P2@n41) , @n++1) hotn (K)]
fNLII 1*2(0(;) (K) nﬁ'a(‘l)(K)P]exp [_— QkBT J -

Ty Prent 1) s agp [ @rtDho)
=I13 1=l [exe [ — O]

2 —hm/kBT
~TT 1= fag 2 18 ~
20mh | — o= ho/kgT

K,r
~ X [P p e
o 2omh ' % | —p=ho/kgT

B pesysbrare, xak u pauee, nosyyaem?

f=exp [—-%(Z&, M>}.

§ 7
KBaHToBasS cTaTUCTUKG
CUCTEM MHOMMX YHOCTML,

Paccymotpum cheremy u3 N TOMICTBEHHBIX YACTHI N npejino-
JIOMHNM, 9TO MEXAY HHMH OTCYTCTBYeT B3aUMOAEHCTBHe. J[Be .106hie
KOHQUIYpailiid, OTJMYAIONHECS TOALKO MepecTaHOBKOi ABYX HJH
Goslee TOXAECTBEHHBIX YACTHI, CUMTAIOTCH OAMHAKOBLIMH COCTOS-
Hisivi. TakuM o0pasoM, cOCTOSIHHE CHCTEMEI onpegesasercs yxKasa-
HHEM UYHC/1a YacTHIl 1, C sHEprHed e,.

D YnrareasiM, KOTOphIx HHTEPECYIOT (PHIHUECKHE CJIACTBHS H3 GOpMYJIbl (1.41)
4NA_ BEPOATHOCTH shdexta Mécc6ayapa, peKoMenpyem BCTYNHUTEJIBHYIO CTaThio
10. Karana 5 cGopuuke [6]. — [ pum. ped.
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§ 7. KBaHTOBas CTATUCTMKA CUCTEM MHOIMX YacTu,

3ajada COCTOMUT B BLIUHCJIEHHH CTAaTHUCTHYECKOH cyMMmel @ ¢ 1o-
[10JHUTEIBHBIM YCJIOBHEM Zn =const. Ilpu atom paspeuiens cJje-
AylollHe 3HAYEHHS YHCEN 1,

a) n,=0, 1, 2, 3, 4, ... (craructuka Bose-—3ilixwreiina),
6) 1 ,d—O, 1 (cratuctuka Pepmu—Jupaka).

Cratuctika bose —3iiniureiina npuMensieTcs A4 YaCTHIL C LIETbIM
cnunoM (Banpumep, aaa He*), a cratucruka Pepmu—Jupaka —
A HacTHIl ¢ MOJYLeBIM CIMHOM (HalmpHMep, aJaeKTpoHoB). B cay-
yae 003e-4aCTHL JaHHOE COCTOSHHE MOXKeT OBbITh 3aHATO JIOOLIM
giCJOM YacTHIL, TOTIA KaK B cJaydae ¢epMH-YaCTHL B KaXKJAOM COC-
TOSTHUH MOXKeT HaXOAUTLCH He OoJiee ONHOH YacTHUBI (MPHHIIHII
[Tav.iu).

CocroaHUe cHCTeMbl OMHCHIBaeTCs HabOpPOM 4Hcea £, KOTOpHIE
MOT'YT NMPHHHMATh TOJBKO 3HAYEHHUS, paspelleHHBIE THIIOM CTaTHC-

THKH U OT'DAaHHYCHHBIE YCJIOBHEM Zfla=N; Torjga
a

Q= 2 eXp(—ﬁ%}naea>. (1.42)

My, Mgy oo

[Ipp OTCYTCTBUHM OTrpaHHuYeHHs HA YHCJIO YaCTHILL MOMXKHO ObL10 Obl

HalnucaThb
Q =I;I (Ee‘ﬁ”aea>; (1.43)

fa

TOTJa B cJyuae CTaTUCTHKKE DBose —3iipmirefiHa MB MMesn Obl

=TI (=)

8 B CJyvyae CTAaTUCTHKH (I)epMH——,HHpaxa
Q=1II 0 +e-tea).,

K coxanennto, Bepaxenue (1.43) HecrpaBenJiMBO BBHAY HaJHUHH
JOTIOJTHUTEJILHOTO YeoBUA X n, = N = const, koTopoe genaer 3ajgauy
a

HaxoxJAeHusa Q 3HayuTesbHO Gosiee TpyAHOo#. OKasbiBaeTcs, OAHAKO,
410 3Ty TPYAHOCTb MOXHO OCOHTH, €cJH paccMaTpHBAaTh CHCTEMY
4acTHl, HAXOAAUWHXCA B COCYA€, COEAMHEHHOM ¢ OOJLUINM  pesep-
ByapoMm yacrtun (¢ur. 1.6), ¥ npeamnosaraTb, YTO YaCTHUL MOTYT
TIepeXORUTb H3 COCYyJa B pesepByap u obparHol.

IlpeanonoxuM pajee, UTo CTAaTHCTHYeCKas MexaHHKa Bcell cuc-
TEeMBl TaKOBa, KaK ecau Obl JAJd [epeBoja 4YacTHOB H3 COCyna
B pesepByap el cjefoBaso OH coofuHTb 3Hepruio p. Hanpumep,
st cayyasl 3JEKTPOHOB B MeTaJsjle BeJMUYHHA [ TpeAcTaBJjsier

1) PaccMoTpenue Takoff CHCTEMBl O3HauaeT NePexoj OT KaHOHHYECKOro aH-
CamBaa I'm66ca Kk GoJablioMy KaHOHMueckoMy axcambmo I'u66ca.— [Tpun. ped.
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In. 1. BeepeHne B CTAaTUCTMHECKYIO MEXAHUKY

coboit paGoTy BHIXOAA; COOTBETCTBYIOUIYIO IHEPTHIO MOKHO COOBILLHTH
3JEKTPOHAM C MOMOLILbLI) BHEIIHENO HCTOYHHKA HANPsKeHHs. Boobuie
TOBOPA, C pPOCTOM [ BO3pacraeT cpejHee 3HaueHHe <N)> UacCTHII
B cocyae. Ecan ynacres Hadtu saBucHMOCTb (N> OT u, TO B npHH-
IHIe BCEria MOXKHO nojo6paTth W Tak, 4ToObl B COCYAe HaXOIH.I0Ch
J1060e »xesnaeMoe YHC/IO YACTHIL.

Ilpn nanHHOM 3HAYeHHH |4 YPOBHHM SHEPrUH YACTHLUH B COCYIe
CTAHOBSITCS PABHLIMH €,—W BMECTO &,.

QUr. 1.6.

Cuctema yacTH,
HaXOASILKXCST B sILMKe,
COCJHHEHHOM ¢ GOJIBIIHM

pesepByapoM.

ITpumennm K cHcTeMe B COCyje OCHOBHOH MPHHIHI CTATHCTH-
YecKOH MeXaHHKH, COIJIACHO KOTOPOMY BepOATHOCTb TOTO, YTO a3

obnagaer sueprueit E = X n, (e,— ), nponopuuonanbua e-HE Toraa
a

Q(u):‘ 2 exp {_ﬁ [;na (E’a‘_u)]} (144)

Ny, ng, ...

3xeco Ha CyMMHpDOBaHHe He HaJaraeTcst HUKAKMX OrpaHHYeHH.
IMokaxem Tenepb, KakMM 06pa3oM unc/io N onpegesser BeJHUYHHY p
H KaK TepMOAHHAMUYECKHE BeJHUMHBI 3aBHCAT OT Q W yay
g=—(1/8) In Q. Hmeem

eti=Qu= 3 exp|—f| V(o). (1.45)

Iycte N=a2na; Toraa
T =Xp (En) exp{—ﬁ[;‘na<ea—u)]}=
=2 pNexp {—ﬁ [;na(ﬁa—u)}}. (1.46)
OzxHako, NO oNpefeNenuo,
W>=gm ZNew {—6 [ Tneo—m]b, 04
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§ 7. KBaHTOBan CTATMCTUKA CHMCTEM MHOMMX Yacimy,

TaK 4TO

1_00® 10 4 qw—_ 92,

N> =mw 5 ~F o B

IMocsenHee ypaBHeHHE 1aeT HCKOMYIO 3aBHCHUMOCTb <N > =<N (u)>;
ofpailas ee, HaXOoAMM W Kak ¢QyHKUHIO <N>.

3adaua. Pyuxkuns [(n)= D {[exp p(e,—pn)] —1}"! Bo Mmuorux

TOYKaxX o0paimlaercss B IJIOC (MAM MHHYC) GECKOHEUHOCThL, TaK
yTo ypasueHnue f(u)=N nmeer MHoro pemenuii. Uto nossoaser
HaM BCe K€ TOBOPHTb O €JHHCTBEHHOM 3HAYEHHH XHMHUYECKOTO
norteduuana aad GO30HOB?

AHaNOTHYHO NyCTh <A,> ABISAETCS CPEIHHM 3HAYEHHEM A, IPH
KAaHHOM 3HaueHUH p (W <N>); Toraa <n,>==0g/0f, u <N>= 2 <n,>.

a
HPI/I BBIYHUC/JE€HHH BEPOATHOCTH COCTOSIHHH MBI cyyTaJii, 4TO

cuctemMa BejneT ceGa Tak, Kak ec1d Obl OHa o6saajana sHeprued
E=2n,(e,—n). Ilpu 3ToM BenuuuHa i Oblia BBejfeHa TOJbLKO
a

IV TOTO, 4TOOBI O0eCcreYuThL BeCOBOH MHOKHTE/b, YYHTHIBAIOHIHH
pasaduHble BeDOATHOCTH I/ Pas3/MYHbBIX 3HAUYEHUH yYHcAAa YacTHI
B cucreMe. OJHAKO NPH BBHIYUCJIEHHH ADYTHX XapakTePHCTHK CHC-
TeMbl, HalpUMep AaBJeHHs P, Mbl He pacCMaTpHBaeM | KakK 4acTh
HEPrUH CHCTEMBI; TaK, UMeEeM

) (;”a8a>exp {—ﬁ [;na(ea—u)]} =af—ﬂg+u<N>,
(1.48)

U =

Q| —

P=1 ¥ (—%;naea>exp{—ﬁ[gnawa—m]}.

Ay, Ngy o

BennunHy | MOKHO CUMTAaTh HE3aBHCHMOH NepeMEHHOH AU (yHK-
uveit V u <N>. B nepsom cayuae g=g(V, u), 1 Ml nonyuaem

—_ %
P=— 0V | u=const’

Ecau ke cuutate p u g oyukuwamn V u (N>, Tak uro
g=g|[V, n(V, <N>)], 10, KaK Jerko nokasarh,

og _ au
TGV [<N>=const P +<N> ov?
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Fn. 1. BeefieHne B CTAaTUCIMHECKYIO MEXaHUKY

a TaKXKe

— <N

W >6<N> v

og !
Ananoruuno ecan F=F (V,(N>)=g V,u(V,<NM)] +<N>u v, KN,
TO AN AaBjennss P W 3HTPONHH S COOTRETCTBEHHO HMeeM

oF JIF

P:—W {N>=const ’ P':d(N}

V=const ’

S:~'k3 Z P’ll,ﬂz,.--lnpn,,ng,...,

Ny, fgy o

rne

Pn,,nz,...=Q+ p[—b (e~ }

Hertpyano nokasatn, uto

og
S=—37 T w, V=const’

Taknm cGpasom, nMeem

g= -—%ln QW = — %ln 2 exp {—[3[2 n, (ea—p)} } ,

B (1.49)
a
> = g, (1.50)
N> =——§—§=(Z_<na>, (1.51)
-4 3. (5eronlofgnn])-
=,L[§+ W<N>,  (1.52)
1 ~ / 0 7]
P= 6% ;‘”.K——W;nas& exp {—B [;na (E“_“)J}:“Fgl? | ,
(1.53)
og _
S:_ﬁu g (1.54)

Bckope mMu cmoxkem HaiiTu g ans upeanbroro Gose- -rasa, a sarem
M 19 WIEaJLHOTO (epMH-rasa. OIHAKO CHAYANA BBHIUHCAHUM HEKo-
TOpLIe HHTErpaJibl.
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§ 8. BwluMcneHue uHTerpanos

$ 8
Buiuucnenue
WHTErpanos

o]

Ham Bckope TOHano0siTCH  WHTErpajdsl  BHJIA ge‘“zdx H
-
@O

S x®e~2** dx. TlosToMy cnesnaeM KpaTKHH NepepelB M 3afiMeMcsi UX
-

pulyncaenueM. Mmeem:

- -® —-®%

omm 'L/18

§e "rdrdd =
5

2nw

1 2 e b -
=—3 | fer(—2rdnao [zl (1.55)
00

{ erax=V=, (1.56)
v Lo V= — )
—ax — -y S A =1 a A

:S;e dx Va:g;e dy v (y =1 ax), (1.57)

(x e~ dx = — S %e ax* dy ==

4 ot dVa 1 _. - .

:——JC—ZSG dx:_d_ay"? =5 a Y ow, (1.58)

S ¥ dx =0 (x*— HedeTHasd QyHKilisi), (1.59)

S x"c‘“"zdx:a% S xze‘“"zdxz—i—a“"/z Vn (1.60)

HT. I
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[n. 1. Beepenne B CTATMCTMHECKYIO MEXAHMKY

§ 9
UneanbHbii ras

Bose — dnHwTenHa

B coorserctBHEH C (1.45) uMeeM

e~Be= 2 €xp {-—ﬁ[ﬂ1(€1“M)+ﬂe(8~z~u)+-c-]}=

ny, Ngy oo
= Zexp [— pry (e, —w)] Zexp [P (e —w)]... . (1.61)

B cayuae rasa Bose—D3finmreiina ¢ n,=0, 1, 2, ... noayuaem

_ﬁni Ei..u _ 1
,,Z e ( )______l_e_ﬂ(ai_u), (1.62)
i
1
-Bs = —_—

¢ I;I L—e B Emw)? (163
g=7 2 In(1—eP Ew), (1.64)

‘

PaccMoTpum d4acTHLy, HaXoAsllyloCs B SIHKEe M HE B3aUMO-
AEHCTBYIOILYIO ¢ APYTUMH YacTHuaMu. Yucjao Moj B siHKe, y Ko-
TOPBIX HMIYJ/bC 3aKJIOYEH B TpPeXMepHOi obnactd dp, paBmO
s(d*k/(2n)®) V, rme V-—o006beM, a s—UHUCIO BO3MOXKHBIX CIHHOBBIX
cocTosiuuil [Hanpumep, ANf cnMHA | W OTJIMYHON OT HY.As MAacChl
MOKOsi $=3, TOrAa Kak JAs CIHHA | H Macchl [IOKOS, PABHOH HYJIO
(foTon), s=2]. Dueprua yacTuus paBHa

p? fizg2

== —

2m 2m

MBI aNIPOKCHMHPOBAH JHCKPETHBIA HaGop MOJ HeNpephIBHLIM CIIEKT-
poM (YTO CUPaBEAJHBO, CTPOFO TOBOPHA, TOJBKO JJfi CJydas cOBep-
leHHO cBOGOAHOH YacTuupl). Torga cyMMy NP BHYHCJEHHH g MOXKHO
3aMEHHTb UHTerpasnom

gt ln(]he-ﬁl’?/?meﬁu)_da_p_v 1.65
g_sﬁj @uhy "’ (1.65)

_ . _ ¢~ BpP2mobu gsp
OV T T VT S ) T e B gy

(1.66)



§ 9. Mpeansueili ras bose—DiiHwreiiHa

11.71;1 YTpOLIEHHsl pPacyeToB MNOJOXKHM o =eBt u x*=Pp?/2m; roraa
pt=2mx*/B, a dp=(2m/p)"’: dx. Vimeem
1 3 4np2dp x? <2_m)3/.d
@nh)y T nhy  owhs \ B ’

| e sy
P= g l—e " [2n2ﬁ3 p ] a

P <:?'_”)a/“ [Sx‘z (ce=**dx +-a’e=2¥dx + .. .)] =

4n2fs \ P
mkgT \*/ o? ol .
—S<W> <a+23—/z+m+...>, (167)
MBI HMCIOJb30BaIH 3fech 3nayeHue wuHterpaJga (1.58). [loaaras
o<
N ~ arl
;r (a’) = Hr

n=

[ mkgT \’/s

=5\ ot
TakuM oOpasom, nmpu 3aJaHHOM P Mbl MOXKeM (B MPUHIHKIE) Ompe-
IeduTh a=¢bBl peras ypaBHeHue

1 2nh2\ . [
b =5 (k) 77

HMEEM OKOHYATEJBbHO

g

, (). (1.68)

11.7151 NOJIHOH 3HEPrHH CHCTEMbl HMeeM

0
=20 pemy =
\S‘(e—ﬁﬂ’ﬂmeﬁu) p%/2m d3p _
1 - Bo?/2m,Bu (Qnﬁ)a -

=38

S kT ( L8 ) Vi, (). (1.69)

Ilpu oyeHb Ma/bIX 3HAYEHUSIX P HJM BHICOKHX T (MM H TOM H
ApPYyroM YCJOBHHM OJHOBPEMEHHO) OTHOWeHHe p/T'/: O4YeHb MaJo;
TOrJla Majla COOTBETCTBEHHO M Be/JHYHHa (s, () W, C/eJoBaTeNbHO,
Mala caMma BelHYHHa a. B stoM cayuvae §, (@) = a, &y, (2) %~ a,
Tak YTO

L@ ~1

T @
H U/V 2 3/,ksTp. DT0 yc0BHE COOTBETCTBYET, TaKHUM 06pa3oM, Kjac-
CHUeCKOMY mpejeny.
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[n. 1. BeeneHue B CTATUCTMUECKYIO MEXaHMKY

PaccMoTpiM Temeps mpoTHBOMOMOXKHBIA npefen. IIpH noHuxe-
HUM TemnepaTypbl 7" W IpH (UKCHPOBAHHOM 3HAYEHMH O BEeJHYHHA
(s, () BO3pacraer, U ¢ NPUOJHKAETCA K eQUHHUIE; ecad o> 1, T
{-dynkuns pacxoautcs. Has a=1 umeem

1 1
Cp (D =1+ 4o+ ... =2,612,

1 1
C*/;(1)=1+:ﬁ;+§%+...=1,341.

Temneparypa T,, npH KOTOpoH =1, HasbIBACTCH KpuUmu4ecKoLl
memnepamypod 1as kKomjaencauuu bBosze—3inwreilina. ITpu srof
TeMmneparype

o= () 2012 (1.70)
2mh? p/s \*/a
Te= mkg (2,612) : (1.71)

Bosnukaer Bompoc: 1moyeMy Haile pacCMOTPeHHe TepsieT IpuMe-
Humoctb npu T =T, OTBeT HA HEro 3ax/OYaeTcsl B TOM, YTO MpH
CTOJIb HH3KHX TeMHepaTypax (T <T,) cymmy B (1.64) Heabss sa-
MeHsITb HHTErpajioM, Kak 310 caenasHo B (1.65).

BosBpawasice K HCXOAHBIM BBIpaXKEHHAM 115 g u <ND> (10 3a-
MEeHbl CYMMHPOBAHUA HHTETPHPOBAHHEM), HAINOMHHM, 4TO

o Dot e
dg __ 1
N=— 0lgl Z "'35 _Z. -1 P& _ _; 2~ Bu, 5‘9 :

I — —1

ITpn wmanelx o BenuunHa e~PM Beauka; cJjaraeMble ¢ HU3NIUMH
3HaYeHNAMN ¢, He al0T OOJLIIOro BKJada B CYMMY, H €€ MOMXKHO
3aMEHUTb HuTerpajsoM. B Tom cayuae, korga Besuuuua e-Br mana,
3Ta 3daMeHa NEeKOPPEKTHA, TaK KaK HeCKOJbKO HHU3IIHX JHCKPETHBIX
ypoBHeH BHOCSAT BaxKHBIA BKJajg B cymmy. Toraa

dg 1

<na> Oaa—' (e-ﬁueﬂsa)—l ’

H, TNOCKONBbKY <M,>— NOJOXKHUTEJNbHAS BENHUHHA, PA3HOCTb (£,——WU)
J0/2kHa OBbITH Takke MOJOXKHUTebHOH. UTtobbt BesivuuHa <N> Gbisa
Goablle, yeMm npu T =T, pasHOCTb (g,—) AO/KHA OBITb He TOJIb-
KO TIOJIOXHTEJBLHOH, HO U OY4eHb ManoH, TaK Kak TOrja cjaraemble
‘¢ HU3KHMH 3HepTHAMH OYNyT NaBaTh 3aMeTHBI BKJan B <N>. ITpex-
nosiaras, 4TO OCHOBHOE COCTOSIHHE He HMeeT c/yyalHOro BBIpOxje-
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§ 9. MpeanbHuii ras boze — DitHwrenHa

HHs (T. €. &,5=¢,), MOXHO CJeJaTb BBIBOJA, YTO IJs1 JOCTATOYHO
HH3KHUX TeMueparyp

1 1
> ="Ble-w_| < o B~ __| = Mg

He Tepsis oOUW{HOCTH, MOXKHO BEIOPATbL 3HaueHHE &, 34 HA4aJa0 OT-
cyeTa 3HEPrHH.

Torza us dopmyJe!
\
g = SR

HMeeM

= — kT (1455,
l’l B {—<fl()>
OTKyAa MpH GoabWHX <7,> MoJydaeMm
kT

A —-BL

' {ny>
Ilpn HH3KHX TeMmnepaTypax 3HadeHHe [ o4YeHb GJIM3KO K HYJIO, TaK
4TO JAJsl COCTOSIHHH C 3SHEPrHsIMH, NDPEBBILAIIIHMHA €,, MOXKHO Mpe-
He6peub BeJuUHHOH . CyMMmy s <N —n,> MOXKHO alMIPOKCHUMH-

pPoBaTb HHTErpa’JoM
<]

d3p 1
Mg = N> =3 gl eV | Gakp PTET

i=1 —1

~2612<mi%T> sV = <N>( )/2

HeTpynHo BHAETB, 4YTO, COrJACHO HalleMy ONpeleJeHHI0 KPHTH-
yecko# TemnepaTypel, npn I < T, B OCHOBHOM COCTOSIHMM JA0JIKHA
HAaXONUTBCSl 3aMeTHasl JoJsi OOGIerc 4uc/ja YacTHIL:

> =<N>—Nyo,6 =<N> [1—(%>/]

Ilpu T < T, noJgHasi sueprusi papHa

3 kT \*/s y,s
U:7k8T5<”;‘;2> Ves,, (1) =

kifT Naom ;»5/2 (;; 5 kR 7 NBOiU (0, 0134)

70, 5134)( ) ¢N>. (1.72)

ro{m o] w

Torna tennoemkocts C,=0U/0T nponopuuonaibua T'/: npu
JOCTATOUHO HU3KHUX TeMmmepaTypax.

Opu T > T, umeem <N>=(mkpT/2rnh*)'/2L,, (o)sV; ucmoabsys
olpeaeneHue T umeeM Takxe L), (o) =2,612(T,/T)%. dro ypas-
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Fn. 1. BeeaeHne B CTATUCTHHECKYIO MEXAHWUKY

Helue onpegensieT o Kak oyuxruuio (N> u T, tak 9ro

3 Cs/ (@)
U=5FkgT<N> . 1.73
2 "l T ) (1.73)
[ToBenenue tensoeMkocTH rasa bose—D3iiHmrefina B6ausu T,
BecbMd HANOMHHAET MOBEJEHHE TEIJIOEMKOCTH MXHUIKOTO reius BOAu3u
TaK HasblBaeMOH A-TOYKH (¢ur. 1.7); BHIYHCAEHHE CKAYKa BEJIHYHHEI

v p ¢y

/= _

* -

T T 217K T

OUT. 1.7.
[Mosenenue rasa Bose—DdiHurrefina B6anan T, (c/1€Ba) H KHAKOrO renHst BOIH3H
A-TourH (cmpaBa).

(0Cy/dT)y B TOuKe mnepexona cM. B {1]. [lpu naHHOM p KpuTHYe-
cKasi Temneparypa T, H A-To4Ka oYeHb GJH3KH APYT APYry (A-Touka
JIEXKUT NPU HECKOJAbKHX rpaaycax Keassuna). V3-3a naawuus cua
B3aHMOJEACTBHsl MexX1y 4acTHLUAMH JKHIKHH TesHii, 6e3ycJoBHO,
HEJb3sl CYWTAThb MAeasbHbiM ©03€-ra3oM, OIHAKO, IO-BHAHMOMY,
sIBJIeHHe A-nepexoja, XoTs Obl YacTHYHO, OGBACHSETCS 6O3e-KOH-
JeHcauuet,

Bosee TouHO noBejeHUE TENMIOEMKOCTH JKHAKOIO TeJHS BOJIH3H
A-TOYKH OMHCBHIBAETCS 3SMIHPHYECKOH (POpPMYJIOH

c {a+bm|T—-n|, T < T,
YV \a' +b6In|T—Ty|, T>Th.

OOBACHUTL 3TO SIBJEHHE MbI npepocraB/JsaeM 4YHTATENI0 B Kaue-
CTBe CaMOCTONITEIbHOrO YyIlpa)XHeHUsd. Ecan BaM 370 yaacTtes, OHyﬁ-

JHKYyHTe]
§ 10

a3 ®epmu —[upaka

Hasi pepmu-rasa Bce pacCyXJeHHs B TOUHOCTH NOBTOPSIOT pac-
CyXjenua Ajas 6o3e-rasa BIJIOTH O MOMEHTA BLIUKCJCHHUS BeJHYUHLI

e=Be = Dle-Br =¥ o= teamn) | (1.74)

g g
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§ 10. Taz Mepmu— Oupaka

3necs n; =0, 1; n,=0, 1; T0 xe u aus apyrux n; Takum
ob6pa3oM,
e=Be =[] (1 e B ), (1.75)
{
_%Z In (1 e P Emm), (1.76)

3nech Mbl BHOBb MOXEM NEPEHTH OT CyMM K HHTerpajam, MpH-
yeM Ha 3TOT pa3 OTCYTCTBYeT ONACHOCTb TOTO, YTO 3aMETHAas 0/
yacTul, 6yJeT HaXOAHThCA Ha HHXKHEM YDOBHE (B OCHOBHOM COCTO-
AHuu). PaccMOTpUM ras 3/eKTPOHOB, TaK YTO s=2; Torza

g=— ( )Sh’l(l—{—e-ﬂ(ﬂ’/?m w) 2dp

(Qnﬁ)‘* v,
<N> 1dg e~ BoY2meBu  ogs,
- o 5‘ 1 4-g=BPY/2m Bl (0nfya (1.78)

(1.77)

—a_g_’- e_ﬁ(ea'"') _ 1
aea_l+e-ﬁ(ea-u) B (ea=h) 4 | ’

N> = (1.79)

Kpusbie gns <n,> npu T =0 u npousBoabubix T > 0 nokasausl
Ha ¢ur. 1.8. Mpl BuauM, 4TO npu HyNeBoH TeMmneparype <n,>=1,
ecau g, <p, U <n,>=0, ecan e, > . Ilyetb p=p, npu T =0;

<) r T=0 (g Ty0

T
i \

0 y27 £

o}

0 #o

PUT. 1.8.
3anonnenne cocrossHufi npy T =0 u npu T > 0,

HHbIMH cJ0BaMH, NpH T =0 Bce COCTOSIHHS C 3HEPrHAMH, MeHb-
UMK  [L,, 3@HSTHI, & COCTOSIHHSI C 3HEPrHSIMH, MPEBOCXOAAILHMHU
Wy, CBOGOJHHL. BeauuuHa {, HasbiBaetTcsi guepeuett Pepmu, a py/kg —
memnepamypod Depmu. Tlpu s1oM

Po

_{o [ 14, (4_@) !
pw&[(hbﬁ]‘i”'? 37 by’ (150




Fn. 1. BeegeHMe B CTAaTUCTHYOCKYIO MEXAHUKY

rae p,=ps/2m. Kak npasujio, p,>> kgl ana ,pasymMHbBIX 3Haue-
Hui p, U T (Hanpumep, Aaa MelH P,/Rg=82000 K)V.

QU 1.9.

f(f) Hr. 1.9
> 3aBHCHMOCTb [JIOTHOCTH

M c=p /2”7 COCTOSIHHH OT SHEprHH.

BBuny toro, uto

4np2dp__4n(2m)a/” Vs
(2nﬁ)3— (2ﬂﬁ)3 v eds,

MJIOTHOCTb COCTOSIHHE (MO INKaJe 3Hepruil) HMeeT BU]

4 @m)'le | -
f(e) = ey Ve

sTa ¢yuknus usobpaxkeHa na ¢ur, 1.9, Janee

U 1 /0Py p? e~ B (p?/2m—1) 2d%p
u=G= g (B )= j<_—) . (1.81)

2m 1+e—B(p2/2m—u) (2nh)?
Ilpu T =0
Po fo
(P 4np?dp 4 =
“(0) '(} <2m>2 < (2nﬁ)3> (2nﬁ)3 2’” <g dp>
4n 1
= — 1.82
e 25— =P, (1.82)
47 1 2 5
0 [2%3(%)3%] 3/p\_2
1Q_ Lo =g<2%>—5“°' (1.83)

[ 4 2 3
[(2nﬁ)3 3 poj]

3afimeMcs Temeph cJydaeM KOHeUHbIX Temmeparyp. Kakosa Bean-
uyHHa @, TenaoeMkocTd H T. n. npu T 5=0? Hmeem f[em. (1.78) u

D 3ameTuM, 4TO AJas1 BellleCTBA, HAXOAALIETOCS B CHJIbHO KOHAEHCHDOBAHHOM
COCTOSIHUH (HANpUMep, B HeHTpOHHOH 3Be3ne), n/kg Anas HeliTpoHHOH, NpPOTOHHOM
H 3JEKTPOHHOH KHAKOCTEH HMeeT BeJHUHHY mopsaka ~ 1019—1011 K, toraa kak
T ~ 108 K.
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§ 10. Fas ®Depmu— lupaka

(1.81)]
N> o _l_aﬁ e—Bp2/emeBu 2d3p

p=—7= Vou L4-e=Bre/2meBl (onf)s ;

M O Pl R
- 1 4-e=Pr2/ameBit  (9qfys

IIJIH y,[lOﬁCTBa BbIPA3UM IOJABbIHTErpaJbHbl€ BbIpa)KeHHS UYepes

3HEepPruio &e:
e . o m
8——2—,7—1, l/Qma =P, dp-— V%dﬁ,

TorAa d°p IepexoiuT B
4rprdp =2m (2m)3/2 V e de,

TaxK 4YTO
r 1 dn@myve . - ¢ Vide
o= Seﬁ W11 (2nk)s VEdE:aX—_eB & 1] (1.84)
0 0
H
K 4 (2m)s/2 _ ¢ e3/2de
Séﬁ(e w—l—-l (2nﬁ)3 83/2d8—a5m, (185)
0 0
riae
__4m (2m)3/2
T (@ak)

B ofoux caydaax cjenyeTr BbIUHC/AHTD HHTErpaJj BHJAA

o

= g(e) de
e e-mEge
0
rie g(e)zalfg s o U g(e)=ae’: pis i, ITOT HHTErpPal MOXKHO
3anucaTh B BHJIE

@

e 03 33
gle)de g(e)de g(e) de
[zgeﬁ<a—u>+1zgeﬁ<e—w+1 +§g(8)d8—§m-
0 0 0

28

[TosioxknM x—=f (e—p) B mepBoM cjaraeMoM H x=—f(e—pn) B
TperbeM. Toria

—
=

B
gu+xB)dx _ ( gu—ux/p)dx
g(S dﬁ*]—g % 11 ﬁ —ex—_H-—F. (186)
0

-s..
ot_/—g
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[n. 1. BeepeHne B CTATUCTHHECKYIO MEXAHMKY

H1a Tex 3nayeHH#d p W T, KOTOpble Mbl Ha3BaJaH ,,pasyMHBIMH,
MOHO, He feaas OGosbLIOH OIIHOKH, 3aMEeHHTb g(p—i—x/[ﬁ) 3gaue-

Bu
HueMm g(p) = (/) g’ (n), a nuTerpan S — UHTErpasom S Torna
0 0

HMEEM

u " 0
I~ (g@e)de+ g m>§ewrl = (g(eyde + 7L (1.87)
0 0
[Unterpaa

xdx

ex4-1

e ——8

MOKHO BBIUHCJAHTL, pasaaras xe */(l +e~*) B crenedHHo# psjg, 3a-

TeM I/IHTEI‘pprﬂ [TIOYJI€HHO H CyMMprﬂ; 3HAYECHHE PIHTGI‘paJIa pﬂBHO
n*/12.) Hrak,

1= (gle)de+ kT2 (). (1.88)

Sy

Benomunast, uto g(e)=ale ans [=p u g(ey=ae"s g [=u,
nMeeM

~aSl/ede~r——-(!€BT)22V (2—“> :+6(kBT)2VL (1.89)

Onnako, coraacho (1.80), umeeMm Takxe p=(2a/3)p%/s; Takum
o0pasom,

n? kRT?

b zu(,(l—ﬁ—ﬁ—g—), (1.90)
f 3

uzas‘ g de + - (k sl ) al/u-
0
2 N 2 —

= Lawn 4 E TP SV i

2 s kgT

%g !’L/’ a].ko/ JIIQ( aT)* + 4 (k T)sz‘O

(1.91)

=ty + 5V Wy (T =uo+vT.
V="V ik, =T,
U=tV =U,+ VT =U+¥'T%,  Cy =22 =2y'T.
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JNutepatypa

Jlis MeTa/sla NPH HU3KHX TeMmIlepaTypax HMeeMm
Cy=29'T+aT?,

rfie nepBeldf u/JeH npejicTaB/asfieT COGOH BKJaj 3J€KTPOHOB, a BTO-
poit —BKJaj KoseGaHuil peweTkH. IIpn oueHb HH3KHX TeMmIepary-
pax uneH y'T JOMHHHDYeT, T. €. 3/JE€KTPOHHEIH ra3s gaeT 3aMeTHBIH
BKJIaJ4 B TeNJ0eMKOCTh.

Ilpu BLICOKHX TeMmIleparypax /JAs TEMJOeMKOCTH MeTaJJa HMee)
Cy=2y'T +3R; npu 3TOM 4acTb TEI/JOEMKOCTH, CBSI3aHHAA C KO-
Je6aHUAMH pPELeTKH, NOCTOAHHA, TaK YTO 3JEKTPOHHYIO YacCTh TEIl-
JIOEMKOCTH BHOBb MOXKHO BHIIEJIHTb.

3aMeTuM, YTO NpH OYeHb BLICOKHX TEMIepaTypax cleiyeT yuH-
TBIBATh BHICLIME YJeHLI B Pa3JoXKeHHH g(€), TaK YTO 3IEKTPOHHAs
4yacTb TelJIOEMKOCTH y:Ke He OyjAeT npomnopuuoHanbHa T.

B rtom, 4TO BHYTpeHHss 3SHEPTUs NPOMOpHHOHAJbHA T2, MOKHO
yb6eauTbesd 00Jlee NPOCTHIM IMYyTeM, 4YeM 3TO ciesnaHo Beiwe. [Ipu
Jo60l TeMIlepatype HHKe (QepMUEBCKOIl MOYTH BCE COCTOSAHHA C
sHepruell Huxe depMHEBCKOH 3aHATH, TOrJa Kak IIOYTH BCe COC-
ToAHUS ¢ OGosee BLICOKOH sHepruedl nyctel. Koraa TeMmnepatypa
3JIeKTPOHHOIO rasa INoBblIaeTca OT HyJad o T', cpelHsis 3Heprus,
KOTODPYIO MOXNCHO COOOLIUTL OJHOMY 3JIEKTPOHY, MO MOPSIAKY BeJHU-
YHHbl CTAHOBUTCS paBHOH kT .

Kpome Toro, Bo3OYy:KAAOTCHA JHUIL Te€ 3JEKTPOHbI, SHEPIHH KO-
TOPBIX OTCTOAT OT ypoBHA PepMH Ha paccTOSIHHM mnopsiaka kT
(3/1eKTpoHaM ¢ MeHbllell Heprueil HeKy/a NepeXxOoJHTh — BCe COCTOS -
HHSA 3aHATH). YHCIO 37€KTPOHOB, 3HEPTUH KOTOPHIX JEkKAT MEKLY
W, B p,—kpT, paBHo

Uo
N = S ag'/sde.
Wo—kpBT

IIpu p,>> kT unucno N nponopuHoHalbHO kT, Tak uto jg06a-
BOYHas BHYTPEHHssl 3HePrus nponopuuonanvHa (kgT)kgT = kyT>.

JIMTEPATYPA D

\. Janbay J. 1., Jupwuy E. M., Cratucruyeckas ¢usuka, M., 1964 § 9.
2*. Kpymros 0., 1AH CCCP, 1, 3 (1933).

3*. Uly6un C., JAH CCCP, 1, 301 (1935).

4*. 3y6apes II. H., HepaBhoBecHass cTaTHCTHYecKas TepMoAuHamuka, M., 1971.
5*. Yecmep Hoc., Teopuss Heo6paruMbix npoueccos, M., 1966

6*. Dddexr Mecc6ayspa, ¢6. cratedt, UJI, 1962.

1) 3nech u jJajee JHTepaTypa, OTMeueHHas 3Be3OUKON, L0GABJeHA peNaKTO-
pom nepesoga.— [Tpum. ped.



2

MaTtpuubl MNOTHOCTU

$ 1
Beepgenue

Pelnass KBaHTOBOMEXaHHMYeCKylO 3a4ady, Mbl 110 CYILIECTBY JEJIHM
Bceenennyio Ha jBe YacTH: U3y4aemyio CHCTeMY W OCTAJbHYIO YacTh
Bcenennoil. Jlajee Mbl jeHCTByeM Tak, Kak ec/u Obl HHTepecylo-
Has Hac CUCTeMa cocTaBJsija Bclo Beesennyw. UTtobel o6ocHoBaTh
npuMeHeHHe MaTPHL TMJOTHOCTH, PacCMOTPHM, UTO TNPOHUCXOMIMT,
KOrja Mbl BKJIOYaeM B pAacCMOTDeHHe OCTa/JbHYIO 4acTh BceseHHOH.

[Tycth mepeMeHHast x ONMCBHIBAET KOOPAMHATHI CHCTEMbBI, a nepe-
MeHHas y— KOOpAHHATBl OocTajbHOM uacTH Bceeaenno#. ITycTe ¢; (x)
npeacras’asieT cofoH MoJHbIA HAaBOp BOJHOBHIX (QyHKUHMHA. B nHanbo-
Jee o0lleM BHje BOJHOBaf (YHKUHMA MoXeT ObITb 3allMCaHa Tak:

(x, y)—ZC Y) 9; (%) (2.1)

[MepeiineM Tenepr K oCosHadeHusM Jlupaka.
[TycTe |@;> €CcTh MOJIHBIHA Ha6op BEKTOPOB B BEKTOPHOM TPOCT-

paHcTBe, OMUCHIBAIOIEM CHCTEMY, 4 a |9;>—CooTBeTCTBYOUHH HAGOP
U1 OcTadbHOM yacTH BceesienHOMH:
@i (x) =<x| 9, 0; (4) =<y 0.

Toraga BoanoBast ¢yHkiua B HaubGosgee obuleM BHIE MOXKeT OBITh
3anucaHa CJeAyIOmHM 06pasoM:

P> =3 Ciil9>]0,
i (2.2)
Px, ) =<Y<x (P> =P Cyx| o> <y 0.

if
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§ 1. Beegenne

Boipaxenune (2.1) MOKXHO MOJY4YHTH, MoJaras
Cily) = ZC,‘/ <y |0,
l

Ilycts A—oneparop, AEHCTBYIOUHHA TOJBKO Ha CHCTEMY, T. €.
A ue pefictByer Ha ¢yukuun |0,>. IIpu gefictBuu A Ha mnpousse-
JIeHHSl BOJIHOBBIX (YHKUHH (Hampumep, |¢P>) MBI CUHTaeM, 4TO
Alay|b>==(A]a>)|b>. B stom cayuae omnepatop A ompegeisiercs

HEe BhIpaxKeHHEM
Z A o> <oy,
i’

a BhIpamKeHHeM
‘ > A | > | 0> <0, <.

1’y
Tor::a A1 CpeAHero 3Hd4YeHHs HMeeM
CA>=<P| Al > =D Ci; Crio <0, [ <p; | A| 9> | 0i:> =
i

iy
=D CiCoikei| A i > =3 <¢; | Al 9w > pirts (2.3)

iji’ i’
rjae
pri =2 CiiCry (2.4)
i

npeicTaBaseT co6oil Marpuuy naoTHocTH. OmnpegenuM omneparop p
TaK, 4TO P;.;=<P;.|0|@;>, TpHUEM p 1€ ACTBYET TOJILKO HA NepeMeHHbIE X,
onuchiBawilHe cucreMmy. HMmeem

<PiA| ¢>=?2<<P.-|A;’<pp><<pw lolg> =;]<<p,'l Aplo>=SppA.(2.5)

Mprl HCITONIB30BANH 37€Ch CBOHCTBO MOJHOTHI
o> <y |=1.
<

M3 Boipaxenus (2.4) caenyer, 4to p—3pMHTOB omeparop. Cae-
J0oBaTe/bHO, OH MOXKeT ObITh QHAaroHaJHU30BaH, MPHYEM €ro CoGCT-
BEHHbIE 3HAYEHHS W; JEHCTBUTENbHBI, a COGCTBEHHBIE BEKTOPbLI |i)>
06pa3yioT MOJHBIA OPTOHOPMHPOBAHHBIA HaGop:

p=w,|i><il. (2.6)

Ilosarass A paBHBLIM eHHHYHOMY OMepaTopy, HMeeM
Dw;=Spp=<AD=W|P=1. (2.7)

11
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In. 2. MatpHubl nnoTHoctH

Ecan nosoxutb A paBubiM |i'><i’|, To moayuaem
@ =SppA =<A> = | A[¥> =3 (P> 0>) (<8 <" [p>) =

I
=D 1<0, D > P, (2.8)

OTKYyJa

w; >0, Sw=1 (2.9)

PaccMoTpuM Tenepb NOHSITHE MAaTpHLBI IMJIOTHOCTH, HE HCIOJNb-
3ysl NpHUBeleHHble Bbllle coo0pakenus. [lpexpae Bcero chopmy.iu-
pyeM OCHOBHBle NOJIOXEHHS KBaHTOBOH MEXaHHKH.

Jliobast cucTeMa oOnuCHBaeTcss MaTpHUEH IVIOTHOCTH p, The p
umeer BUL Zw;|i><i|, npuuemM

i

1) BekTOpHl [i> 06pasylOT NOJIHBLIA OPTOHOPMHPOBAHHBIA Habop;
2) w;=0;
3) Jw,=1

4) cpefnee 3HayueHWe JAHHOTO onmeparopa A onpejensieTcs cie-
ZyIOUIHM 06pasoM:
<A>=SppA.

3aMeTHM, uTo
<A>=SPDA=Z<1" lpA {i’)szi<i'|i><i|A [i"> =
= w; <i| Al. (2.10)

[Tockonbky <i|A|i> npeacras.ser coboil cpefHee 3HayeHHe One-
paropa A no cocTOAHMAM |i)>, 3 CBOHCTB 2, 3 M BbIpakeHus (2.10)
C OYeBHIHOCTHIO CJefyeT, 4TO BeJIHYHHbBI W; MOXKHO HHTEPIPETHPO-
BaTb KaK BEpPOATHOCTH TOTO, YTO CHCTeMa HAXOAHTCHA B COCTOSIHHH .
Ecan Bce w;, KpoMe ONHOTO, PaBHbl HYJIO, Mbl TOBOPHM, YTO
CHCTeMa HAXOIMTCH B HUCMOM COCMOAHUU; B TIPOTHBHOM CJydYae OHa
HAXOAHTCA B CMeaHHOM cocmosnuu. HeTpyaHo mokasartb, 4TO He-
06X0AMMOe H JOCTAaTOYHOE YCJOBHE TOTO, YTOGbI COCTOAHHE GBLIO
YHCTBIM, COCTOMT B BBIMOJHEHHH paBencTBa p=p°. Ecan cucrema
HAXOAUTCA B YHCTOM COCTOSIHHH |igue;>, MAaTPHILY MJOTHOCTH MOMKHO
NpeACTaBUTb B BHIE

0 =l lager> <laer |»
1= <P | | 9> =<P; | layer> laper | 9> =
=<P; | buner> (K@ [laner>)*- (2.11)
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§ 1. Beegenue

B 6osee obuiem cayuae
Pij = D We <@; | B> <y | BD*. (2.11a)
%

Ecau AONYyCTHMO ONUCHIBATL CHCTEMY B X-IIpeACTaBJCHUH, MOXK-
HO BBeCTH olpene/ieHUE

p (¥, ) =<x' [p] x> = N, <x'|i> <E | x>=Twii (x) i* (x); (2.12)

B YaCTHOM CJlyyae YHMCTOTO COCTOSIHMS |{> 3TO BBIpaXKEHHE NpPHHHU-
MaeT BH]
p(x', x)=10(x")i* (x). (2.13)

COOTBETCTBEHHO B X-NIpeaAcTaBJIeHH U

<A>=SppA={dx<x|pA|x>
OnHako

<x|pA|x>=<x|p(gdx’lx'><x’l>Aix>=
=de' xlplx"™ <x'|A[x>=de’p(x,x')A(x’,x), (2.149)
Ay = dedx'p(x, XA, x).

BosBpamiasice BHOBb K 3ajade O CHCTeMe H OCTaJbHOH uYacTH
BceneHHOH, HETpyAHO MOKasaTb, 4TO

A>=(v* (', AW, 0P (x, ydrdx dy;

B 3TOM CJyudae, KaK JIETKO BHIEeThb,

px, x)={b(x, ») ¥* (&, y)dy. (2.15)

PaccMOTpeHHbIl TIpUMep, B KOTOpPOM Mbl pasjesingu Bceesennyio
Ha ABe YaCTH, NOKAa3hBaeT, YTO YHCTHIX COCTOSAHHH HEJCCTATOYHO
A/ ONUCAHHS KBAHTOBOMEXaHHYECKOH CHUCTeMb!, ABJAICMIEHCS JMHIIb
yacTblo (noacucremoi) Bcenennofi. Haxoputcs san Becs Bceenennas
B YUCTOM COCTOSSHHHM — Heu3BecTHO. YHTo6bl copMynnHpoBaTh KBaH-
TOBYIO MeXaHHKy Ha GoJjiee ofLieM si3bIKe MaTpHIL IJIOTHOCTH, yAGOHO
HaliTH ypaBHeHHe ABHMKeHHa 14 p. OAHAKO CHayajla B KauyecTBe
IpOCTOrO NpHMEpa NPUMEHEHUs] MATpPHIbL! IJOTHOCTH IOMBITAEMCH
onucath MNOJSIPU30BAHHLIA CBeT.

PaccMoTpum my4yok cBera, pacnpocTpaHsIOUMICS B HampabJe-
HuW z. Bsejgem ciaepyioline BOJHOBbE GOYHKIHH:

/1N
0)-——BOJIHOBaﬂ (YHKLUUA COCTOSIHUS NOJAPH3AUMH BAOJL OCH X;

(2.16)

1

0
< —BOJIHOBAA (PYHKUHS COCTOSIHHS MOJSIPH3aLMH BAOJb
4/ ocH y.
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n. 2. Marpuusl NIOTHOCTH

Jioboe yHCTOE COCTOSTHHE MOXKET ObITh 3afHCAHO B BHJE JHHEH-
HOH KoMOWHAUMH ABYX cocTosHuf (2.16):

> (\4 b/O\ 2.17)

aP]bF=1.

rjae

Hcnonssyst (2.11), MOXHO 3amucaTb MaTpPHIY IIOTHOCTH %
YHCTOro cocrosgnus (2.17) B Buzxe

/aa* 'ab*>

p:k\ ba*  bb* (2-18)‘

ITpU 3TOM Mbl CYHUTAJIU, HTO

[@> = <(1)> , [ @,> = G)) .

paCCMOTpHM TeNnepb HEeTbIPE UHUCTHIX COCTOAHHA U COOTBETCTBYIO-

iMe MM MaTpHLBbl [JIOTHOCTH.
Cocmosinue noaspusayuu 60oas ocu x: NYCTb a==1 u b=0 B
ypaBHenun (2.17). Toraza us (2.18) nmeewm

Px= <1 0\ (2.19)

0 0/°

Cocmosanue noaapusayuu 600ae ocu y: nycth @ =0 u b=1; Toraa

00N
P=lg 1) S (2.20)
Cocmosnue noaspusayuu nod yeaom 45° nyets a=1/}2 n
b=1/)2; Toraa
1/2 1/2
Daze = <1/2 1/2> . (2.21)
Cocmosnue noaspusayuu nod yerom 135% nycts a=—11}"2 n
b=1/J2; toraa
/ 1/2 _1/2
9135":&__1/2 1/2>- (2.22)

qupre NOCJEeAHHX BbIpaxXKe€HUuda Wi O OTHOCATCA K UYHCTHIM
COCTOAHUSAM. paCCMOTpI/IM Tenepb  cJae/yiomiue JBa CMeIIaHHbIX
COCTOSIHHSA:
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§ 2. [JononHuTenbHbie CBOMCTBA MATPUuUbl MIOTHOCTH

1. Cmeco 50°%, cocmodnut noaspusayuu 60oas ocu x u 50%,
cocmosnuil  noaspusayuu  6doas ocu y. B cooteererBHuM ¢ (2.11a)
MaTpHIA MNJOTHOCTH /s 3TON CMeCH COCTOSIHHH paBHa

1 1 Yo O
p:ipx—kipy:(()z 1/2>, (2.23)

2, Cumece  50% cocmoanuid noaspudayuu nod yeaom 45° u
50% cocmosinuti noaspusayuu nod yeaom 135°. Marpuna njorso-
CTH JUId Takoil CMeCH HMeeT BHUI

1
1 1 l O
P=7p45°—l‘79135°=<02 1/2>' (2.24)

Taxkum o6pasoM, ABe yka3aHHBIE CMECH COCTOSIHUH MMEIOT OfMHa-
KOBble MaTPHIbl MJOTHOCTH H OOHADYKHMBalOT OJMHAKOBEE (PuU3nye-
cKHe CBOficTBAa. 3aMeTHM, YTO JaHHOe YKHCTOE COCTOAHMEe (Hampu-
Mep, COCTOsIHMe TIOJISIPU3alHM BJOJAb OCH X) ONpefesseT BEKTOp
COCTOSIHUA (BOJHOBYI0 (PYHKIHIO) JIHIIE C TOYHOCTHIO A0 (Pa3soBOTO
MHOKHTeNA, TOTAA Kak MaTpHla NJOTHOCTH OINpeaesaeHa OAHO3HAYHO.

§ 2
HononHutensHebie
CBOMUCTBAQ
maTpuubl nnoTHocTu Y

tanoMHuM, YTO CTAaTHCTHUYECKHH olepaTop (MaTPHLA MJOTHOCTH)
MOxKeT ObITh 3alKCaH B BUAE

p=22w;| i><i], (2.25)

€C/M CHCTéMa C EBepOSITHOCTBIO W; HAXOAHTCA B COCTOSHHH |[i).
C rTeueHHEM BpeMeHH BO3MOXKHBLIE COCTOSIHHS CHCTEMBI TaKKe MeHs-
I0TCR, TaK 4TO

p (D)= 2w [ (1> < D] (2.26)

Herpyano naiity, Kak usMeHsieTcs BO BPEMEHH COCTOsIHUE | i (£)),
tak Kak coctosguue |i(0)> MOXKHO pAasJOXKHTb MO COBCTBEHHLIM
¢$YHKUUAM raMuIbTOHHAaHAa H, a u3MeHeHHe BO BpPeMEHH MOCJeJHHX
ussecrno. Ilyete H|E,>=E,|E,>; Toria

li(1)> =2 E,> <E, i (0D, (2.27)
n
1) YyraTesell, HHTEPCCYWLKXCS NPHMEHEHHSMH MaTPHLbl NJIOTHOCTH, OTCh-
aaeM K Knuram [1—3] u o63opam [4, B].— Hpum. ped.
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Fn. 2. Matpuubl NNOTHOCTH

OTKYyAa ‘
li(t)> =2 E,>e”"Bn' CE, |1 (0)>

(119 yao6CTBAa MBI HMCHOJb3yeM CHCTeMy eauHun ¢ fi=1). Ecan
onpejenuTs oneparopuyio ¢yukuuio f(H) ypaBHenneM f(H)|E,>=
=f(E,)|E,>, TO MOXHO 3amucartb

|i(t)> = e~ E><E, i (0)> =e~ ] i (0)>. (2.28)

3aMeTHM, YTO, COIJIaCHO HAlUeMy OnpejeseHHnio, ecad (yHKIHIO
f(H) MOXHO pa3noxHUTh B CTeNeHHOH psAf Aaa JoOoro cobcTBeH-
HOro 3Hauenus f, TO T4KHM ke 06pa3oM MOXHO pasokKHTb (YHK-
uuo f(E,). Ioacrasaasa (2.28) B (2.26), nosyyaem

p (t) = Dwe~1]i (0)><i (0) [t = e~ ity (0) ety (2.29)

auddeperuupys obe 4acTH MO BpeMeHH, HAXOAUM
p=—i(Hp—pH). (2.30)

MoxHO, npaBja, yCOMHHTBCSA B TOM, JOMYCTHMO JIH paccMaTpH-
BaTb f Kak uHca0 npu AuddepeHUHPOBAHHH UJIeHOB BHAa e~ it
OHAKO 3Ty MPOUEAYPY MOXHO 0GOCHOBaThb, pasjarasi oneparop
e~ p crenennodl psx. C apyroii cTopoHsl, ypaBhenue (2.30)
MOXKHO MOJAY4HTB H3 (2.29), auddepeHUUpPYS MATPUYHBIHE 3JeMeHT
<E,|lo(t)|E,>. Tak unu unade ypasHenue (2.30) BepHO, H OHO
WrpaeT AJa MaTpHll [IOTHOCTH TaKylo XKe pPosib, KAKYIO yDaBHeHHe
Ipeanurepa urpaeT AJst BOJHOBLIX GyHKUHWH. Cleayer 3aMEeTHTh, 410
onepaTtop HabalojaeMoll (H3MYeCKOH BeJWYMHBI B IIpeACTaBJIEHHH
[efizenGepra y/j10BJIETBOPSIET ypaBHEHHIO

A=+ i(HA—AH), (2.31)

npuyeM 3HaKH npaBbIX yacTell ypaBHeHHH (2.30) u (2.31) nporuso-
noaoxHul. (I1pH HEOGXOAUMOCTH MOXHO BBECTH BO BCE ypABHEHHS
nocroannyw [Inanka, 3ameHsis Bciogy omepaTtop H Ha H/ﬁ.) Us
(2.29) umeem

Spo” (1) = Sp [~ (p" (0) )] = Sp [(p" (0) ) e=17"] =
=Spp”" (0), (2.32)

TJie HCTI0/1b30BaHO cBoicTBO Sp AB =Sp BA. Takum o6pasom, Sp p”
eCTh BeJHYUHA, MOCTOSIHHAsE BO BPEMEHH; CJEJOBATEeIbHO, TO Ke
crpaBeiauBo W aast Sp [ (p), rae [—mobas GyHkuus. ITOT pe3yb-
TAaT MOXXHO TaKXe MOJYUHTb, 3ameyas, 4To

o =Duf|i><i;
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§ 2. [lononHuTensHble CBOWCTBA MATPHibl NMNOTHOCTH

CaenoBaTe bHO,

f<p>=§f(wf>|i><i|. (2.33)

Janee, Spf(p)=2F(w;), Tie w;—MOCTORHHLIE BENHUHHBI, ABJIAIO-
7

i Hecss CoO6CTBEHHBIMH 3HAUYEHUSAMH p H IIOTOMY He MeHsoLHecs
IpH YHHTapHOM npeo6pasoBaHWH [Hampumep, Buaa (2.29)].
MoxHo omnpenenuTh ,3HTPONHIO® CAEAYIOLIHM 006pasoM:

WSt =—Dw;Inw,. (2.34)

JOnas uucroro cocrosHus ,S“=0, TOorAa KaK NIl CHJILHO CMe-
[IaHHBIX COCTOSIHHA ,SHTPOMUA* NMPHHUMAaeT GOJbIINE INOJOKHTENb-
Hble 3HaueHHd. [,DHTPONHA, olpejeseHHas BhpaweHueMm (2.34),
oT/iHYaeTcsi OT OOBIYHOHM TeM, 4TO OHA He BO3PacTaeT, a OCTaeTCH
MOCTOSTHHOA BO BPEMEHH M IO3TOMY B3sITa B KaBBIYKH. |

ITocrapaemcs Tenepb HECKOJBKO Yr1yGHTbL Halld 3HAHHS O Mat-
pHIAX MJOTHOCTH. B 06BIYHOH KBAHTOBOH MeXaHHKe HETPyIHO Ompe-
JIEeMATh TaKHe BeJHYUHHE, KaK cpejHee 3HAYEHHE KOOPAHHATHEL H
HMIYJIbCA, & TaK:ke BePOSITHOCTb TOrO, YTO CHCTeMa HaxoAuTCs
B JAHHOM COCTOSHHH.

1. Cpedree srauerue roopouramsr. CoraacHo (2.14), gaa mo6o-
ro oneparopa A4

Ay = S dedx' o (x, x') A, x).
B naunoM ciyudae A=ux, H
A, x)=<x"|AJx>=x{x"[x>=x0(x"—x), (2.35)
TaK 4TO
<> = dep (x, x). (2.36)

2. Cpednee 3nauenue umnyipca. 310eCh Caelyer NOJOKHTE A = p.
IMockoabky

K plw =22,
HMeeM
, hog .
A, x)=756(x —X). (2.37)

Huterpupysa 1o 4acTaM M y4yHTHIBasi, 4TO A1 JIOGOH ¢QyHKUHH [
HMeeT MeCTO CBOHCTBO

(1580 —ndr=— (500 —0) ZF () de=—J (),
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In. 2. Matpuubl NMNOTHOCTH

noJayuyaem

<p>:_5dxdx’ Z:.b—t‘S(x'——x) Ea}p(x, x') =

:——égdx [(%p(x, xl)]y:x“ (2.38)

3. Bepoamuocme naxoxcOenus cucmembr 8 cocmoanuu |y>. Onpe-
Jesesiie BEpOSTHOCTH TOrO, U4TO CHCTEMa HAXOAHTCA B COCTOSHHU
|%>, 3KBHBAJEHTHO OMNpEeJeJEeHHIO CpPeJHero 3HayeHHsA olepaTopa
> <% |. Urobel yGeauTbesa B 3TOM Ha NMPHMEpE YHCTOTO COCTOSHHSA,
3aMEeTHM, 4TO, €C/IH CHCTeMa HAaXOJHTCA B COCTOSHHH |¢>, BeposT-
HOCTh OGHAPYMKHTL €€ 3KCIepPHMeHTa/lbHO B COCTOSHHH |y> paBuHa

[ 2= <P o> < [ 9> =< | (| %> < ) [>.
CJIED,OBaTe.HbHO, 3Ta BepOHTHOCTb MOXKeT 6bITb 3anmucana B BHIE

P=Spp x> <xl=Sp 2w 1><i|x> < |=
= Dw; | <i x> =<xlp x> (2.39)

BripaxkeHue /11 BE€POATHOCTH
P=2w|<i|y>]®

BIIOJIHE COTJIacyeTcsl C HaHIMM HCTOJKOBAaHHEM BeJHYHH @; Kak
BEPOATHOCTEH 3aHATHA CHCTeMOH COCTOSHHH|i).

ITnoTHOCTD BEPOATHOCTH 3HAUEHHS KOOPIHMHATHL X, €CTb BePOAT-
HOCTb TOTO, YTO CHCTeMa HAXOJUTCA B COCTOSIHHH | X,>, H, COTJAcHO
(2.39), ona paBHa p (X, X,). JIJ1s UYUCTOrO COCTOSTHHA |y> HUMeeM

P (Xe» %) =[P (x0) |*
§ 3

MaTtpuua nnoTHocTH
B CTATUCTUYECKON MEXAaHUKEe

Ecan | @;> — ccOCTBeHHbIH KeT-BeKTop (coOcTBenHnast QyHkiug),
COOTBETCTBYIOUIHA COGCTBEHHOMY 3HAayeHHi0 £; raMuiabTonnana f
CHCTEMBI, TO BEPOATHOCTb HAXOMAEHHS CHCTEMBl B COCTOAHHH |@;>
paBHa

1 -pEy
g ¢ . (2.40)

Takum obpazoM, MaTpuila NJOTHOCTH pPaBHA

p=20,05<0,], e w=ge (241
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§ 3. MaTp1ua NNOTHOCTM B CTATUCTHUECKOW MEXAHMKe

C apyroft cTOPOHBI, B KOODAHHATHOM IIPEACTABJIEHHH
: 1 ,
o (x, x') =2 e P, (x) o (x'). (2.42)
i
ITockoawky H|¢,>=E,|¢,>, sblpaxentue (2.4]1) MOXKHO 3anucarb
B Bljle

< —BH
o= 2o 0,5 <0, =, (2.43)
rie
€—|’3F:Q :Ze—ﬁEn—_—Sp e_ﬁH, (244)
TdaKk 4TO
e'ﬁH
0 :Spe_B—H. (245)

Cpeansst sueprusi cucreMbl U MoxeT ObITb 3amHcana cJaeiyIOLLHM
ofbpasom:
Sp [He" ﬁH]

—SpoH =2 LA
U=spof Sp [ e PH]

(2.46)

3nas CpeJHIO HEPTUI0 CHCTeMBl H ee CBOOOAHYIO 3HEPTHI0, MOXKHO
HalTH SHTPOIHIO, MOJB3YSICh COOTHOILUEHHEM

F=U—TS. (2.47)

MokHO moKaszaTh, 4T0 A Ja1000ro Jpyroro ramHJ/JbToHHana f
CIpaBeJJHBO HePaBEHCTBO

F<<H>—TS,, (2.48)
rue
__Sp [He‘ﬂHOl
<H>o = Sp [e"ﬂHo] ’ (249)

a S, —aHTponus, BelukcIeMas ¢ nomoukio f,. Beauunna F B (2.48)
apeactaniser cofoH HCTMHHYIO CBCOOAHYIO SHEPTHIO, COOTBETCTBYIO-
UIYI0 HCTHHHOMY TFaMHJIBTOHHAHY [ M OIpeIeJIeHHYIO COOTHOLIEHHEM
{2.44). BBoas cBoboaHylO0 3HepPrHIO F,, COOTBETCTBYIOU[YIO TaMHU/Ib-
ToHuaHy H:

Foy=<Hp»,—TS, (2.50)

u Beluuras (2.50) uz (2.48), Haxoaum

Sp [(H—Hy) e PHo]
Sp [eFH:]

{3Ta TeopeMa Oyjer jokasana B § 11).

F<F,+ (2.51)
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Fn. 2. MaTtpuubl NNOTHOCTH

PaccmMOTpuM Telepb MaTPHIY NJOTHOCTH Kak (YHKUHIO mapa-
Mmerpa P:

o~ BH
Y (B) :SPE—BH s
npHu4yemM HEHOpMI/IpOBaHHaﬂ MaTpHuila TJIOTHOCTH O OHpeILe.IIHETCH
COOTHOLIeHHEM
ou (B) =eBH; (2.52)

najee OyneM Be3jle BMeCTO py mnucaThb o. [lokaxkem, uto p () yi0B-
JersopsaeT AuddeperunasbHOMY YpaBHEHUIO

——Fﬁ——-Ho (2.53)

[loka3are/bCTBO OCHOBAHO HA TOM, YTO B 3HEPreTHYECKOM TNpex-
CTaBJEHHH MaTpHUy TJOTHOCTH (2.52) MOXHO 3anucaTb B BHJE

pif=6if6"'3Ef; (254)
quddepeHUHpys 3TO paBeHCTBO, HMeeM
0p;
—-aﬁua Ee~PEi=FEp,, (2.55)

OTKYJa noJayuaeM ypabHeHHe (2.53).
HauyannHoe ycioBue a5 ypaBHeHud (2.53) HMeeT BUI

p(0)=1. (2.56)

Y paBHeHue (2.53) MOXHO 3anmucaTb B KOOPIUHATHOM MpEACTABJIEHHH:
a

— L&D Hp(x, x5 B, (2.57)

rae HHaekc x y H, yxaseiBaer, 4To onepatop [, neficTByeT Ha
nepeMeHHY®© X B p(x, x'; B). COOTBETCTBEHHO HAYAJIbHOE YCAOBHE
uMeeT BUA

p(x, x'; 0)=08(x—x"). (2.58)

$ 4
MaTpuya nnotTHocTH
Ans cBob6OOHON HacTULbI
C OofHOW cTerneHblo ceobopbl

Pewnm nuddepeHunalbHoe ypaBHeHHe, o0CyxKiaBlleecs B § 3,
LAst clydyast CBOOGORHOW YacTHUBl € OJHOH CTENEeHbld CBOOONHI.
['aMMAbTOHHAH TakoH YacTHIE WMeeT BHA

H=E, (2.59)

2m
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§ 4. Matpuia nnotHocTM ans cBoBOAHON uYacTULbI

a JHugepeHuanbHoe ypaBHenHe, coraacHo (2.57), sanuiiercs cJje-
oyouiuM o6pasoM:
dp (x, x5 B) h2 g2

— =— g 770 (X, x5 B). (2.60)

JTo ypaBHeHHE THNA ypaBHueHHs JU(MGDY3UH, U €0 pelleHHe MOXKHO
3amnucaTb cpasyl:

1Ry mn N (x—x')?
ote, ¥5 =V i e [— (G ) =] @)
YucaeHHLIH MHOXKHTEIb BbIépaH Tax, 4TOOBI BBITIOJIHAJIOCH yCJA0BHE
p(x, x5 0)=¥8(x—x"). (2.62)

Beruncasas wnyp obenx uacted ypaBHeHus (2.61), noayuaem 1.s
OJHOMEepHON CHCTeMbl MJIHHOA L
e‘3F=Sp(x, x)de=L

kaT R
onh2

3Ta BeJHYHHA NOpeAcTaB/sieT CcOOOH CTATHCTHYECKYIO CYMMY 1.1
JAHHOH CHCTEMHI.
3adaya. TlokasaTb, 4TO CTaTHCTHYeCKas CyMMa TpeXMepHOH
cHcTembl, coctosimed U3 N yacTHl, HMeeT BHJ

e (ﬂ’iﬁ)””. (2.64)

(2.63)

on h2

Bripaxenue (2.61) nas MaTpHUBl MJIOTHOCTH MOXKHO HOJAYYHTH
WHaue, BCIIOMHHAas, YTO

p(x, x; ﬁ)zge-ﬁb‘mwm (x) Py (x). (2.65)

Ecau vacTuiia HAXOmHTCS B OOJBLILIOM SAMHKE O0OBHEMOM %, MOXKHO
NPOU3BECTH 3aMEHY

— Wadap . . _ 1 o ox/h
; @ak) P (X) — Pp (X) V%ep /h
Torja BeIpaxkeHue (2.65) npHHUMaeT BHA
’, _ d3p — B2/ 2mpi (p/h) - (x—x7) __
p(x, x'; B)= Gt © Bo*/ amel (b/R) - (x=x)
- (ﬁ) emminxih, (2.66)

4TO COBMajaerT C Bhlpaxenuem (2.61).

1) 3amerHM, 4TO NpH TIOCTOAHHBIX 3HAYEHUSIX x, x' HE CYHIECTBYET PA3JAONKE-
HHa o (x, x'; B) o crenensm P B6au3H P=0. ITo--BamHOe CBOHCTBO MaTPHILLE
IJIOTHOCTH CBOGOAHOH HaCTHUEL Pepog, M OHO BJAHSET Ha NOCTPOEHHE PAAA TEODPHH
BO3MYUIEHH.
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n. 2. Matpuusl NNOTHOCTH

¢S
NMurednsin
FAOPMOHUYECKUK OCUMNNSTOP

FaMu/JbTOHHAH JHHEHHOrO (0 HOMEPHOIO) FapMOHHYECKOTO OCILHI-
JSTOpa HMeeT BH]

_ Pt mei? 9
H= om 9 ’ (~67)

TaK 4YTO HMeeM clefylolmlee AudpepeHUHaNbHOE YpaBHEHHE 78 P

dp ke

— =g aa P Ty X (2.68)

Brejgem HOBble [IepeMeHHbIE

me h fi
E= Tﬁﬁx, f:7mﬁ:2/e0,;r' (2.69)
C MOMOUIbID KOTOPBIX ypaBHeHHe (2.68) ympoliaercs:
J 0>
-———0%=——5§%—!—E2p. (2.70)
Hauanonoe yc/aoBue AJs 3TOro ypaBHEHHS HMEET BHJ,
p=0(x—x') mpu [=0 (2.71)
HJTH
p=1 FOE—E) npn f[=0; (2.72)

suoxutens V meo/h BosnuKaer 3a cuer namenenns macimrata y apry-
menta &-pynkuun (Boobue 8 (x—x,)=|f"(x)|8[f (x)—[(x,)] aas
MOHOTOHHOH (GyHKUHH [).

ITpu MasipiXx 3HayeHHAX [ (BBICOKHE TeMIEpaTyphl) MOBeleHHE
OCUMJJISATOPA JO/KHO B 3HAYUTEJNLHOH Mepe HAMOMMHATL I10Bele-
HHe CBOOOJHOH YacTHLBI, TaK KakK BEpOSTHOE 3HAUEHHE ero KHHe-
THUECKOH SHEPruH BecbMa BeJHKO. IT03TOMy MOXKHO OXHAATH, YTO
NPH MaJLlX 3HAYeHUAX [ MaTpHla I[JOTHOCTH TaPMOHHYECKOro
ocunasiTopa 6yaeT NpHOIHKEHHO ONMHUCHIBATBCS BBIpaxKeHHeM D

PG ¥, DY e emami, (2.73)

4dnh f

D 910 cnpasenuBo smme npu E# E. [lpn E=E pemuwuwna p (§, &, )
COBIANIAeT C Pcpog TOABKO ApH f=0 (noppoGuee cM. ra. 3, § 10). Ouepnano, npu
BBICOKHX TeMnepaTypax T, KOrla AaMN/HTY/a KJACCHYECKOrO IBHIKEHHS BEJHKA,
OCLUHJIIATODP ,UyBCTBYET* BO3fieHCTBHE CuJbl (MeXAY 3aJaHHBIMH SHAYEHHAMH X
u x') TeM MeHbllUe, ueM GOJblIE 3TA aAMNNHTYZA.
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§ 5. JInHeHHbIA rapMoHMUEeCKHii ocurunnaTop

YuuThiBasi TaycCOBCKHH XapakTep 3aBHCHMOCTH (.5 OT &, momnpo-
6yeM HCKaTb pelleHne B caejyiouell dopme:

p=exp{—[a(NE+b(E+c(DN]} (2.74)
Hojacrasasas (2.74) B ypasuenue (2.70), moJyuyaeM ypaBHEHHe
a'B b’ Lo = (1 —4a") E* —4ab: + 20 —b?, (2.75)

rie WTPUX o3HavaeT anddepenunpoBanve no f. Hs ypasuenus
(2.75) nmeem

a'=1-—4a* (2.76a)
b" = — 4ab, (2.766)
¢ =2a—b2. (2.768B)

Huterpupys ypaBhenue (2.76a), nmeeM

a=ycth2(f—F,),

npu4yeM B CHY HayaslbHOrO yCJOBHS (2.73) NMOCTOSHHAS WHTErpHu-
poBaHHuA [, NOMXKHa o6pauwarbcsi B HYJb:

1
a=-cth2f. (2.77)
Murerpuposanue ypaBuenuii (2.766) u (2.768) naer
b A
~ sh2f>

. 22 (2.78)
c== In (sh 2f) +-5-cth 2/ —In B,

rae A n B—nocroaunbie. HMenonbaya seipakenns (2.77) u (2.78),
HaXOJHM

o B
- Vsh 2f

pu [-—0 nomyyaem u3 Boipamenus (2.79)

exp[ (E cth2f+sh2f+—— tth)] (2.79)

BP+2AL+ 42
V_exp (— ——4,——) (2.80)
Yro6ur pesyabtar (2.80) corgacoebiancs ¢ (2.73), D0IKHB BBINO.I-
HATLCS PaBeHCTBa
A=—F, B= . 2.
g ]/ o (2.81)

IToacraBasas atu 3Havenus B (2.79), HAXOAHM OKOHUYATEILHO

0]

ox, x'; P)= ]/2—;73’%2,“ exp {—m [(x®4-x")ch 2f—2xx']} ,
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In. 2. Martpuibi NNOTHOCTH

HJIH

1) me
plx, x5 B)= Vgﬂﬁ sh (fio)/kBT)X

X exp {— o

ﬁ [y
2 sh (ho/k5T) [(" + &) chypp —2xx! ]} . (2.83)

B uacTtHoMm cayuae x=x" uMeeM

o(x, x; B)= 1/2_31%2; exp (—-ﬂﬁ"i X thf). (2.84)

DTa Be/HYHHA oONpeJeJsieT BePOATHOCTb OGHAPYXKUTH OCHHJIATOD
B Touke x. Kax HeTpyaHO BHjeTb, OHa MMeeT rayccoBCKYio GopMmy.
C nomombio BolpaxeHnus (2.84) BLIUHCASETCA cpelHee 3HAYEHHE X*:

S x%p (x, x) dx 3 3

S Sy T —cthf=5"cth o
p (x, x)dx

2y _ho
X = o S DRGT

(2.85)

TakuM 00pasoMm, AJ15 cpejHero a3HaYeHHu s NoTeHUualbHOH s3Heprun E
uMeeM

(Epor> =5 mo 2xt -——ﬁ-—cthf (2.86)

MoXHO cpaBHMTBL 3TOT pe3yJ/bTaT €O CPEJAHHUM 3HaYEHHEM IOJHOH
sHepruu E, BBIYHCJ/EHHBIM € IOMOIIbIO CTATHCTHYECKOH cyMMBI. Kax
U3BECTHO,

ho | hoe=forkgT  fo1de-¥ o
(E> =— +1_e—h‘ﬂ/k37 =51, =3¢ cthf. (2.87)

Benvyuna (2.87) poBHO B 1Ba pasa NpeBOCXOJAUT BelIHYuHYy (2.86);
oTclola HaxoAuM JJ/s8 cpeiHell kuHeTHdeckoH 3Hepruu £

ho

KHH

Ewuw> =<Epor> = cth . (2.88)

W3 Bripaxenus (2.84) HaXONHM CTATHCTHYECKYIO CYMMY

B C me wh 1
e BF:‘S P (x, x) dx = V-Qnﬁsth ]/-mmthf: oy’ (2:89)

OTKYJa
F :L In (2sh f) = k,T In (eho/2k 5T —e-ho/2epT )

ﬁm-}-kBT In (1 —e—ho/k Ty, (2.90)

B TOYHOCTH TaKoO€ 2K€ BbIpaxK€HHE€ /1A CBOéO}_IHOﬁ SHEPTHH YiKe
6bLII0 INIOJTYHEHO paHee€.
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§ 6. AHrapMmonMiecKui ocuMnnaTop

MozKHO paccMOTpeTb HpefesbHbIH cJay4ail BLICOKHX TeMmneparyp
(Manpix sHaueHufi f) B Bhpaxenuu (2.84). Torza Hmeem

o(x, x; ﬁ)—»exp(—ﬂl‘i—?@)::exp (—‘%’2) (2.91)

C TOYHOCTBIO [0 MNPEI3KCNOHeHUHAJbHOIO MHOXHTeNA. Pe3yib-
taT (2.91) corJacyercs ¢ KJacCHYeCKOH MeXaHHKOH.

[TperebHBIA cayuall HH3KUX TEMMepaTyp MOXKHO PacCMOTPETh,
N0Jb3YysCh BbIPaKeHHEM (2.83):

mo mco,\c2 mw2x'2
o (X, x’)—»]/ffexp< szT exp( exp(“—gﬁ—>; (2.92)

¢ ApyTofl CTODOHBI, HMeeM B 5TOM IpejeJie

x') = Ze‘ BE; @; (x) @f (x") —e~BEoq, (x) @5 (x'), (2.93)

TaK KakK NpH f—s oo 3(theKTHBHEIA BKJIaX JAaeT TOJLKO OCHOBHOE
cocTosine. Boipaxenue (2.92) corsnacyercs ¢ (2.93), tak xax a4.1s
OCHOBHOTO COCTOfIHMA BOJHOBAsl QYHKIUA HMeeT BHUJ

@ () = <'Z—;i°>l/‘e<-mw/2h> (2.94)

$ 6

AHrapmoHundeckun ocuunnaTop

PaccMOTpHM MOTEHIHAJNBHYIO 3HEPTHIO, H306PaXKEHHYIO ChJoul-
HOH KpuBOH Ha ¢ur. 2.1 u onuckiBaemyw byHKIHeR

V(x) =" 5 ks, (2.95)

Mpl GyieM paccMaTpHBaTh JUWL 06J1acTh 3HaueHHH BOJIM3H x =0,
He 3aTparusas o6.jactd, rae V(x) < 0.

B anrapMoOHHYeCKOM C/y4ae NpH NOBHILIEHHH TeMIepaTyphl cpes-
Hee 110/10XKeHHe OCIHANATOPa CABUraeTCsl, Kak oKas3aHo Ha dur. 2.2.
mest 3T0 B BHAy, NPHMEHHM K 3ajade o0 aHrapMOHHUECKOM OCIIH/I-
JATOpEe YMOMSIHYTHIH BBILLE NPHHLUMI MAHHMYMa CBOGOAHOH 3HEpruH,
KOTODBIH (popMy.aupyercs C/AeJyIOLHM 00pa3oMm:

F<Fo+<H'—H0>07 (296)
rae F—uctHHHaa cBoGojHAas >3Heprusi, f{ —HUCTHHHBIH TaMHJbTO-
HuaH. [lpu stom H,—mw6oif ramu/JbTOHHAH, Fj-—COOTBETCTBYIO-

masi cBOOOAHAs 3HepPrus, a CkobGKH < D>, 0603HAYAIOT YCpeIHEeHHe
o cucTeme, XapakrepusyemoH raMHAbLTOHHUAHOM [,
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Fn. 2. Matpuubl NNOTHOCTH

B kauectBe H, anas /:LaHHoﬁ 3ajiaud BhI6epeM raMHJbTOHHAH

mw?

Hy=£ 7" — (x—a), (2.97)

ONHCHIBAIOIHH I‘apMOH}’l'-IeCKPIPI OCOHJ/IJIATOD, Y KOTOPOro NOJIOXKCHHE
paBHOBECHA CMEMEHO Ha pacCTOsAHHE a OT HYJIA. Besnwunna o B ra-

oUr. 2.1.
)
. e [TotenunanpHas sHeprus
z aHrapMOHHYECKOIO
OCUHJLISTOPA.

MuJbToHHaHe (2.97)—rTa xe, yTo u B BHpaxeHuu (2.95). Cor-
JacHo (2.90), umeem
ho B
Fy=kgT 1n(25h o T) (2.98)

TaK YTO OCTaeTcsl TONBKO BBIYHCJHTBL CpejHee
2 2 , )
CH—Hyy={ T~ 4 hr—"2 (x—a)?) . (2.99)
Ipouseoasi saMeHy y=x—a, 3anuieM (2.99) B Buje
<H——H0>0=< mwiay —|—me2 a® -+ ky? + 3ky*a + 3kya® + ka® >o' (2.100)

Tockoavky H,= p*/2m -+ (m®?*/2) y*, HETPYAHO BBLIYHCJIHTH CpelHHe
3HAayeHHs pasJuyHbIX cTeneHed y. M3 coo6paxeHHH CHMMETDHH
nMeeM

Yo =<Y*> =0, (2.101)
TOrla Kak, corJacHo (2.85),

Y= ﬁ cth(Qi‘”T) (2.102)

IloacraBasia (2.102) B ypaBHeHHe (2.100), HaxonHM
F < Fort-CH—Hyy = Fy + 5% a* - ka4 3ka<y®>,.  (2.103)
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§ 6. Anrapmonnueckui ocuunnatTop

Hanayuliylo oueHKy jaJas cBoGogHOH sHepruu (2.103) MOMXKHO
MOJYUUTL MYTeM MHHHMH3alUHH Npasoit yactH. Ilockonbky Hac us-
TEpPeCyIOT JIMIIb MaJble KoJeGaHHA, Mbl IpeHeGpexeM 4JeHOM ka?,

} OUT. 2.2,
\ /
\ a7 7"
\ / /
\ /
I;
-+ |
0 x= Cumeuenne cpeauero
MOJIOXEHHsT OCLHJIATOPA.

TaX 4YTO OTpHUATeNbHLE 3HaueHus V (x) He BOHAYT B paccMoTpenine,
Hudpepenunpys (2.103) no a, nonyuaem

moPa+ 3k <y*>, =0, (2.104)
OTKY/a —
3k 3kh cth 2k gT
a:—_—_w<y“>0:_—°_§,%%é__3—z, (2.105)

B cuay yciosus (2.104) coorHouierue (2.103) npuuuMaer Bug
F<F—"2 g, (2.108)

Cmeulenne M0JIOXKEHHS DaBHOBECHs @, ollpefesieMoe BhIpaxe-
HHeMm (2.105), umeer mnpoctofi ¢u3MYECKHH CMbICA: B 3TOH TOYKe
obpamaeTcss B HYJb Cpegusis cuaa <&F >, AeficTBylomas Ha OCIHJ-
Jastop. [edicTBHTenbHO, coriacHo (2.95),

F =mo’x +3kx* =mo® (y+a)+-3ky* + ..., (2.107)
KF>=mo’at-3k<y’>+ ..., (2.108)

TaK 41O, NpeHeGperas BHICLIMMH CTelleHSIMH a, Mbl IPHXOIHM K ypas-
Henuio (2.104).

3adawa. PaccMoTpeTh NMPUTATHBAIOWMA moTeHuuaa V (x) obuiero

Buja (HanpuMep, usobpakeHHblll Ha Qur. 2.3). CooTBeTcTBYIOMIHH
raMHNBTOHHAH HMEEeT BHJ

H=2 1V (). (2.109)
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n. 2. MaTtphuubl NNOTHOCTH

B kauecTBe npoGHOro ramujbToHHaHa H;, BXoaawero B gopmy-
JUPOBKY BapHaUHOHHOro NpuHLUHNa (2.96), BbIGpaTh Caeayiouu:

H, =P | Me®(x gy, (2.110)
2my 2

U npoBapbUpoBaTh a, m, U @,. [lokasaTb, uTo

m,=m ’ (2.111)
H UTO 0, H a ONpE€AeNArTCcAa YC/JAOBHUSIMH
V' ()3, =0, 2.112)
2
GV () =( L) . (2.113)

3n1ech, Kak H paHee, { >, 0O3HayaeT ycpelHeHHe MO cHCTeMme, Xa-
pakTepuayemoll raMuslbTOHHaHOM H,.

V@'} \ OUT. 2.3.

O6wuit BuA
. NPHUTSATHBAIOWErO
Zz noTeHULHana.

CootHowenne (2.112) onpenensier aGCoMIOTHOE MNOJOXKEHHE CH-
CTeMbl (CABHMT NOJIOXKEHHS paBHOBecHs1), Toraa kak (2.113) onpeje-
JsieT Mmacwtal ee nepeMeHHbIX. Tounee, (2.113) cooTBetcTBYyeT
BHPHAJLHOH TeOpeMe, COrJacHO KOTOpOH

v (> =( L), (2.114)

IlokaxeM Tenepb, uto ypaBHeHue (2.114) cBsfsaHO ¢ MacluTaGom
NepeMeHHbIX; Il 3TOrO BbIBeJeM BHUPHAJBHYIO TeopeMy B 6oJee
obuel dopme.

PaccMOTpUM cHCTEMY 4acTHLL B KyGHYECKOM SIMKE CO CTOPOHAMH
AMnHoH L. Bo3bMeM raMuJIbTOHHaH B BHIe

2
{
Hp=> 2543V (ry) (2.115)
T em; "
i if
i<f
(Mb[ npeanoJsiaraeM, 4To JBHXKE€HHE CHCTEMbl MOXKeT OLITh OIIHCAHO

C NOMOLUbIO NOTEHUHAJa, 3aBHCALICTO OT PACCTOAHHA 1, =|r;—r;
MEeXJY TMapaMH 4acThu).
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§ 6. AHrapmoHmuueckmin ocumnnsTop

Ecan cucrema orpaHuyena, To IpH [AOCTaTOYHO GOJBLIKX pas-
Mepax sfAliMKa JaBJeHHe Ha CTeHKH NpPAaKTHYECKH PaBHO HYJIIO.
OnHaxo, Boofue roBops,

Pe— =l (2.116)

[lycts F;=F pns suunka aaubo# L. Huxe MBI He TOMbKO A0KA-
eM HepaBeHCTBO F < F +<H — H,>,, HO H IOKaxeM, 4To <H—Hp,
(aKTHYECKH sIBJS€TCSl NONPABKOH MepBOrO MOPsiAKA B PasjOyKeHHH
aas F no teopuu Boamymenu#t. [Tonyuum Berpaxkenue ana P, sanu-
chlBas

Fra o= L+ [Nonpasouubie unens,

HJIH
FL(1+s)NFL+<HL(1+8)——HL>HL. (2.117)

OueBnano, Hp(1,¢ OTIHYAETCS OT H; TOJABKO T€M, YTO NepeMeHHas
(r;), MoxeT mpoGeraTh 3HaueHHsi OT HyJas ao L(l1-e), a He no L;
TO JKe BEepHO Ais NepeMeHHbX (r;), H (r;),. Ilponssenem nosromy

3aMeHy NepeMeHHBIX BHAa r;=r;/(1-€); HOCKOIbKY p%=-—i‘l2 Vi,
MOJYyYHM

~ p” ,‘
HL(I+8)=Lm+ZV [(1+e)ri] ~

‘ i

pit , p” .
~ 2 3:,1—[—!-21/(’”)—%*6[:—2;%'%“;“/1/ (rij)]'
‘ i< 1<
(2.118)

IlockoJbKYy HOBHE KOODAMHATH! (CO IITPUXAMH) IIPOGETAIOT T Ke
3dayeHud, 4To U cTapbie (6e3 wrpuxoB) B (2.115), MOoxHO cHATH

WTPHXH Hal r;; H p; U 3aNHCATh

<HL(I+£)—HL>HL =& [——2 <EKHH>+< ‘12 r,-/V' (f,'j-)>]. (2119)
!

</

Beipaxkenus (2.116) u (2.117) nator

oF Fraen—F !
3P7/3:-L0-L=—L—“HL—;——-€=—? CHpgso—HL>. (2.120)
Coraacto (2.119), umeem
3P7° =2 Eu>—< 2 1)V (rij)>. (2.121)
3]

t<j
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[n. 2. Marpuubl NNOTHOCTH

I ciyuyas rapMOHHYECKOTO OCUHJIATOpA AaBJjieHHe P paBHO Hy.o,
H MBI IIOJy4aeM

v (x> =( £ (2.122)

[sTOT pesyabrar caenyer cpaBHMTHL C (2.113)].

Hdnas cayuas yacTubl, ABMKyLlefics B CHUJIOBOM noJe, y6biBaw-
meM o6paTHO NPONOPLUHOHANBHO KBaApaTy pacCTOAHHA, NOJyyaeM
KJaccHuecKufl pesysbTar

CE > =— % <Egos>. (2.123)

10T MeTOJ MOxeT ObITb o0600meHn. Ilycth H -—ramujibToHHaH
CUCTeMbl B siliMKe, a H, —raMHJbTOHHAH TOH 3Ke CHCTeMbl B Oec-
KOHEeyHO MaJo JgebopMuypoBaHHOM swmuke. Ilpexmosoxum, uro
FH——*FHe i uro Hy — H =¢S; Torja onucanHbifl Bhille MeTOJ NpH-

BOJUT K ycnoBuio <S>y =0. Hanpumep, Beipaxenue (2.118) coor-
BETCTBYeT CJ/1yuaio, KOTAa

2
i

S= [~22 L 3V (r,.,.)} :
3 if
i<f

B kauecTBe ApPyroro npHMepa pacCMOTpHUM OeCKOHeYHO MaJiblfl
CJBMI (TPaHC/ASALUIO) BCEro sIIMKa Ha paccTOSHHE & B HamnpanJe-
uuH ocu x. Tlonarasa x’ =x-—e, UMeeM

3 , V(i
He ~2 2LW+EV(r,.,.)+eZ"—§gi, (2.124)
iZ] l[<I]
TaK 4TO
S= Z{“ dlsr) (2.125)
14
H
OV(r,-I-) _
{ P y=0. (2.126)
(24}

[CpaBHuTe ypaBHenne (2.126) ¢ ypaBHeHHeM (2.112).]
70



§ 7. ®yHkumna BurHepa

§ 7
@Oynkuua Burnepa

MaTpyua nsoTHOCTH MoKeT OBITh 3almHcaHa B KOOPAHHATHOM
¥ HMIYJbCHOM TpeACTaBJeHUAX:

p(x, x) =;e'ﬂfi 9; (%) @7 (x), (2.127)

p(p, p')=le~ gy (p) 01 (p') =
= SP (x, x")el=1h @x=p"x) x dx’, (2.128)
JlnaroHaJbHbIH 3J€MEHT
o(x, x)=P(x) (2.129)

BhIpaxkaeT BepOSTAOCTb OOHAapyXKHTb 4YacTHIY B Touke x (¢ TOY-
HOCTBIO IO HODMHDOBOUHOTO MHOMHTeJsl 1/Spp). AHasoruuHo sesu-

UHHA
o(p, p)=P(p) (2.130)

BbIpA:KaeT BEPOSITHOCTL OOHAPY:KUTb B HUMIYJbCHOM MPOCTPAHCTBE

YaCTHILY CO 3HAUEHHEM HWMIyJabca p.
Bripaxkenue (2.130) ucnosbsyercsa mnpd BBHIYHCJAEHHH CpeIHEro

3HAYEHHUSs] KHUHETHUeCKOH SHEPTruH

7y Slprmol _ { 0 (0. 9 (2/2m) (dpr2nth)
o *p el {0 (0. p) (aps2eh)

(2.131)

B knaaccunueckoil MexaHHKe QYHKUMUS IJOTHOCTH f(p, X) B ¢$aso-
BOM INIPOCTpPaHCTBe 06/ajlaeT CAeRYIOMHUM CBOHCTBOM:

P(p)={F(p, x)dx,

(2.132)
P = (e .

ITocTaBUM BOMpOC, CYUIECTBYET JiM B KBAHTOBOH MeXaHHKe QyHK-
uns  f(p, x), yaoBJerBopsiomas ypaBHeHusiM (2.132). Onuoii us
Takux QyHKIMH siBasercs ¢yHkuus Buruepa fy (p, x):

Fue, ) =(o(x+0, x—)e-tevban (2139

3Ty (YHKUMIO MOXKHO MOJYYHTb, paccMaTpuBass p (X, x’) Kak
$ynkiuio nepemennbix (x4x')/2 u (x—x')/2, o6o3Hauas 3areM nep-
BYio M3 HHX X H 1npoBoxs npeobpasoBaHue Pypbe no BTOPOH.
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n. 2. Matpuuel nnotHocTH

Y6eaumca B ToM, 4TO ¢yHKuHs (2.133) ynoBaeTBOpsieT ypaBHe-
Husam (2.132). Tlpexpe Bcero

wa(p, x);—pﬁ‘=§ x-{--n—, x——n2—> <Se_[(p"/h)2i—;>d']=
—S (x+ ) %)6mMn=m%xp=Pux@JM)

TakuM o6pasoM, BTOpoe U3 yparHeHu#l (2.132) Bunoansiercs. Jaaee,
dcnoabsya (2.128) u (2.130), umeem

P(p)=p(p, P)={ p(x, x")e= M s=x)dydx’ =
=Sp<y+1]2_v !J-%)e‘”’“/hdydn:
= { fw (o, ) dy; (2.135)

Mbl NPOBENH 3/eCh 3aMeHY IepeMeHHBIX

x=y+3,
. (2.136)
x'=y——2—.

Hs ypaBuenu#i (2.132) BunHo, 4To ecau kA (p, x) siBasiercst QyHK-
nuell TOMbKO HMIOYJbCA p HJIH TOJBKO KOODAMHATHEL X, TO

<h(p, 3> = | Iy (p, ) b (p, %) 3 d. (2.137)

QOpuako ypaeBHeHHe (2.137) He BHINOJHAETCS, €ClIH A(p, X) ABJsETCS
NpOU3BOJBHOH (yHKIHeH p U x.

Hecmotpss Ha T0 uto ¢yHKuus Buruepa [y, (p, x) yioBaerso-
psieT ypaBHeHHaM (2.132), ee Henb3ss paccMaTpHBaTb KaK BEPOAT-
HOCTb HaHTH YacTHIy C HMNYJbCOM p B TOUKEe X, TaK Kak (yHK-
una fy (p, X) IPH HEKOTOPBIX 3HAUEHHAX p M X MOXKET CTaHO-
BUTHCSl OTPHIIATEJbHOH.

3adaua. BbluncauTe ¢ynkuuno Burnepa ans rapMoHHYecKoro
ocumaasitopa. B atom uacTHoM cayuae dyHKIHSA [y, (p, X) Besge
[OJIOXKHUTeNbHA.

Bripaxenue (2.133) onpenensier ¢pyHkuHio Burnepa uepes mar-
pHLY IJIOTHOCTH; MOXKHO MOJYYHTH M OGpPaTHOE COOTHOLIEHIe

ng( x+x >e‘ ) (x—x)2‘jtpﬁ~p(x x'); (2.138)
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§ 8. CHMmeTpr3oBaHHAs MATPHUA MNOTHOCTH

TaKAM 06pa3oM, BEJHUYHHH [y, (p, x) H P (X, X') COmEPXaT OAMHAKO-
BYI0O MH(OPMALHIO O CHCTEMe.

3adaxa. Iloka3aTb, 4TO B UMIYJbCHOM HpelCTaBJEHHH MaTpHLa
NJOTHOCTH AJS cBOGOAHOM 4YacTHLBI HMeeT BHJI

p(p, p')=2nkd (p—p’) e~ P/*M/RaT, (2.139)
§ 8
CummeTpusoBaHHan

MaTPULA MMNOTHOCTH
ans cuctembl u3 N uactuy,

PaccMoTpuM Termepb MaTpHLY NJOTHOCTH JJIs CHCTeMBl H3 MHO-
rUX TOXJeCcTBeHHBIX 003e- UM QepMH-yacTul. Beeaem ans ynob-
crBa ungekcel D, S u A, o6o3HavawluiHe COOTBETCTBEHHO ,,pa3H-
yuMbld* (distinguishable), ,cummerpurunblfi (symmetric) # ,,aHTH-
cuMMeTpHYHBIA" (antisymmetric). PacecMorpuM cHavana cayyail cso-
60JHBIX YacTHL. [[aMHJbTOHHAH CHCTEMBl paBeH

L I—
H= —2_’"2,: Vi, (2.140)
a MaTpHila NJOTHOCTH Pp YAOBJETBOPSieT YpPaBHEHHIO
a
—gﬁg——-—HpD. (2.141)
Peillene 3TOro ypaBHEHHMs HMeeT BH]
Op (X1 Xgy ooy Xpn X1, Xgy oo vy Xis B)=

m aN/2 m e
- (2@25) €xp [_ gm—ﬁfk_: (Xp— Xz) ] . (2.142)

B o6uieM caydae, ec/ld YacTHLBI MOTYT B3auUMOgeHCTBOBATb APYT
¢ ApYroM, MOXHO 3amHcaTb
pD(xlv""xN; xiv-"vxl’v; ﬁ)—_—
~BE; .
= 2 e Py ey, oy x)) W00, s, xR). (2.143)

Nno BCeM COCT.
Eca vacrtHubl MOAYMHSIOTCH cTaTHCTHKe Dose, HMeeM
Ps(Xyy vvvy XNy X1, ovuy Xy P =
-BE ’
= Xe i (xy oy xn) YEEL L xR) (2.144)

110 CHM. COCT.
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n. 2. Marpuubl NNOTHOCTH

Beenem cumBoa P 1151 0oGO3HAYeHHA [epeCTAHOBKH YAaCTHIL;
Hanpumep, IJA NepeCTaHOBKH

12345
Pl
54312
HMeeM
Px, = x,.

Ecnu cocrosinne ¥, cummerpuyno, To
Pr (Pxg) =¥, (x).

MoXHO moOCTpoHTb pg, HCXOAR H3 Pp; PACCMOTPHM 3TO Ha HpHMepe
ABYX YaCTHIL

’ I - E ’ r
Po (xp Xgy X1y x2)= 26‘ PE; \pl (xh xz) "-P[* (xlv x:)-
Mo BCeM COCT.

IlepecraBuM Tenmeph MecTaMHu X; H X

’ ’ -BE . ’ ’
Pp (X1, %o X3, x7) = D e PEi , (x,, 1,) ¥ (%7, X7)
10 BCeM COCT.

H BO3bMeM CpeJHee apH(pMeTHYeCKOe ABYX BBIpaxKeHHH; Torma

l ’ LAY ’ ’
v [pD (X1, X5 X1, X3)+Pp (X4, Xg; X, xl)] =

= Y emPE (xy, 1) g [WF (6, X)W (21, 6] =

Mo BCEéM COCT.
= 3 e BEY (x, X)W (%], D),
N0 CHMM. COCT.
TAK KakK

0 —anTucamMMeTpuuHan QyHKUHA V),
Y7 (%1, X;)—CHMMETPHYHAA QYHRUHS ).

7 [ O, XD+ 2 (e, #0] = {

Boobwe rosops, ¢ nomolbio coobpaxesnii, OCHOBaHHBIX HA TEOPUH
Tpymnil, MOXHO NOKa3aTh, 4TO

1 :
-TVTZ\p(PxI) vy ka, ooy PxN)=
P

{ Y(Xy, ...y Xpy ..., Xp)—CHMMETPUYHBIA Cayyal,
0—cayyahi moGoft apyro#t cuMMeTpuH;

(2.145)
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§ 8. CumMeTpH30BAHHAR MATPHMUA NNOTHOCTH

anech Y, 0603HayaeT CyMMy IO BCeM MNepecTaHOBKaM YaCTHIL.

I3
Henoabaysa (2.145), MoxHo 3anmucaTtbh Aias ciaydas N yactay

ps(x s Xy ee ey AN XL, ey Ky we ey XN) =
M Zpb(xl, ceer Xpy ooy X PX3, oo, Pxg, .., Pxi). (2.146)
TOI‘Ila CTaTHCTHYECKasas CyMMa NpPHHHMAaET BHUI
y P
e‘f“’s:SpS(xl, ey Xpy eal Xy v X dxy oL dxy=
]
=7\,—!ngb(x1, ey Xy ey Pxyy oo, Pxg, L ) dxy L. dxyy
P

(2.147)

3adaua. TTosyyuTh CTATHCTHYECKYI0 CYMMY HEB3aUMOJEHCTBYIO-
mero 6ose-rasa. J[;1s 3Toro cHayaJia noacraButh (2.142) B (2.147),

4yTO fgaer
1 m sN/s
e~ ﬁFS*_(anWB) X
XZ‘SGXP{ [(xl —Px)) 4 (e —Px)

+ (xy— Pxp)?] } dx, ...dxy.  (2.148)

BhiuncaS9 CyMMy O IepecTaHOBKaM, CJelyeT HayaTb ¢ TOx/e-
CTBEHHOH [epecTaHOBKH, KOTOpasf J[aeT MHOxHTeab V¥; nasee
BHIMOJTHAIOTCA NepecTaHOBKH Map 4acTHI, UHKJIHYeCKHe nepecra-
HOBKH TpOeK 4YacTHL # T. A. IIpH 3TOM cJjieflyeT y4uTBIBaTb TaK:Ke
KOMOMHATOpHbIe MHOXKHTEJH.

Pewenue. JlioGas nepecraHoBKka MoxeT ObiTh pa3buTa Ha
UHKJB, HanpHMep:

1 2 3 45 6 1 5 6\/2 3\/4
VL L )=ase@@=t) ) 1) i)
53 2 461 5 6 1/\3 2/\4

IMycte nepecraHoBka cofiepxHT C, LUHK/IOB JIHHOH v, MNpHYeM
> vCy=N. Ilpu v>1 nonoxum

m 3v/2
/’lv:(m) ydxldxa e dxv X

X exp { — 2 (6 =X+ (=X s+ O =)
+(xv—x1)21}. (2.149)

e () o= ()
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Fn. 2, MaTtpuusl nnoTHOCTH

Toraa Boipaxenune (2.148) MOxHO 3anHcaTb B BHje
ePs = - ¥ (I ()™ ). (2.150)
P v

Herpyaro nokasath, uro
de exp [—a(x—y)*] exp [—b(y—2)?] =
= (%)% exp [—E%_b—b(x—--z)g] . (2.18])
Hcnoassysa (2.151), maxogum

3/a

hy=V [——)". 2.152

v <2nﬁ2ﬁv ( )

Tenepr HEOGXOAMMO MOACYHTATH YHCAO BO3IMOMKHBIX nepecraHo-

Bok. flycts M(C,, ..., C,) ecTb 4YHCJIO NepecTaHOBOK, KOTOpbie

cogepxar C; mUKJOB AMuHOH 1, C, UMKJIOB AIHHOH 2, e G
uuKka0B anuvo# ¢. Torza

! c
e~BFg = Z M(Cy, oy C) T ()Y (2.153)

N1

Civch"-:cq v

INpexne wem onpegpensts M (C,, ..., C,), paccmorpum yacTHBIH
crywaih N=6, C;=3, C,=1, C,=C,=C,=C,=0. [Ipumepom
TaKofl repecTaHoBKM CayxHT P =(5)(3)(2)(461). 3ameTnm, uro
nocjenoBatenbHocTs Q@ =5, 3, 2, 4, 6, | coorercTByeT P; Apy-
TUMH CJIOBAMH, C [OMOUILIO NMOC/AEJOBATENbHOCTH MBI MOXKeM
OAHO3HAYHO [OCTPOMTL nepecTtaHoBKy P c C, =3, C,=1. Oguaxko
C NOMOlLbIO Moc/ejoBaTesbHOCTH Q' =2, 5, 3, 4, 6, | uan Q" =25,
3, 2, 1, 4, 6 MOKHO TOYHO TaK Ke MOCTPOHTb Ty Ke nepecra-
HOBKY P. HeTpyauo BuzeTs, uto umeercs Bcero 3!% 3= 18 pasauu-
HbIX  M0CJEJ0BaTe/NbHOCTEH, KOTOPBIE MOMKHO HCMOJb30BaTh A/Id
NOCTPOCHHA nepecTaHOBKH P = (5)(3) (2) (461) yKasaHHbIM Bblile
criocoom,

Ilepenocss 310 paccyxjieHne Ha caydail J06oro nabopa uucen
C;, Mbl BUIHM, YTO HMeeTCs ABa CmocoGa, C MOMOUIBIO KOTOPBIX
MOXKHO HaXOAHTb pas3/UyHble @, Jaioulue OAHY W Ty Ke NepecTa-
HOBKY P:

a) MepecTaHOBKA UWKJOB PaBHON AJMHBI,

6) UMKJHYECKHe MepecTaHOBKH BHYTPH ZAHHOTO LHKJA.
Hwmeetcs I] Cv! cnoco6oB nepectanoBku MHKJIOB OZHHAKOBOH /MK

\Y%

C.,,
u JIv® unkauvecknx nepecranosok B mpeenax kamioro nuia.
v

Taxum ofpasom, aas KaxnoH nepecTaHoBKH P cyulecTByer
e o

HCV! Hv v Pas/HYHLIX MOcJef0BaTebHOCTEH , NPHBOASIIHX

v v
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§ 8. CMMMeTPU3OBAHHAA MATPULA NNOTHOCTH

K OJNHOM H TOH e mnepecTaHoBke P. [locKoJbKY cyluecTByer
Bcero N! BO3MOXKHEIX , UCKOMOE YHCJO PaBHO

M, ..., C,)

M
g H Cyl vev °
v
Orciona caeayer, 4T0

~BF
e ) HC!VCV (2.154)

CoyCqy - ey
rae Evaz N

v

BmecTo Toro utofH BHIYHMCAATE cyMmmy (2.154), HalizeM cBOGOA-
HYIO 3HeprHio GOJBIIOrO KAHOHHYECKOro aHcambnas, T. e. Gyaem
CYnTaTh, 4YTO yucao N MoxeT usMeHATbes. Torzaa

e=BF = 3 ¢ BFngtNub, (2.155)
N=1

[Tonaras, xak o6wiuHo, o =€t nmeem
_ th C h av/‘\’) Gv
= B Mgime™= £ IREHE,
1o by C"""Cq

rge xaxpoe yucao C, npoberaeT 3HaueHus OT HyJas 10 oo. MeHss
NopANOK onepaunuil II >\, moayuaem

e P = Z Ih—ﬁv—)ﬁv——nexp< —>—-exp<2h >

OTKyAa OKOHYaTeJbHO HAXOIUM

o: ko e v
pF=— 3 "va =—-(§R’Z—25>/ VZ_::—/: (2.156)

=1

DTOT pesy abTaT B TOYHOCTH COBNAJAET ¢ TeM, KOTOPHIH O MOJMYy-
yeH paHee 3HAYUTENbHO GOJee MPOCTbIM CIIOCOGOM.

Eciu n/OTHOCTL rasa HeBeJdMKa, TO MPH BLICOKHX TeMIEpaTy-
pax uan B nperete % — 0 BamHYIO POJb HIPAaeT TOJLKO TOMKJIE-
CTBeHHAsl NepecTaHoBKa, UTO OGBSCHAETCS HAJHYMEM MHOMKHTenefl
BHAA exp [— (mkgT/2k%) (x —x')?]. Tlocsegnee 03HAYaer, 4TO KBAH-
TOBble (PODEKThl NPOSIBAAIOTCA TOJBKO NPH HH3KHX TeMlepaTypax.

JIns aHTHCUMMETPHUHOrO CJydas

. ’ 4 ’
04 (Kyy vven Xy ey X0 X5y vaey Kby oony XN) =

1 , ' ,
=m2(-‘1)PPD(Xu cea Xy Pxy ool Pxb, oo, Pxiy),
P
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fn. 2. Matpuubl nNOTHOCTH

rae
(1) { | nns 4eTHOH mepecTaHOBKH,

—1 ana HeueTHOH mepecTaHOBKH.

Sadaua. OGOGWINTL paccyXAeHHs, ¢ MOMOILbIO KOTOPHIX ObLIO
NOTy4€HO cooTHolleHne (2.156), ¥ moAYYUTb COOTBETCTBYMOULH M
pesyJbTaT /s HeB3aHMoje#cTByloilero gepMH-rasa.

§ 9
YHactnuHele
MaTpuubl NNOTHOCTH

INonnass matpuna njaoTHocTH st N uyacTHL MoxeT OLITb 3alu-
caHa B BHJe

p(xb Xgr oeey Xpi x;’ x;, ey x}\,)::
=20 (X1, oy XN O] (X, oo, XR). (2.157)
2
CJIEJIYET OTMETUTb, UYTO 3J€Cb Mbl He orpaHH4YHBaeMcs ciryvdaem

CTATHCTHYECKOH MeXaHHKH. Bhrluncienne cpeanero sHaueHus P?*/2m
MPOH3BOAHTCA CJEAYIOUHM 06pa3oM;

(B)=gi 0 022

2m m
1 A2 o2 . .
=~ —5pom ﬁp(xl, coer XN KDy eeer XN) xl=x;dx1...de=
1
k2 o2 . P
= _mgdxl ot Py (X1, *1) x=x, Sppy 5%' (2.158)

TJle Mbl HCIIOJIb30BAJIM ONpeJe/leHne OfHOYACTHYHON MATPHILl MJIOT-
HOCTH! KaK CBEPTKH O IO BCEM NeDEMEHHHIM, KpoMe X H x':

, Sp(x, Koy evny XN X'y Ko, wves Xp)dXy. . dxy
0, (x, x')= S o] . (2.1589)

MCHOJ]b?»Yﬂ OJHOYACTHYHYIO MAaTPHUNY IJOTHOCTH, MBI MOMEM, Ha-
NNpHMED, BBIYHCJIUTHL CpeaHee

( 2P75>=—NH§71£;—291()@ x’)]x,=xdx=NSp [gpl] (2.160)
k

1 MeToA yacTHYHBIX MATDHI NUJIOTHOCTH (CTATHCTHUECKHX OTepaTopoB KOMI-
JAICKCOB MOJIeKYJT) Or1 paspaboran H. H. Boromo6essim [3] nns sapau pasuosec-
HOH M HepaBHOBECHOH KBaHTOBOH CTAaTHCTHKH.— [Ipum. ped.
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§ 10. PaznoxeHue MaTpHUubl NNOTHOCTH B PAA

(B Tpeano/oXeHHH O TMOJHOH TOXAECTBEHHOCTH dvacTuil). AHnano-
THYHO

(;V(xk))=NSV(x)pl(x, x)dx=NSp [Vp,].  (2.161)
JIByxuacTHuHas (cBepHyras no N —2 nepeMeHHBIM) MaTpHLa
NJIOTHOCTH P, ONpenessieTcss CJaeAyloUHM o0pasoMm:
P2 (B1y Xg3 X7, X3) =
SP: (%1, X3, X5y <oy Xp8 X1, X3, Xgs oves Xp) dXg...dxy
- Sp[p)

Cpem-lee 3HaueHHe NOTeHIHAaJbHON 3HEPrHu napHoro B3auMojeH~
CTBHA MOXeT OBbITb 3alHCaHO C MOMOIUbLIO ps B BHAE

(Z V(x;, x,)):i(NT_QSV(xl. X,) Ps (X1y Xg3 Xy, Xp) dx, dx,.  (2.163)
i<i

(2.162)

YacTHBIM cJlyuaeM YacTHYHBIX MaTPHIL IJIOTHOCTH fBJSIOTCA
GYHKIUH pacrnpeaeseHHud.

OgnHouacTHuHasi GYHKIHS paclpele]eHHs OnpenessieTcs claenyo-
1M 06pasoM:

P1(X)=py (%} X); (2.164)
COOTBETCTBEHHO /IS JByX4YacTHYHOH PYyHKUHH pacrnpeleseHHsi HMeeM
Pa (X, Y) =py (%, Y5 %, Y)- (2.165)

B omHopoaHOM cpele (Hampumep, Trase HJIM XKHIKOCTH) BeJHYHMHA
p, (x) He 3aBHCHT OT X, a p,(X, y) 3aBHCHT TOJbKO OT PAa3HOCTH
x—y.

§ 10
PasnoxeHne maTtpuubl NNOTHOCTU
B PSg TEOPUU BO3MYLLEHUHU

HanoMuuM, YTO MaTpHIa MJIOTHOCTH B CTATHCTHYECKOH MeXaHHKe
yAOBJIETBOPsieT cielyiolleMy AHdxpepeHIHaAbHOMY ypaBHEHHIO:

9 _ __Hp. (2.166)

CyliecTByeT OYeHb MaJjlo clydYaeB, AJs KOTOPHX ypaBHenue (2.166)
MOXKeT OHITh pelleHO TOYHO, OJHAKO HHOrja ramuJbToHHaH H Moxer
6biTh GMM30K K OJNHOMY H3 TaKHX raMHJ/JbTOHHAHOB H,, U MBI MOXeM
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n. 2. Matpuusl nnoTHOCTH

3dNHCaTb
H=H,+H,; (2.167)
dpy
a% —H,p,. (2.168)

JKenatenpHo 6b110 GBI HCNIOABL30BATH P, € T€M, YTOGHI NOJYYHTDH
npubIHKeHHe I8 MaTpUUbl IJOTHOCTH p, MPHYEM MOXKHO OMHAATH,
YTO MNOCJeNHsAs JOMKHA OblTh 6/M3Ka K p,=e~%s; Torpa efbp
OyieT MeAJeHHO MeHsTbCS Kak ¢yHkima f:

oﬂHop.—eHoﬁHp == "_eHU‘RHhO.
(2.169)

Wuterpupys ypaBrenHe (2.169) oT Hysasa 10 f M YuuTbIBaS, 4TO
upu p=

—a% (efsPp) =

eflBp =1,
HMeeM
eflbp (B) —1 = ——§€”°’3'H1p (p")ydp’. (2.170)
Cuie0BaTe IbHO, , ’
p(B)=p, <ﬁ>—0§ po (B—B") Hyp (B') dp’. (2.171)

ITocnennee caaraemoe B (2.171) manad, ecau uned H, man; 3to caa-
raeMoe npejcrapiasieT cob60d NONpaBKy K NPHOJHKEHHOMY paBeH-
CTBY p=R/p,. LCCIH IONPaBOYHHIN UJeH [eHCTBHTENLHO Mal, Mbl
MOXKeM HCII0/1b30BaTbh NpHO/HIXKEeHHOe BbipaxkeHHe 1as1 o (B’) ¢ Tem,
4TOOBl MOJNYYUTh 3HAUMTESbHO GOjlee TOUHOe BhipaxeHue Aas p ().
Hanpumep, nonaras npubanxenuno p (') ~p, ('), Haxonum

B
p (B) ~ po (B)— § o (B—P") Hupy (B) B, (2.172)
0

Hcnonb3ys Bolpamenne (2.172) B KayecTBe cleayiOuiero mnpu-
Gnuxenusa aas p ('), MoxHO HaHTH ewe Jydilee npubIHKeHUe
ats p. Ilpofomkass 3TOT mpouecc uTepauui, NPUXOJHM K BhIpa-
JKeHHIo

o (B)= po(ﬁ)—gdﬁ [0 (B—B") Hyp, (B")] +

SdB’ dp" [po (B—B") Hypo (B —B") Hopy (B)] —

§
-jo]

[=}

[
b
dﬁ”OSdﬁ"’ S (2.173)

Om
£,
=



§ 11, Jokasatenectso HepaseHcTBAa

Bripaxenne (2.173) HeTpyaHo nepenucaTb B KOOPAHHATHOM npea-
craBJeHnu. Hanpumep,

Pl 5 B=x o) | x> mpu(x ' B)—
—§cx P oo B—p) (§ 1 a7><x” | da”) Hapy (B) | />, (2.174)
0

rfie HCIOJb30BaHO CBOHCTRO
@®

S Ix”><x,,ldx”=l.

-

Ecin H;=V (x), 10
KU Hipy (B') 1 x> =V (X") po (x", "5 B')
1 paBenctBo (2.174) npunuMaeT BUA

p(x, x5 B)=po(x, X3 B)—

@ B
— § Coate, 25 B—B)V ()po (', x5 PP dx" ... . (2.175)
—x 0

¢ Il
HokasaTtenbcTBO
HepaBeHcTBa !
F<F,--<H—H,,

T10CTPOMB TEOpHIO BO3MYyLIEHMH 175 p, MBI MOXKEM, KaK YyKasbi-
Bajsocb B § 3, nokasaTb HepaBeHcTBo F<CF, -+<H—H,>, Bsexem
oGosHayenue V=H—H, Taxk kKak cBo6oAHasA 3Heprua F ompexe-
asieTcsl paBeHCTBOM e~PF = Spe-BlHotV)  yayGosee oueBHAULIK nNoj-
X0J K NpHOJHKEHHOMY BBLUHCJIEHHIO F COCTOMT B TOM, YTOGBI
HCOJb30BaTh pasnoxkenne p=e~BHe+V) B pan treopuu BO3Mylue-
Huii. MMeewm

E‘B(Hv‘*'v‘ :p’
B
- B(Ho+V) :e—ﬁﬁa_g e~B=w HoVp~uHogy |-

0
3 e

+ § § du, duge@-uo HaVe-wimso HaVemutto— | (2.176)
0

0

1 HokasaTeJbCcTBO 3TOTO HEPaBEHCTBA B KOMNAKTHOH onepatopHoil ¢dopme,
npunagaexamee H. H. Boromo6osy, cm., nanpuMep, B Mouorpadus C. B. Ta6-
JHKoBa [6).— [Ipum. ped.



fn. 2. MaTpuuel NnnoTHOCTK

Boiuncasaa mnyp cootHolenns (2.176), noayuaem
e bBF = Sp e-B(Ho+V)y — p=BFo__

Sp [e~B-w HoVe-uHo] dy 4

Ug

B

=
B

+§ (du, du, Sp [e=@-wte-wi-wtie-uti] — ., . (2.177)
00

VuurnBas, 4to Sp AB=Sp BA, naxoaum
g
e~bF =e'ﬁFu—S du Sp e~BHY 4

0
Uyg

{ du, du, Sp [e=PHoetui=u) Hol/e-w-un Ho ] — ... . (2.178)
0

+

St

Unen BTOpPOro MOPAAKA MOXHO YNPOCTHTb. OOO3HAUMM W= U,—U,
¥ x—=u,. Toraa nWHTerpaj NpHHUMaeT BHI

S dw Sp [e-BHegwH/e-wHV], (2.179)
a

rae A—o6aacTe, 3amwITpHXxoBaHHas Ha ¢ur. 2.4. IlosoxuM Teneps
w =p—w u x'=f—x; TOraa HHTErpaj MOXHO 3aMHCaTb CJIELYlO-
KM o6pasoM:

{ dwSp [e-PHoutye-utiny], (2.180)
AI
4 OUT. 2.4.
Y4
A'
OG6nacts, no Kotopoh
- NPOH3BOAHUTCA
,8 w HHTErpHpoBaHHe B (2.179).

IMoncTaBassa cpenHee apudMeTHuecKoe HHTerpanos (2.179) u
(2.180) B BHIpakenue (2.178), HaxoauM

B
e-BF —g=BFa B Sp [e-BHaV/] +—g—§dw Sp [e-BHewHVe=wH] 4 ., .
(2.181)
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§ 11. Aoka3zarenscreo Hepasencrsa

Ilyets |m)> u |n)>—cobcTBeHHble COCTOSAHHA TaMHJIbTOHHAaHa H,
a E, u E,—cooTBeTCcTByIOIHE COGCTBEHHbIE 3HAayeHus. Torxa

Sp [e=BHV]=D<n | e=BHV | nd = Xe~BEV,,, (2.182)
Sp [e~PHogwHsVe-wH/ ] = ¥ <n | e-BHogwHol J m> <m|e~wHV |n) =
n m
= Ye-BE W&, ~ELY Y (2.183).
nm

TZe HCNOJb30BAHO CBOHCTBO MOMHOTHL X |m) <m|=1. BbipaxeHue
m

(2.181) npuHHMaer BHA

E,, _g—BE
e~bF=e- ﬁFo__.E Pe- BE"Vnn+ E E, _g lvmnl2
2.184)

3aMeTHM, 4TO NPH m=n

e‘BEm—e'BEn
En—Em

eB(En_Em)—l

== "BE
e n E,—En

= ﬁe-ﬂEn.

Uro6bl moJy4uTh pasjoxeHue Aas F, 3anulem F=F +F, +
+F,+ ..., rae F,—nonpasBka nepBoro nopsagxka, a F,—mnonpaska
BTOpOro nopsgka. Torxa

e~ BF — @g—BFop—B(Fi+Fs+...)

—e-bre |1 —BF,—BF,+ G (At Pt )] =
= e~BFo [1—5F1+<% f—ﬁF,)—{—...] (2.185)

C TOYHOCTLK O BTOpOI‘O nopﬂ}ma BKJKYHUTEJNBLHO. qTOébI l'IOJIy‘“fITb
pasjoxeHnue 1o Teop}m BO3MYHLEHHﬁ, CONOCT4A4BUM Bpra)KeHHﬂ
(2.185) 1 (2.184):

—e_BFoﬁFl = 2 Be—ﬁE“Vnm

-BE,_ ~bE, (2.186)
et (G PP =3 X g Vel
Pemaﬂ 3TH ypaBHeHHH, HAXO0gUM
Ve-BHo
F= %Pp—eiﬁ,,— =V, (2.187)
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n. 2. MaTtpuusl NNOTHOCTH

4 Taxike
Zvnne_BE" 2
Fy ~BEm __,~BEn
JoS Y R R At -l s |
2 2 ' o~ BE, 2 E,—E, mi
mn
n ms=n
2 [Vir I? e~BE,
n
9| T N .-PE, | (2.188)
2

Hcnoawsysi nepaBenctso Koun —IIBapma
2 2
Zab[ < [Blanl| [Blbar],
n n n
HETPYIHO [OKasaTb, 4YTO AJs Joforo HaGopa MOJOKHTEIbHBIX
Yncea w, HMeeM
N 2
2_, Wy, an la, ?
n n
< .
2@ 2@
- n n

Tpunensis 3TOT pe3yabTaT K BulpaxkeHuwo (2.188), Haxozum

1 e~BEn__e~PE, :
Fzé__feﬁh Z *E_Twmizgo. (2.189)
mn
Ilycty Teneps
H(x)=H,+aV,

u nyctb F(a)—cBoGoaHas 3HEPr¥s CHCTEMBl C TaMHJbTOHUA-
Hom H (a); Torma F(0)=F, u F(l)=F. CornacHo aHanusy, npo-
BEJIEHHOMY C TOMOLIbIO TEOPHH BO3MYIUEHHH,

F(a)=F,+ aF,+a*F,+ 0 (a?),
tax uto F’(0)=F,. Ecau ynactcs 10KasaTb, 4TO
F"(2)<{ 0 npu 1IpOU3BOJILHOM 0, (2.190)

To 370 GyRerT 03HayaTh, 4TO rpadur GyHKUHH F (o) obpalleH Bhi-
nyKJoCThio BBepX (dur. 2.5), T. e. JexuT HHxe npaMod F (0) 4
4+ aF' (0) = F,+ aF,. OTciona MOKHO cAesaTb BBIBOJ, 4YTO

F<F0+F1:Fo+<v>ﬁ“

U B oreuecTBeHHOH JsHTepaType 3TO HEePaBEHCTBO HA3BIBAIOT HEPABEHCTBOM
Kown — ByHsikosckoro,.— [lTpum. ped.
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§ 11. dokasatenscteo HepaseHcTsa

HJIH
FLF,+<H—Hpy, (2.191)
4YTO W TpeGOBaJNOCh NOKAa3aTh.
QUr. 2.5,
F(O}HZF, ety
/’i‘ F
o Fle)
Cayualt, korna GyHxuHs
F (o) ofpaena
0 7 o BLITYK/JIOCThIO BBEpX.

:lnst nokasarenbctBa cBoficTBa (2.190) npoaHanusupyem F (o)
C MOMOULBK TEOPHH BO3MYUIEHHH AJA JIOGOro o) HMEHHO, NpejcTa-
BiM F (@--7) B Bune

Flod-v) = Fo() - vF, (@) +v*F, (o) + O (v®);

srech  Fo(o)=F(a), a vF (@) u y*F,(a) [al0TCs BbIpameHHAMU
(2.187)—(2.189), rae caeayer 3amenut H, Ha H(x) u H Ha
H{(o-+v)=H («2) +yV. Toraa cootnowenune (2.189) naer

Fy(2) <0,

TaAK UYTO
" d2
F(o)= g5 F(at+v) | _ = 2F, (2)<0.

[locnennee coornomenue noKaswiBaet cBofictBo (2.190) W 3aBep-
llaeT, TakHM o0pasoM, [0KasaTe/bCTBO HepaBeHcTBa (2.191).
[lpumeHaAn 3Ty Ke TeopeMy K F,, HaX0IHUM

Fo K F+<—V>p. (2.192)

O6veaunaa nepaseHctBa (2.191) u (2.192), noayuaem gaa F
OUEHKY
Fod-<Vop << FFy 4+ <V, (2.193)

Bonee tounoe npuGiuxeHne A1 F MOXKHO TOJYYHTH, YYHTLIBAS
Ceayioulyio nonpasky £,
[§]
1 .
FroFyt-Vy,+ 5 Wi—5{ §ewHoVe"WH°V do) . (2.194)

0
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3

UnTterpanst
No TPAEKTOPUSM

§ I
Beepenne matpuupl nnoTHocTw
C MOMOLWBIO WUHTErpPana no TPAeKTOpWUsiIM

Kak noxasaHo Bbillle, MAaTpHLa NJOTHOCTH yAOBJIETBOpAET ypaB-
HEHHIO

A% Hp (), (3.1)

(opmaabLHOE pellleHHe KOTOPOro HMEeT BUJ
p (1) =e-Hu/k; (3.2)

3nec BMecto Ph BBeseHa nepeMenHas u, KOTopas HMeeT pasmep-
HOCTL BpeMeHH. [lanee, ,BpeMs“ 4 MOXHO pa3fequTh Ha OTpe3KH
AnnHo#t &' (ne=wu), Tak 4TO P MOXKHO NpPeACTaBHTh B BHLe Mpo-
H3BEIEHHA n MHOXHTeJeH

p (u) =e-Herthg=He/k | g=He/h— o0 oy (3.3)
B KoopaHHAaTHOM nNpeaCcTaB/JeHHH pelieHHe Aad MaTpHIbI MJOT-
HOCTH p (X, X'; 4) MOXKHO 3amHcaTh B BHJE
p(x,x'; u)=

:S. . .Sp(x, Xn-158) P (Xpoys Xpogi 8) .. .p (X, X5 €) dx, . . .dx,_,. 3.9

CMBICZT  3TOTO  BBHIPaXKEHHH Jerye IPeNCTABHTH, obpautascs
K dur. 3.1. Yactuua asuxercs or x° K X, mpoxos uepes mocJe-
AOBATEJBLHOCTb NPOMEXYTOYHBIX 3HAYeHHHA X, X,, ..., X,_,, KOTO-
Pbie ~Onpenensior ,Tpaektopuio”. Ilonnas ammautyna p(x, x'; u)
BEPOATHOCTH TOro, YTO YaCTHLA, HAYaB IBHIaTbCsl M3 TOYKH X,

D PagyMeeTcsi, Mbl CTPEMHMCH [0 BO3MOKHOCTH YMEHBIIHTL €, NOCKOJMbKY
4CHMUTOTHYECKOE TNOBEJIeHHe p NPH BLICOKHX TEMIEPATyPaX MOXHO Jerko onpejge-
JHTbL (CM. HHXeE).
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n. 3. YHTerpans! no TpaektTopuam

3AKOHYHT [BHKEHHE B TOYKe X, JAeTcss CyMMOH MO BCeM TPaeKkTo-
pHAM, T. €. CyMMOil MO BCeM BO3MOXHBIM IPOMEXYTOUHBIM 3Haue-
uuaM x;. Korma npupauiende BpeMeHH & MPHOMHKAETCA K HY:lo,
YHCJAO WHTErpHPOBAHHH 1O NMPOMEXKYTOUHBIM I€PEMEHHBIM BO3pacTaeT

r QUT. 3.1.
23

Je
€

JBHKeHHe YacCTHUB OT
TOYKH X' K TOUKE X
[0 TPAEKTOPHH,
npoxojisiei yepes
TOYKH Xq,X5 .. .

0

10 6eCKOHEYHOCTH H BhipaxeHHe (3.4) MoxeT ObITb 3allUCAHO B CHM-
BOJIHUECKOM BHJE

P

px xs U)= [ @ [x (] Dx ), (3.5)
rae o
q)[x(u)]: lingp(x? Xpo1s €)P (Xpo1r Xpogi €)...p (X1, x'; e), (3.6)
y =U

Dx (u)=limdx,dx,...dx,_,.
n— o
XoTsa B ypaBHeHHH (3.5) cjelyeT paccMaTpHBaTh BCE BO3MOXK-
HEle TPAaeKTOPHH, OCHOBHOH BK.aJ JaeT orpanHyeHHbId HA0oOp TpaekK-
TOpHil, [Js KOTOPHIX BeJHuHHa p(x, Xx'; &) He CIHIUKOM Mald.
HanpuMep, Kak H3BeCTHO, A5l MajblX €

m

p(-xa x,; 6) ~ e—(m/?hs) (x_x')z’

2nhie

T. e. p(x, x'; e) coBmajaeT ¢ Marpuued IJOTHOCTH JJiA  CBO-
6oauoil yactuubl. OHa wMana, ecid x~x’>(2ﬁ/m)‘/2l/s; TaKHM
06pa3oM, OYEBHIHO, YTO OCHOBHOM BKJal AAIOT JOCTATOYHO FiafKue
tpaektopuu. Haiinem Tenepp @ B sIBHOM BHIE CHayana Aa# CBO-
601HOH 4YacTHiB, a 3aTeM H JJIs JBHXXEHHMS YaCTHIbLI BO BHEIHEM
noJe 1,

1) WuTerpafbl MO TPaeKTOPHAM CBA3AHb ¢ HHTerpaznamr Buuepa s dynKuHO-
HalbHBIX NPOCTPAHCTBaX. Dojee cTporoe BpBegeHHe H aHAJH3 STHX MOHATHH CM.
kuure [l}.—— dpum. peo.



§ 1. BeegeHue MaTpMubl NNOTHOCTH

CesoGonHas yactuua. amMuJbToHHAH CBOGOAHOH 4YacTHLUBI HMeeT
BH],
he &

H=—5—s. (3.7)

CorJlacHo MoJyYeHHOMY paHee pe3y/bTarty,

p(x, x’; g) = fﬁ_/;e—(mﬂhs)(x_xr)n (38)

o(x, s ‘ilfgg fexp Kx—ju)g_lr
] o (5]

dx; dx, dxy -y

X e .
V Qnﬁa/’m V 2nﬁ8/m V ania/m

(3.9)

TakuM 06pa3om, s CBOOOJHOH YacTHLBI HMeeM
(D[,\'(u)]:lirr(Jlexp{—%Kf——x”——i) 4. +<"1"‘)H. (3.10)
e

[Ipy yMeHbIUEHHH HHTePBala € PasHOCTb (X,—Xj_,)/e CTPEMHTCH
K nipejeay

Xp—Xp— dx(u) o
€ : du u:ks:x(u) u=ke
u BoipaxeHnue (3.10) npuHHMAaeT BUA
i ( lu‘m : 2 ]
@ [x (u)] =exp —?§~[x(u)] dut . (3.11)
PR

O1HOMepHOE NBKKEHHE 4acTHUbl B floje ¢ noTeHunadtom V (x).
CooTBeTCTBYIOLLHH PaMM/ILTOHHAH HMEET BHJ

he o
H=— 2m0x2+v(x)

a ypaBHeHHe /A p 3amuCBIBAETCH CJEAYIOLHM 06pasoM:
ap he o2
—hg=—g- 50+ V (¥)e. (3.12)
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Fn. 3. Unterpansl no tpaekTopusm

1 6eCKOHEYHO MaJoro NpPOMEXYTKa ,BPEMEHH" & YaCTHLY MOXHO
paccMaTpHBaTh Kak JABHrawollylocss CBOGOJHO, YYHTHIBAs IpPH 3TOM
Manbple MompaBkH, 0Oyc/OBJeHHbIe HaJHuMeM MNoTeHuHana V (x).
C ouyeHb XOpOLIEH TOYHOCTBIO MOXHO MOJOXHTh

8p = — = epiges. | (3.13)

[TosscHUM 3TOT pe3ynbTaT chaefyoliiM ofpasoMm. CorJgacHo TeopHH
BO3MYIIEHHH,

du

Sp(x, x'; ey m— de” Po (x, X" e—u) V (x") p, (X", x'; u)—ﬁ—, (3.14)

S0

rje B HallleM C1Yy4ae P, = Pegos-

[ToCKOIBKY Pegos MMEET CHJBHO JOKAJH30BAHHYIO TIaYCCOBCKVIO
¢opMy, A1 MajblX & OCHOBHOH BKJajg B HHTerpaa mo x” jaer
o6JiacTh BOJU3H X" =X,, IpPHYEM MOXHO I[OKa3aTb, 4YTO

— ux--(e—u) x’

Xo P

.

Takum o6pasom, AJs MaAblX €& MOXHO 3amHcaTh BhIparceliie
(3.14) B BUJAE

e ©
Op (x, x'; e)z—S%V(xo) de”po (%, x"; e—u)po(x", x'; 1) =
0 -

€

— %V(xo) Oenes (52 X5 ). (3.15)
0

Eciu x~ x', To 3HaueHHe X, Takxke O/JIH3KO K X, Tak uTo V (x,)
B 006JacTH HHTErpHPOBAHHSA SBJSIETCS MOCTOSHHOH BeJHYHHOMH, U
Belpaxkenue (3.15) nepexoaut B (3.13):

8o (x, x'; e)z-—%V(x) Oenos (X, X5 €);

ApH 3TOM MNpeanoJjaraeTcsi, 4To |x—x’'| ¥ & MaJabl.
Pa3syMmeercs, npu Bo3pacTaHHH |X—x'| yTBepkKAEHHE O TOM, 4TO

S V (x,)du ~ €V (x),
0

CTAaHOBHUTCHA MeHee 00OCHOBaHHBIM, H Obli0 6bl, MO-BHAUMOMY, NpeEj-
HoYTHTe/IbHee BHIGpaTb BMecTO &V (x), HampuMep, caefyiolile Bhipa-

KEHM: ’ )
€ [V______(xHQ—V(x )] HJIH eV(x_gx )
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§ 1. BeepeHHe maTpuubl NIOTHOCTH

Onuako M8 HaWMX ULesell BroJHe jocratoyeH BeiGop (3.13).
Hrax, umeem
Vix)

P (2) 2 Pus 6) [ 1 =757 | = peass (e @e% (3.16)

H OKOHUYATEJbHO

', _m_ __m(x—x’)ﬂ__sl/(x)
p(x, x'; ) xl/mﬁaexp [ o7 7 ] . (3.17)

Ilas naxoxaenus p(x, x'; u) HEoOXOAMMO JHIIL YYeCThb MONPABKY
g-Ve'h ga xaxIoM 3JeMeHTe ,TPAeKTOPHH® JIBHKEHH CBOGOAHOH
yacTuubl of x K x'. Takum obpasom, npu € —0

—— U "
ox, x'; U)= SS exp —%-g [mx;u) —|—V(x(u))}du Dx(U) =
LA 0
= {{ o [xw]2x ), (3.18)

rie x () =x" un x(U)=x, Tag u4ro
v
1

® [x ()] = exp {_EO [’M—%Jrvu(u))] du}. (3.18a)

Jas cBoGOAHOH IHEPrHH HMeeM

e P S o (x, x)dx=

== j j ”4 exp ——;{ﬁ [m;‘;(u)—l— V(x(u)):| du? Dx (u) dx,
o

|

roe U = ﬁﬁ.

[Tocse TOro Kak MBI mOJy4HJaH ofulee BhipaxeHue nasi @, Bos-
HHKaeT BOMNpPOC O TOM, KakHe TPaeKTOPHH ABJSAIOTCH HaHOoJee
BakHbIMH. ECaHM NOTeHUHas  He CJHIIKOM CHJBHO 3aBHCHT OT KOOp-
JMHAT, TO OCHOBHOH BKJaj JalT HauboJee NpsaMble TPAeKTOPHH.
D70 NDPOUCXOAHUT MOTOMY, 4TO A Oojlee IJHHHBIX TpPaeKTOpHH
cpenHuil KBaLpaT CKOPOCTH [x(u)]?, BXonAwMi B OTPHUATeNbHBIHA
nokasaTeJib SKCIOHEHTH B BecoBoM ¢yHkuuonane @ [x(u)], umeer
GOJBILIYIO BEJUYHHY.

C npyro#f cTOpPOHBI, HPEATIOJNOXKHM, YTO TOTEHLUHAJ 3aBHCHT OT
KOODAMHAT (AIS1 MPOCTOTHI, NMYCTh NMOTEHUHA] BO3pacTaeT C YBeEJH-
yenpeM x). Toraa npsiMas TpPAeKTOpUs (HanpuMep, o603HaueHHas
undpoit I Ha ¢ur. 3.2) He o6si3aTeIbHO AaeT HaWGOMBLLIMHA BKJaj,
TaK KaK BJOJb 3TOH TPaeKTODHH HHTerpaJ OT [OTeHUHa/Jd HMmeeT
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Fn. 3. UHTerpanel no TPAGKTOPHAM

Gosblllee 3HayeHHe, YeM BJOJb TpaekTOpHH 2 uau 3. Pacemorpuw,
HanpHMep, TPAaeKTOPHIO THHA 2, CHJBHO OTKJOHSIOUWYIOCH OT
npsMoanHefiHOH. Baoab s1ofl Tpaektopuu V(X) HMeeT MeHbHIVIO
BeANYMHY, YeM BAOJb TpaekTopuu J, HO 3aTo yBeJAHYHBAETCSA
CKOpOCTb xX. MoxeT o0Ka3aTbCs, 4TO 5TO YBEJHYEHHUE CKOPOCTH
¢ H30LITKOM KOMIEHCHPYeT YMeHbLIeHHe MOTEHI(HaJja BJOJb Tpaek-
topuu. Taxkum ofpasom, nauboJjee BaxkXHOH Tpaekropuell Oyger
Ta, 1715 KOTOpPOH He3HAUWTe/NbHOE YyMeHbLIeHHe HHTerpafa OT [o-

QUr. 3.2.

Tpu TPaeKTODHH MCKAY
0 X' TOYKAMH x' H X.

TeHIHaJa ¢ H306BITKOM KOMIEHCHpyeTcd YyBeJHYeHHeM KHHeTH-
yecKofi SHEPrHM (Takash CHMBOJHYECKasi TPaeKTOpHs ofo3HauyeHa
Ha dur. 3.2 uudpoi 3).

B kJaccuueckoM Mpejesle TeMrnepaTypa BLICOKa, a BesJH4YuHa U
Manla. Hac uHTepecyeT KJacCHYecKasl CTAaTUCTHUYECKas cyMmma, H
HaM XOTesochb Obl YCTAHOBHTB, KaKHM 006pa3oM OHa CBA3aHa C KBaH-
TOBOMEXaHHUECKOH CTaTHCTHYECKOH cyMmoll. M3 Beipaxkenus (3.18)
HMeeM

plx, x; U)= W exp 4 3] [mx M+V(x(u))} du} Dx(u).
0

——
x(0)=x (U)=x

(3.20)

Ec/iy npeanosioHTh, YTO caMble BaX{Hble TPAaeKTOPHH —3TO Te, A5
kotopoix V (x(u)) =~V (x), To Bmipaxkenue (3.18) MoxkHO npubau-
JKEHHO 3anucaTh B BHJE

p(x, x; U)zex;;[—%V(x)} W exp —%?w Dx (u) =
—— 0

x(0)=x (U)=x

=exp [-%V(x)}pcaoﬁ(x’ % U)=

_ m _m(x——x’)z__UV(x)
~ ]/Qnﬁu exp[ — . ] . (3.21)
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§ 1. BeegeHne maTpuibl NAOTHOCTH

Bripaxcenne (3.21) sBasieTcst 4aCTHBIM cjyuvaem Bbipaxenus (3.17).
OjHaKo crnoco6 mnosyuenusi Bhipaxenus (3.21) mosBossieT ycraro-
BHTb MCTOUHHK OLIMOKH, KOTOPYIO MBIl AONYCTHJH INPH BEMHCAEHHH
KJAacCHUecKoro mnpejesna. Mbl npennoJarafn, 4To Haubonee BarKHbI
TPAeKTOPHH, AJs KOTOPHIX X (4) A X, TOTJa KaK B AeHCTBHTEIbHOCTH
naubosee BaxKHble TPAEKTOPUH —3TO Te, AJf KOTODBIX BBIPAKCHHE

1% .
mx?(u) /
OS [——2 SV (x (u))] du

npHHEMaeT MHHUMajbHOe 3HaueHwe. JTO HMeeT MecTo, ec.H (x (1))
M3MeHsieTCs BJOJb TPaeKTOpHi, AAsi KOTOPHIX V (x(u)) umeer Ted-
JeHlHI0 66T Menblie, yeM V (x). OTcrona cienyer, uTo

P (X, x5 U) <p(x, x; U). (3.22)

Kanaccuueckass cTaTHcTHYeckKas CyMMa JaeTcs BbIpa>K€HHeEM

o

e~ PFxa — f 0 (X, X3 Uydx = ]/ m Se‘UV wihdy,  (3.23)

onhU

W H3 cooTHollenusi (3.22) uMmeeM
Fo=F. (3.24)

Jlist BLIsICHEHH s YCJOBHII, NPH KOTOPBIX Bbipaxkenue (3.21) sBasercs
XOpOLIUM NPHUG/IHKEHHEM I/ HHTErpasa 1o TpaeKTOPHAM, 3aMETHM,

4TO T€ TPAaeKTOpHH, A5 KOTOPBIX
U

1 2
ﬁ.g m2x du>>1,
0

He 71al0T 6OJblLIOr0 BKJajga B MHTerpas. Mcmoabsysi nepaBeHCTBO
Kouwm —llIBapua, Haxoaum

b 2 b b
Cral <S1ieep.

[onarast f==x, g=1, umeem npu 0<Cu, <U

| x (1) —x (0)]2 = Sl)'c(u) < S X () u1<<§ x‘2>U. (3.25)
0 0

0

Torpa Ans Ba)KHBIX TPaeKTOpHH (m/2hU) | x (u;)—x (0) |2 < 1, u ecan
d ecTb MaKCHMa/JbHOe 3HaueHHe BeJHuMHB |X(4)—x(0)| mpu
0 < u, < U, TO BaxKHBle TPAGKTOPHU YLOBJETBOPAIOT YyCIOBUIO

”i;%fgl. (3.26)
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Fn. 3, Uuterpansi no Tpaektopuam

Ilna atoma Bogmopoma d << 9A npu Temnepatrype | K, ans atoma
kucaopoma d < 2,5 A npn 1K n d<C0,25A npu 100K.

Ecayn notenuuasn u3MeHseTcs Tak MeLJIEHHO, YTO OH NMPAKTHUYECKH
OCTaeTCsi MOCTOSTHHBIM, JaXe KOTJa OTKJOHeHHe TPAaeKTOPHH mpe-
Bhillaet d, npubanxenne (3.21) aBasercsa xopownm. TakuM o6pasom,
CHCTEMBl TsIXKEJbIX YaCTHI NMPH HOPMAJbHBIX TeMIepaTypax MOXHO
paccMaTpHBaTh B PAMKAaX KJaCCHUECKOH CTATHCTHYECKOH MEXAaHHKH.
Oanako KJaccHuecKoe NPHOIHKEHHE He NPHMEHHMO K XKHIKOMY
renio, a TaKkKe K 3/JE€KTPOHAM B MeTaj/e H Jaxe K TBepAbIM TesaM
NpH JOCTATOYHO HH3KHX TeMIepaTypax.

CrenaeM HECKOJbBKO 3aMeYaHHH OTHOCHTENBHO 3TOH (opMyJiH-
POBKH CTAaTHCTHUYECKOH MEeXaHHKH:

1. Mbl paccMOTpesin TOMBKO CJayuad OLHOMEDHOTO IBHXKEHHS.
Ojnako HeTpyAHO OGOOIIHTbL pe3yabTaT Ha ciayuaii N cTeneHed
cBoGobl: ecan xW, x®, . x™—koopauHathl, AuddepeHunan
%x (u) UpUHUMAeT BHJ

Dx(u)=lim dx® dx® ... dxMdx® ... dx®™ ... dx™. (3.27)

n—»>wx

2. Ecau B ypaBHenun (3.1) 3aMenuTb u Ha ({u), TO MBI NOJyYHM
ypaBHenue IllpennHrepa. AHaJOruuHo CTATHCTHUEeCKOH MeXaHHKe
KBaHTOBAasl MeXaHHKa MOXeT OblTb C(OPMYJHPOBAHA C IOMOIILIO
MHTErpajoB 100 TpaekTopHsM. C MaTeMaTHYeCKOH TOYKH 3peHHs
CTaTHCTHYECKAas MeXaHHKa Npolle, TaK KaK NPH 3TOM NPHUXOLHTCA
HMeTb [1eJ10 C 3KCMOHEHUHaNbHbIMH (YHKUIHAMHE OT AeHCTBHTEbHbIX
nepeMeHHHIX v,

3. Mul e paccMaTpHBanM PeNATUBHCTCKHE C/yuall (IpH KOTOpOM
YacTHLBl MOTYT MOSIBJSAATBCS M HCYe3aTh) M HE YUMTHIBAIH HaJHuus
Y YacTHUl CNHH& (ABJSIOWErocs AMCKPETHOM, a He HempepblBHOI
nepemeHno#). Ecau 3TH 3¢(deKTbl CYIIECTBEHHBI, Mbl MOXeM noJy-
YHTb TOJbKO NPHOJHKEHHOe onucaHHue. B NeMCTBHTELHOCTH HaJH-
uhe CIHHA MOXHO YYeCTb B pasBHBaeMOM (OpMajH3Me, OJHAKO B
STOM Ciydae yxe He NpHMeHHMa HHTepnperauns Dx (u) Kak nabopa
GeCcKOHEUHO MaJio OTJHYAKIOWHUXCA TPAeKTOPHH.

§ 2
Boiuucnenne wnHrerpanos
No TPAEKTOPUSM

OGcynum aBa METOAa BBIYHC/IEHHS HHTETPAJIOB MO TPAEKTOPHAM:
1. Murerpansl, y KOTOpHIX mnOKasaTelb SKCMOHEHTH —KBajpa-

THUYHas Q)opma o x H X, BBIUHCJAIOTCA TOYHO.

D TlpnMenetne HHTerpajoB MO TDAeKTODHAM B KBAHTOBOA MeXaHMKe M.

B [2].—[Ipum. ped.
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§ 2. BeluncrneHne uHTerpanos No TPAGKTOPHAM

2. JIpyrue MHTerpajbl BBIYHC/SIOTCS C MNOMOULbIO PA3JNOKEHHH
B Psl [0 TEOPHH BO3MYIIEHHH.
PaccMOTpPHM BHIpaxKeHHe
U
1 m[x (u)]?

fx,, x4 U):Fj;exp {——%§—2—du} Dx (1), (3.28)
—_— 0

rae x(0)=x, u x(U)=x, Or0 3/1eMEHT MaTPHUUbl MJIOTHOCTH AJs
cBOGOAHON yacTHubl. PasnoxuM Kaxayio TPaeKTOPHIO BOIH3H NPAMO-
JAHHEeHHOH TPAeKTOPHH B IIJIOCKOCTH (X, #); OOO3HAYMM NPAMOJIH-

HeliHyI0 TpaekTopHio x (). Toraa

x(u)=x(u)+y(u) (3.29)
H
| P
Fom 5 U= (| exp l—%%j[x(u)ﬂ(u)}?du} Dy(w). (3.30)
—— 0
Jlasnee, 178 CKOPOCTH U HMEEM
) BT Ay, (3.31)
TaK 4TO
Yy .. y . . b .
{ et grdu=S @ 4205 + 50 du=0U 120 [y(U)—y (0)] + | 4% du.
0 0 0
(3.32)
Oxnako y(U)=y(0)=0; cnepoparenbHo,
—_— , U
[(x,, x5 U)=exp <— m;;ﬁU) X( exp (—% gyzdu}@y. (3.33)
- b

TakuM o0GpasoM, Mbl DACIIENHJAHd HHTEerpasj No TPAeKTOPHAM Ha
MHOXKHT€/b, 3aBHCSIKIA OT KOHIIEBLIX TOUEK W BeJHuHHEl U, H Apyro#
MHTerpa’ [0 TPaeKTOPHAM, 3aBHCAWKA Toibko oT U. BBoad 06o-
3HaueHue

o

)

e’
¥ (0)=y(U)=0

U
_m e —
exp< 21,;(5-’/ du>@y F(U),

Haxoanm

p (x4 X33 U)y=F (U)exp (—%) (3.34)
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Fn. 3. MHTerpansi Nno TpaekTopuam
Moo noayuuth ypaBHenHe aas F(U), HCnoab3ys npeincTaBJeHUe

o, 4wy u)=\de'o(x, x5 u)p (¥, 4 u).  (3.35)

MBI TpensaraeM YHTATeN0 MPOJAENATH 3TO CAMOCTOSITENBHO H
NoKasaTh, 4To HaHGoJlee oflllee HeNpepbIBHOE PellleHHE [10JYYEeHHOro
VpaBHEHHA HMeeT BHJ

F(U) =l/2n’£u ey, (3.36)

rae a@—npou3BosabHoe yucao. C (PH3HYeCKOH TOYKH 3peHHs TOUHOE
3HaYeHHEe o HEeCYIIeCTBEHHO, TaK KaK BHIOOP HayaJja oTcYeTa MOTeH-
uMana, BJHAOMKA Ha 3TO 3HAYeHHE, HMYETO He MeHseT B (u3HKe
3anaud. ®axktuyecku ¢ynkuua F (U) Boobwe He HYXKHA, NMOCKOJBKY
cpenHee 3HayeHue JmoboH ¢usmueckoll Benuuuuel A omnpenesnsercs
BbIDa:KeHHEM

SppA

A>="g,~ “Spp

(3.37)
n ¢yuxuua F(U) coxpamaeTcs npu AeneHUH,

OnHako C TOMOMIBIO JAPYFHX METOXOB BREIYHCJAEHHS O MOKHO
ycraHoBHTh, uto =0 [cM. (3.8)].

PaccMOTpHM Temepb HMHTerpaq MO TPaeKTOPUAM JJAS TapMOHHU-
4ecKOTO OCHH/IATOPA

Flxs, x5 U)=§Texp ——%?(m;‘-{——x)du Dx.
0

—

Pas/iokUM KakAY TpPaeKTOpPHI BOJHM3M TPAEKTOPHH, jparouweil
MaKcUMaJbHBIA BKJaa B P. Jlas 3TOH TPaeKTODHH HMeeT MUHHMYM

BeJIMUHHAa
U

G(u)du:j< ’"2"‘_'1 + 1 )du
0

St

rae x(0)=ux,, x(U)=x,. CrenoBarte/ bHo, NOALIHTErPAJBLHOE BBHIpA-
AeHnHe JIOJKHO YAOBJAETBOPATb ypaBHEHHIO Diisepa

006w __ a6

- =0, HJN mx — mox =0, {3.38)
du Ox Ox

TaK 4TO
= Ae®% - Be-vs,
Ilas 1060ft TpaeKTOpUH 3amulleM
x=x+y,
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§ 2. BbluMcneHMe MHTerpanos NO TPAEKTOPHMSIM

tak 4T0 H{(0)=0, y(U)=0, 1 HHTerpaj IO IEPEeMEHHOH u npH-
HHMaeT BHI

Si [ 5 G+ 55 Gy du=
0

= %- (;—62 + 2}y + - 02 ++ 022y + 0y?) du =
. v
(2 + 0x) du 43 3 (2xy) + 202xy) du -+

0

Oy ¢ Oy T

mls

+ 5 | (1 + o) du.

Sty

YyuTBHIBaf, YTO
U u v

§ 2y au=2yx| —( 2¥yau
0 0 0

y(0) =y (U)=0, umeem
U

{2y + o= 2 (— ¥+ 0X)du=0
0 0

TaK KakK X YJIOBJeTBOpsieT ypaBHeHHo Iisepa. Takum ofpasom,
passarasi OJABIHTErpaJbHOE BHIpaXKeHHEe BOIH3HU KJIaCCHUECKOH Tpaek-
TODHH, Mbl HCKJ/IOYHJH 4acTb, JHHEHHYI N0 OTKJoHeHHs M. Toraa
MO:KHO HalHcaThb

-
f(xzv X13 U):expl_

19}

{(%x + 2% du ‘F(U)

e/

a*l-—

3/71€eChb
o N U |
FU) =ﬂexpll———lﬁ-§< PRk 2>du-! Dy (),

rae y(0)=0, y(U)=0; muoxutens F(U) He 3aBHCHT OT KOHIEBHIX
TOYEK X, H X,. Takum 06pasoM, passokeHHe BOJHU3H KJIaCCHUECKOH
TPAaEKTOPHH T[O3BOJSET NPEACTABHTb HHTErpa’ MO TPAEKTOPHSIM
B BHJAe IIPOW3BelleHHI ABYX MHOKHUTesJeH, ONHH W3 KOTOPHIX 3aBHU-
cuT oT U 4 OT KOHIEBBIX TOYeK, TOTAA Kak Jpyrofl siBJseTcs] HHTer-
pajoM N0 TPAeKTOpPUsIM, 3aBHCALIUM ToabkKo oT U/. Takum obpasom,
BAXKHYIO 3aBHCHMOCTb OT X; H X, MOXKHO HaHTH MpPOCTO myTeMm pe-
mmenus nuddepeHnuanbHoro ypaBHeHHs (3.38), onpeleqsiolIero
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Tn. 3. Muterpans no TpaekTopusm

yCJOBHE MHHHMYyMa MNpPH (UKCHPOBAHHBIX KpaeBbIX 3HAYEHHAX
x(0)=1x,, x(U)=1x,, 3arem cjejfyeT BBHIYMC/JHUTL HHTErpan

[(27+m%)a

0
IMocnennee BBIpAXKEHHE TAakKxe MOXKHO YyNDOCTHTb, YUHTHIBafg, 4TO

U LU U
‘S‘% 2du = %EE' —’;Sxxdu
0 0 0
oTKyZa®
U v
g (x —|—mx2)du——xx. —}—S—(—x—}—mx)du———_}
0 0

PaccemoTpum Teneps Apyryio 3agady. Ilpeanosoxkum, 4T0 HMEIOTCH
JBe B3aMMOAEHCTBYIOI[HE CHCTEMbl, OAHA K3 KOTODPbIX —TIapMOHH-
yeckKHH ocunaaaTop. IlycTb x onucbiBaeT KOOpAMHATY OCHHIAATOpA,
a g-—KOODJAHHATYy Apyrof cucTembl. ['aMHJBLTOHHAH MOXKET HMeTh,
HanpuMmep, BUA

mx?
H=——+— vXxq.
CraTiHcTHYeCKasl CyMMa OIIpeje/sieTCsl BhipaKeHHeM

Q=],5Texpi-—-—l—?‘< 5 —i—m—mi—yq(u)x(u))du\{x
~—— L b,

-

mw?

B (%ﬂ'fquvw))dujl DxDg.
_|

B ofmem cinyyae 3TOT HHTErpaJj IO TPAaeKTOPUSIM He MOXKeT OhTh
BLIUHCJIEH, OJHAKO MBI MOXEM NPOHHTErPHPOBATL MO NepeMeHHOH X.
Hasa sToro cieayer HaAHTH BeJHUHHY

X exp

oC_’—)Qo

1

—— r U . =
F[q(u)]:g{exp[—%j(ﬂ;i-+’ﬁ_(&;f_vqx>du ‘@x
S — 1] _

TAKHM K€ METOJOM, KaKoH Obll HCHOJb30BaH 1715 TapMOHHMYECKOTro
ocuuanATopa. MOXKHO BBIYHCIAHTL jaxke OGoJgee 06U_[y10 Be.HPILIPIHy

—_— r U
Fi[fy x, '] = gg exp L— % (( m;z +m®2x +if (u)x(u)) du ’@x

Ay ] _J
x(0)=x
x(U)y=x"

1) 3ror pesyabTaT MOXKHO CPaBHHTL ¢ Qopmynoi (2.83).
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§ 2. BoiumMcneHue MHTErpanos no TPAaeKTOpUAM

JAJIS1 KOTOPOH MoJydaeM

Fy(f; x, x’)zl/ﬂllm—g e~k (3.39)

U
Se —o1w=e' [ (u) (') i dut’ + g
0

e I

4/72(0

X (¢ 4 x"2) ch oU — 2xx" 4- 24 (xe®V — x") 4 2B (x"e®V — x) +-
(A4 B eV —24B],  (3.40)

npuueM
U
A=—;—mge'm"f(u)a’u,
> (3.41)
B=—7§55‘e“°‘u‘”)f(u)a’u.
0
BBenem Temeph BeaHUHHY
i U B SFI (f; x, x) dx
G [f] ~\exp‘ —% ) f(u)x(u)du [} = ,  (3.42)

b _I rapw. ocu S Fy (0; x, x) dx

KOTOPVIC MOXHO NpEeaACTaBUTh B BUIE

U , )
G []] =exp [_ 4ml(oh SS‘Cthf:Z)LLLJ/E)_ SR ] ) du d”’]' (3.43)
00

Ecau onpenenuts ¢ynkuuio [ BHe uurteppana 0<lu<{U, cudras
ee nepuoanueckoll BenuuuHOH ¢ mepuomoM U, TO MOXKHO 3amHCaTh

» U

G (f] :exp{—rml& S Se‘“"”‘”"f(u)f(u’)dudu’]. (3.43a)

-0 0

Hpyroit cnoco6 Beiuucnenun F,(f; x, x) ocHOBaH Ha HCIO/b-
soBauuu Qypbe-pasnokenudl Gyukuufd f(u) u x(u):

2mnu . 2mnu

(u)—ao-{-;](a COS —— 5 +b,sin =— 5 )

®n

Fuy="fo+ 2, (f osz”é’”+ smzn—gﬁ);

n=1l
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Fn. 3. MuTerpans mo Tpaekropuam

TOrla MHTerpaj IO TPaeKTOPHIM
Pl = Fo(fs x, x)dx
MoxKeT OBIThL 3anHcaH B BHUJE

Fi[f)=(((...C da,da,...ab, ab,...x
-

xexp‘—%j( +——x +if(u)x(u)>—l'du

u jajee 6e3 Tpyjxa BhiYHC/eH V.

Jlna cBoGoano# wacThuet Beauuuny Fy[f] moxuo wnafiT, ecau
YCTPEMHTh ® K HYJIO MJH NPOBeCTH NpAMoe BhluHMc/eHHe. B oGoux
cayuasX HaxoauM

—_— r | v -
jSeXp L—'ﬁj [—;-m;& (W) +if (W) x(u)| du ’@x(u):—

]
Ty uvu
zl/l‘lg’_"ﬁlj{f(u)duWexp z#(ﬁgbgw—u’|f(u)f(u’)dudu'+
.| ) [U ]2>£
- d . .
+2 OSuf(u) “|); 8w

B panbHeflileM MEI MCHOJB3yeM STOT pe3yJbTar.

$ 3
Boiuncnenve uuterpanos
no TPAaeKTopusM
C MOMOLUBIO TEOPMU BO3MYLLEHMH

Ilpeario10:kuM, YTO HaM H3BECTHO 3HAYEHHE MATPHUBI IJIOTHOCTH
0o (X5, x5 U) AnA HeKOTOpOH cHCTeMBl ¢ mNoTeHunasoM V, u Hac
uHTepecyer p(x,, X U) nas npyrofl cHCTEMBl ¢ IOTEHIIHAJOM

D Y1o6HO BOCNOMbL30BATLCS COOTHOILGHHEM
@
1 +Z cosn @ ch(n—|6i)a
2q? ) n23+a? ~ 2a shma
n=

HafizenHas ¢ noMomblo 3TOro MeTofa BequuynHa Fy[f} comepkur TIPOH3BOJLHYIO
MYJBTHNJIAKATEBHYIO NOCTOSIHHYIO, BOSHUKAIOWLYIO 32 CUeT IKOGHaHAa IPH HesBHOII
3aMeHe NepeMeHHEIX NpH nepexofe oT EDx (u) K day ... dbydb, ...; 0AHAKO COOT-
HouleHHe (3.43) MOXeT OHITH NIOJYUYEHO 3THM METOLOM 011H03Haqno
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§ 3. BoiumcneHWe MHTErpanoB € NOMOLLBLIO TEOPHM BO3MYLLEHWA

Vo-+V', tae V'LV,. Toraa umeem

p(Xqy Xy U)=K§exp !——%—? [mT’Ezﬂ—VO (x)+ V' (x)] du} Dy =
0

22|
—_——

= 3T oo

— g~

mf +V, (x)} duJ X

u
X exp i—-— -lﬁ—j V' (x) du

0

4

S

Pasnaras Bropyio SKCHOHeHTy, HaXoauM

p(xy x5 U jj expi ﬁj‘[m + Vo (x) du}
x!l—é—yw[x( )]du+2%2<§w[x(u > ...-Il_@x=
L 4
| ]du’}x
[ mf +V, (x)] du’ J! V' [x(w))duDs ... =
[+ w0

) [’”2" —{—V(x)]du}+..

YTo6bl BEIYHCAUTD UHTETpPaJ MO TPACKTOPHAM, NPOHHTETPUPYEM CcHa-
yaja MO BCEM TPAeKTOPUAM, ANl KOTOPBHIX x(#)=y (OpH 5TOM
x(0)=1x,, x(U)=x,), a 3aTeM NPOHHTErPHPYEeM IO BCEM Y:

p(xzt xl; U)=

U
=po—%§ j Po (X0, 43 U—w)V(y)po (Y, %5 w)dydu-- ...

0 no BceM y

{ moZbIHTErpaibHOE BbIpaKeHHe MOXKHO IIPEACTaBUTb TpaduuecKH,
Kak 5TO cleJiaHo, HanpuMmep, Ha ¢ur. 3.3).

UseH HYJeBOTO MOPAAKA P, MOXHO paccMaTpHBATL Kak BKJAaf
B MaTpHLy IJIOTHOCTH 3a CYeT YacCTHUH, KOTOpas 3a ,Bpema“ U
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Fn. 3. Uuterpansi no tpaektopuam

LIepexomuT™ U3 Xx; B X, U COBCeM He MOJBepraercsi AEHUCTBUIO MO-
TeHunasa. Torga usneH MepBOro nopsjaka (ero NOALIHTErpajbHOe
BEIpaxkeHHe u306paxkeHO Ha ¢ur. 3.3) MOXKHO NpPeACTaBUTL cebe

QLI 3.3.
Vi
Ub~smmmmmme e
[MoabiHTerpansHoe
0 BhIpa/KEHHE B YJIeHE
R24 nepBoro MOpslKa,

KaK pe3yJ/bTaT IBHXKEHHUS 4acTHUH, SBJASIOmENcs B OCHOBHOM CBO-
GofHOH, HO WCHObITHIBaIIIER ,paccesHre B HEKOTOPLIA ,MOMEHT
BpeMeHH“ B HEKOTOPOH Touke y. AHA/JIOTHYHO 4JjeH BTOPOro MOpsiAKa
MOXKHO pacCcMaTpHUBaTh KaK pe3yJabTaT ABYKPATHOTO ,paccesiius®;
ero MOXKHO 3anucaTb B BuUJe

U u ® ®
+%§du§dv§ dy gdzx
0 0 - —>
X0y (Xy 2 U—u)V(2)p,(2, y5 4=V (y) 0o (y; Xy, V)

COOTBETCTBYIOlee MOABIHTErPaJbHOe BhIpAXKEHHE H306paXkeHo Ha
¢dur. 3.4.
OUI. 3.4.

(.zz V)

IoariTerpabHOe
BhIpaKeHHe B uJsieHe
BTOPOrO NOPAAKA.

3aMeTHM, UTO Mbl He MPHILIH 3Jech K KaKHM-JHGO HOBHIM pe-
sy/abTaTaM. Mbl yxke Tosyua/sii paHee Te K€ PA3/JCIKEHH# 110 TEOPHH
BO3MylIeHHH 0e3 HCIO/Mb30BAaHUf WHTErpajoB IO TPAEKTOPHAM.
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§ 4. BapHaumOHHBIM NpUHLMN

3adaya. OnpepenuThb, 10 KAKOrO NMOPAAKA Pa3aOKeHHe p (X,, x;; U)
[I0 TEOPHH BO3MYLIeHHH sIBJseTCA pelleHHeM YpaBHEHHA

9 h? o ,

62 T om 6x§ + Vo) +V (0],

quTblBaﬂ, 4yTO
: __0p h? 3%p
6u0 =T om ax20+v (£) Po-

$ 4
BapraumoHHbIn npuHLMN
AN MHTErpana no TPAEKTOPUSM

Ham uzBecTHO cieayruee COOTHOLIeHHE 4415 cBoOOAHOI IHepPruu:

F< F,+<H—H>,, (3.452)
HJ/U

F<<HY,—TS,, (3.450

3aMnyucaHHuoe ¢ IOMOIUbIO TaMUAbTOHHaH0B H 1 H ;. BeisscHUM, MOX{HO Ju
3aMUCaTh COOTBETCTBYIOIEE COOTHOLLEHHE, HCIMOJb3Ys HHTerpas Mo

TPaeKTOPHAM.
BripaxkeHue 1151 CTaTHCTHUECKOH CYMMbl HMEET INPH 3TOM BHI

——

e-BF — gg e=S L ] @y (u). (3.46)
x(OT;;(U)

[lyctb Mbl MMeeM BMecTo S HEKOTOPbIH Apyrod (yHKuHoHal1 S,
(ne chenyer nyTaTh €ro ¢ 3HTPONHeH), C KOTOPHIM BbIYHCJ/IEHHSA
cranossTcs npoie. Torna Beipaxkenue (3.46) MOXKHO 3amucaTh B BUAE

,-Stg‘e"(s's")e‘st’ Dx
PP =2 e=bFo, (3.47)
o
rae -
e-bfo = ({e-Somr. (3.48)

MHOXHTeb, CTOAMMHA B uHCJAHTe]e B BblpaxeHuH (3.47), uMeer
B cpeanero ot exp [—(S—S,)]. npuuem e~ saBasercsa ,BecoM®
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n. 3. MuTterpanel no TpPaeKToOpusam

LA onpefeneHHOH TpaekTopuu x(u). Brpaxkenne (3.47) moxHO
3anucaTh B BHJE

e=BF = (e~ (S-S0 g=bFo. (3.49)

[Tpeanoaoxum panee, uro S u S,— AelCTBHTE/bHLIE BEJHUHHE,
¥ HCMO.Jb3yYeM HEPABEHCTBO

Ke=/>=e=<l, (3.50)
KOTOPOMY MOXHO JaTh reoMeTpHYecKylo nHTepnperauuio (dur. 3.5):
kpupaa <e~fy Bcerma JexuT Boilie Kpusol e~¥>. 3ameTum, uro

e'f OUT. 3.5.

IFeomeTpHueckas

HHTE PIpeTalns

HepaBeHCcTBa
e=1>~ p=<P>,

HepaBeHCTBO (3.50) He 3aBHCHT OT TOrO, IO KAaKOMYy 3aKOHY pac-
npenedena BeanuuHa f. [Ipumensas (3.50) k (3.49), noayyaem

g= BF > g~ S=Sp o= BF, (3.51)
rie
SS (S—S8) e~ So@px
(S—S8> =" . (3-52)
0§ o

Kak npasuJo, BHIYHCAHTL BhIpaxenHe (3.52) okasuiBaercs mpouie,
yeM MNepBEl MHOXHTE/bL B ypaBHeHHH (3.47); TakuM o6pasoM, Mbl
NPUXOAHM K clelyloued Teopeme:

F<Fy+5<S—Sps, (3.53)

B
S _—.S
0
[

_ mx? () .
Sn - US [ 9 "I"Vo (x (u))j a’u,

Sadaua. [lyctb

mx® (1)

94V (x| d,

(3.54)
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§ 5. pmeHeHHe BapPHAUMOHHON TeopeMmbi

noKasaTtb, 4ToO
iﬁ<s—so>,, =V —V,>, (3.55)

Takum oOpas3om, cooTHouweHHe (3.53) COLZEpKHT COOTHOIIEHHE
(3.45) Kak yacTHbfi cayyad. (Y KasaHHe: H3 COOTHOLICHHS
(3.54) cnenyer, uto

2]

S—S, = S(V—Vo)du. (3.56)

0

Uucautens B nmpaso#l yactu paBencrsa (3.52) mpuHHMaeT BUA
HHTerpaJa mno u#, NOAbIHTerpa/bHOE BhIpAKeHHE KOTOpPOro He 3a-
BHCHUT OT U.)

$ S
MNpumenenne
BAPUALMOHHON TEOpPEMBI

B saxmouenne paccMOTPHM NpHMeHEHHe BapHalUHOHHOMA TeopeMb
(3.53).
B cayuyae OZHOMEPHOrO NBHKEHHS ORHOM UYacTHUL HMeeM

U .
| mx? (1)

S—+ § [—2—+v (x (u))J du, (3.57)
e U = ph. (3.58)

Uro6bl yNpOCTHTL 3aMHCh, MOJMOXKHM fi==1 B Gosbluell 4acTH Aafb-
Hefllero M3JoXeHHs, ONHAKO BpeMs OT BPeMeHH Gy/IeM yKasbiBaTb
3Ty MNOCTOSAHHYIO, YTOGBl YHTaTeJb MOT BHIETh, rje OHA AOJIXKHA
CTOSITD.

CraTHcTHUYeCKas cyMMa MOXKeT GBITb 3amucana B BHIE

(Y
e'BF=Sexp i ———§

Mbl 3aukcHpyem cuadana x (0) u x (U)=1x(0), a 3arem nposenem
HHTErpHpOBaHHe 10 BCeM TpPaeKTOPHMM; MOCJE 3TOrC HeoOXOLHMO
nposaperpoBaTh X (0) [mepBblfi HHTerpas o3HayaeT HHTETPHPOBAHME
no x (0)j.

B kJaccrHueckoM npegesie BHICOKHX TeMIepaTyp, AW MaibiX /i,
BeqnyMHa U MaJsa, Tak 4TO TPaeKTOPUs MOYTH HE OTKJOHAETCHA OT
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Fn. 3. UHTerpansl no Tpaexkropusm

naua;bHOH ToukH x (0). INosToMy B KauecTBe nNepBOro HNPHGIHKEHHU S
sameEuM B (3.59) Beauuuny V (x(u)) ee HayaJbHLIM 3HAUEHHEM
V (x (0)); Torpa noJyyaem H3BeCTHBIH KJaccHUecKUH pesyJbTat

g— BF :1/';:23563-" =/kgT dy, (3.60)

Kax MOXHO yJayulllHTh 3TO NPHOJHXKeHHe, YTOOBI yuecTb KBaH-
ToBHe 3(deKThI?
[Ipexxne Bcero 3sameTuM, YTO B cHJy paseHcTBa x (0)=x (V)
6oJiee eCTECTBEHHO HCIONB30BaTb BMecto x (0) cpenHee
U
xz:——I}-Sx(u)du. (3.61)
0
Hanee, 4ToObl yuecTb OTKJOHEHHE TPAEKTODHH OT KJAaCCHYECKOH
npsAMON JIMHHH, He OyJeM HCHOAb30BaTh IIOCTOAHHYIO BEJUYHUHY
V (x (0)), a nmpounsseieM HeKoTOpoe ycpeiHenue V (x) mo TpaexkTo-
pun. Takum nyTeM NMPHUXOAHMM K c/efylouied npoGHOH GyHKUHH S,:

v .
S, = S’"—"gﬂdu+ Uw %), (3.62)
[}

roe w{(x)—HeonpeiejeHHAan [0Ka (YHKUHSA, KOTOPYID CcJaejyer
B JajbHEHIleM BapbHPOBATb € LEJbI0 MHHUMH3AIHH BLIPaXKEHHSs
(3.53). B xauecrBe nepBoro npuHOJHKEHUS MOXKHO Obl10 Obl BHIGpaTh
w(x)=V(x), onHakO MpUMeHeHHE BAPUAIHOHHOTO MPHUHIKIA [O3BO-
JisgeT NOJNYYHTb 3HAYHTEJbHO JYyYIUHH pedyabTar. MMeem

paa—

~— U .
e~BFo — SS Dx exp —S[ m’; +Uw(3c-)j| dul =
i}

——

AY

A \
— (a5 ([ exs _f[’”’;’ du+ Uw @) | du |
— 0 ’
B

cumMBos A y 3HaKa HHTerpaJa fo TPaeKTOPHAM O3HayaeT, YTO HHTe-
TPHPOBAaHHE MPOH3BOJAHTCS MO BCEM 3aMKHYTHIM TPaeKTOPHAM,
a CHMBOJ B—MHHTEerpHpOBaHHE MO BCeM 3aMKHYTBIM TPaeKTOPUAM

¢ (MKCHDOBAHHLIM CPeIHHM 3HAUYCHUEM X,
IMonoxum y=x—x(0); NOCKOMBKY y (u)= x (), moayuyaem

—— 1) “
e~ BFo — gd;e—UwG) SS exp _S%‘ @y.
—— 0

B nocieanem wunterpasie, KoTophiii Gepercss 10 BCEM 3aMKHYTHIM
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§ 5. MNpumeHeHne BAPHALMOHHON Teopembi

TpaeKTopHsaM y ¢ y (0)=0, Ha y He Ha/JlaraeTcsl HHKaKMX OrpaHH-
YeHHH, Tak Kak y=x—x(0), u Mol uHTerpupyem no scem x (0).
IIppuuHbl, NO KOTOPHIM [/l HHTETPHUPOBAHHSA B3AT ONpeledeHHbLIR
KJacC TPAeKTOpPHH, Jerye IOHATb, €CJAH HAYEpPTUTb AHATPaMMbI (YTO
npefoCTaBJ/AETCs CAeaTh YUTATeNo, €CJH 3TO €My IIOKaMKeTrcs
Heo6x0AuMbIM). TakuMm o6pasom,

xR

e0re = {die ™" P (0, 0; U)= ) 2§ emvw vy, (3.63)

-0

IIpHYeM B KJaccuueckoMm cayuae (3.60) BennunHa w(y) 3aMeHsieTcs

Ha VvV (y).
Bouncaum teneps <S—S,>. Mcnoabsys Boipaxenus (3.37) u
(3.62), nmeeM, IO ONpeIe/EHHIO,

L

B S—8 =
ﬁ(l/ﬁ) (S—S,) exp [——S (mx2/2) du] exp l:—Uw (x—)] Dx
B TS:S: exp[—g(m;ﬂ/?)du]exp [— Uw (x)] 9x
—> |

SS { D—?V{x(u’)) du'—w(i)}exp[—g%%du] exp [— Uw(x—)] PDx
0

220
= .

ﬁexp [_Sm?xf du] exp [— Uw (x)] ©Dx
- (3.64)

Bxoxsmas ciloga BeJHUYHHA X ofpelenasieTca BblpaxeHHeMm (3.61)
1 aBasiercs: ¢yHkuuoHanoM ot x (u). IlepBoe ciaraemoe B YHCIH-
TeJe MOXHO YIPOCTHTL CJEAYIOUHM 06pa3oM:

EELUSV(x(u'))du’ eXP[—SL’i&Ldu ]exp [— Uw(x)] Dx =

S [ 7
du’ V(x(u’))exp[— me (@) g ]exp [—— Uw(fj].@x:
] i

—— 170 W
du’ , , mx? (u) mx? (u)
—U—deV(x) SS exp[_S . du§ > du]x
e u’
g A X exp [— Uw(x)] Dx (u).
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fn. 3. Murerpans! no TpaekTopHam

HuTerpipoBasne NpoM3BOAHTCA NO NYTAM, NOAOOHLIM H300paxeH-
HBIM Ha o¢ur. 3.6a. [lpousBona 3aMeHy nepeMeHHBIX

ud+-U—u', 0Cuu,
Vz{u-u', u<LugU,
nepefineM K HHTErPUPOBAHHIO MO TPaeKTOPHAM, NOAOGHBIM H300pa-
u=Vv

QUr. 3.6a.
Tpaektopus (DyTH) HHTErpHPOBaHHA.

xeHHbM Ha dur. 3.66. B cuay ycaoBua x(u=0)=x(u=U) mu
He MnoJydaem paspeiBa B x npu V=U—u'; crenosateibuo,

¢ e () ¢ me2 )

mx=c (u mx
S—Q—d”=§—§—dv-
0

T

U U
- I
a Takxe x=—l(7Sx(u)du= Sx(V)dV.
u 0

[lepBoe csaraemoe B uncaurene Bripamenus (3.64) npuHumaer

b}
S%«gdx'vm E exp[—gm"‘é‘”w]exp[—Uw(?cn=

x (O)=x (U)=x"

_ u o
= SS V (x (0))exp [-—- S”i;—(f—) du]exp [— Uw(x)] Dx (u). (3.65)
—— U

x (O=x (U

BH

Toraa coornowenue (3.64) MOXKHO 3anucaTh B BUie

-;— (S—8p>s, = <V (x(0))>—<w (¥)>. (3.66)
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§ 5. NpumeHeHHe BapPUALHOHHOA TEOPEMBI

Has nanbHefinlero npeoGpa3oBaHHs HCHOJb3yeM Caepyiouuii paHee
JNOKa3aHHBIA pe3yJibTar:

S§ exp[—gmxz(”) du]exp[—t Sf(u)x(u)du]@x(u):
U

vvu
- }/“m <Sf u)du>exp{1,‘n—[S§|u-—u'|f(u)f(u')dudu'+
0

0
U

+ %-((5 uf (1) duﬂ} . (8.67)

Ilpn BbluHCTeHMH uHTerpana B (3.65) Mb! cHayaja BHIIOJHSEM HH-
TerpHpoBaHHE MO TPAEeKTOPUSM, COXPaHsan (UKCHPOBAHHOE 3Haye-
HHe X.

v=U-

OMUT. 3.66.

Toraa coorHouenue (3.65) NpUHHMaET BHJ
SS V (x (0)) exp [——Sm—x%”—)du] exp [— Uw (x)] Dx =

= [Kwexp[—Uo@)]dy,  (3.68)
rae

e, 17 .
K(y)= SS V(x(0)) exp [ —Sﬂ‘%“‘—)du] Dx, (3.69)
— 0

npuueM x=y. B cBolo ouepeib BhIpaxkeHHe (3.69) MOXHO 3amHcaTb
B BHJe

. [
K= {{ve (0))exP[_S”“‘T(”>du]a(}—y) Dx(u).  (3.70)
— 0
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'n. 3. UHTerpansl no TpaekTopHam

Tenepb, BOCMNOJb30BaBIIHCH (ypbe-npeobpazoBaHueM MOTeHIHAA
V)= {o(gemdg, (3.71)
nepeiiieM ot (3.70) K BHpPaXKeHHIO

Ky =(o@dq | dk Fg exp [igx (0)] exp [ik (x—y)] X

U
X exp[——-S m du] (3.72)

0

31ech MBI HCIOAb30BadH (ypbe-npeobpasoBanue GyHKUHH & (x—y),
Bxoasued B (3.70), U onycTHJAH MHOXKHTeJau THna 2x. [Toacrasmass
(3.61) B (3.72), 3anuiuem

Ky = Sv(q)dquk exp [— iky] ﬁexp [igx (0)] %

v U o
X exp [i%gx(u)du]exp [— m—;‘idu]@x. (3.73)

0 0
HerpyaHo BHAeTb, 4TO HHTerpal MO TPaekTopusiM B (3.73) MoxHO
npuBectd K BHAY (3.67), Hcrosib3ys OmnpejefeHue

Fu)=g8 (@—0)+ 7, (3.74)
MOCKOJIbKY
Sf(u x(u)du=gx(0) + USx(u (3.75)
Iloacrasasas (3. 74) B (3.67), HaxomuM
U
(fwau=q-+e, (3.76)
0u
S uf (@) du =27, (3.77)
0

(u—u') f(u') du'f (u) =

g

uu U
[flu—wif@f@)dudu =2 fau

0
U u
=2Sdu[§(u—u) du’ -{—uq]f(u)

0
U
=2Sdu [ s+ uq] f(w) x-—kaﬁu-!-qu.
o
(3.78)
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§ 5. MpumeHeHue BAPUALMOHHON Teopembl

Bocrioabsyemea Temepb cooTHomeHuamu (3.76)—(3.78) u npeoGpa-
3yen Boipaxkenue (3.67), a Tak:ke HHTerpaJ 1o TpaekTopHams (3.73);
TOrja Moc/eJHee BhpaXKeHHe NMpPHHUMAET BH[

K(y)= quv(q)fdkexp[— iky] X
X 8(qg+Fk)exp [%(%Jrkwr —k;)] =
=quv(<7)§dke><p [— iky] 8 (g + k) exp [——%]
= (dko (— kyexp [— iky] exp[—gjfl]. (3.79)

[Npiimennsa obpatHoe npeodpasoBanHe Dypbe, NpPEJCTABHM BhIpakKe-
Hue (3.79) B BUIe

K (5) = { dkexp [—iky] (V@) exp [ike] dzexp [—%] =
= (dzV @ exp [—%n(y—-z)"‘}. (3.80)

IMoacraBass lIpaBH/JbHBIE 3HA4YEHHSA MHO}KH’I‘eJIeﬁ, OKOHuUaTeJbHO
nmoJayuaeMm

K(y)= 6Z;§T§dzv (2) exp [—6—@@-%(:’——223]_ (3.81)

Cnenyer 3ametHTh, uTo K (y) ecTb moTeHuuaa V(z), ycpeinHeHubif
Mo rayccoBCKOMY paclipefiesienHio. J{ucrnepcHus, MM LIHPHHA rayc-
COBCKOTO pacrpejlesieHHs, paBHa

__h
V12mkgT

Iucnepcus cocTaBaseT npumepHo | A nia aToma remus npu 2 K
H oueHb MaJa MpPH KOMHaTHBIX TeMrepaTypax. B mnpenene Gecko-
HeYHOH TeMIepaTyphl TayCcCOBCKOe paclpejiefieHHe TepeXxOuT
B 8-dyukuuio u K (y) nepexomutr B V (y).

Mrak, B pesy/abTaTe HMeeM

(3.82)

L

F<Fo+ B <S—So>so, (3833)
—BFy — - _ _m_
e 5exp[ liw(y)]dy]/ I (3.836)
| (K @—w@)etoway
=<S—=8>s, = (3.83B)
B ¢ Se—ﬁw @ dy

Bripaxenue (3.836) daxTuuecku coBnagaer c¢ (3.63), BbpaxeHHe
(3.83B) caeayer u3 (3.64), (3.65) u (3.68) u, nakouen, K (y) B Bbi-
paxenun (3.83B) onpegmeasercs dopmysno (3.81).
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In. 3. NuTerpansi no TpaeKTopHUam

OGcyauM Tellepb BONDPOC O HauJyulllem BbiJope QYHKUHH W(y).
[1ponsBoas 3aMeHy

@ (y) = ©(y)+n ), (3.84)
rae 1(y)—mManas BeanuuHa, noaydaeM u3 (3.830) u (3.83B)
ne—fe dy
OF, =S—————, (3.85a)
S e—Bw dy
=B [— fBn (K —w)—ndy]
6l<S-—SO>—_~S
p Se—ﬁwdy
S e—Bw (K —w) dy S pre—Pw dy
+ 5 . (3.856)
(§ertess)
Takum o6pasoM, TpeboBaHue
1
8(Fyt5<S—Sp>s,)=0 (3.86)
MPHBOAHT K YCJAOBHIO
w(y) =K (y); (3.87)
3TO M eCTb HauJydlu# BHIOOD PYHKUHH @ (4).
B sToM cayuae BHIpaxkeHHe (3.83B) naeT
<S—S8>s, =0, (3.88)
TaK uTO, YUMTbIBAs BhIpaxeHue (3.83a), umeem
F<F,, (3.89)

rae F,, 03HAyaeT KJacCHYeCKyl0 CBOGOAHYIO 3HEPrHi0, B KOTOPOH
norennuaj V(y) samenen ¢yukuuei K (y). B atom ciyuae

~BF KA — m -BK ty)
¢ ]/Qnﬁu Se vy (3.90)

[3T0 BRIpaxkeHHe cJejpyeT CPaBHHTb C BelpaxkeHueM (3.60)]. Dymuk-

uua K(y) onpepensiercsi BelpaxenueM (3.81). Beauunna F,, sB-
JsieTcst JydUIMM TpHO/IMMKeHHeM, ueM OObyHOe BhIpamenne F, U3
(3.60). '

[Tpumep. UroCbl OLEHHTb, HACKOJBKO XOPOIIMM sB/SIETCS BHIpa-
kenue aas F,.,, paccCMOTDUM rapMoHHYecKUH ocuuaastop. B srom
clydae MOTeHUHAN HMeeT BHJ

2x2

V(x)=m—5-. (3.91)
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§ 5. MNpumeHeHHe BAPHALUMOHHON TeOpembl

Coraacro Bblpaxenuio (3.81),

o 6mkgT mo? T, 6mkpT 2 _ma/ ., BPY
K(y)_l/ nﬁ}; TSZ exp [_ ﬁzB (y_z) ]dz *T(!} +12m !

IMoncraBasia 370 Bhlpaxenue B (3.90), moayuaem
ey o [0 v+ ) -
ﬁém e-hibroras, (3.93)
Takum obpa3oM, nuMeeM
Fronn %m [zsh@g@ , (3.942)
Foo=/|In (ﬁmﬁ)-;-mgi‘ﬂ, (3.946)
F,, =% In (hop). (3.94)
Baenem oGo3HaueHus
E%{-‘ f= ﬁ—(gﬁ; (3.95)
Torjaa BolpaxkeHus (3.94a)—(3.94B) mpuHHUMAWOT BHJ
Gycrnn % (2sh]), (3.95a)
sz%ln(2f)+§, (3.956)
Gua = I (26). (3.958)
B ra6a. 3.1 cpaBHHBAIOTCSA YHC/IEHHbIE 3HAUCHUS Gueppn, Gy, ¥ Gy,

Mbl BHAuM, uTO BeauuuHa G, ropasao 6amme K G, .o, UeM G
Caenyer Tak:ke HMeTb B BHAY, 4TO 3HAUEHHE f Y, COOTBeTCTByeT
TeMneparType kBT~7ico IPH KOTOPOH KBAHTOBHIN atbdpem 3HAUUTEJIEeH,

Tabnuya 3.1
f=1/, f=1 f=2
GJCMH 0,08263 0,8544 0,9908
Gyx 0,08333 0,8598 1,0264
Gy 0 0,6931 0,6931
X
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rn. 3. MHTerpansl No TpaekTopuUsm

HenonesoBanune Beaumyussl F; u3 (3.90) B coyeTaHuu ¢ BHIpa-
wenveM (3.81) jaeT ayuiimi pesysbTar, uyeM passoxeHHe K (y) B
psia no V(y), &*Vyidy® u 1. .

Onnako BhIpaxkenue aas F,, He CTOJb [0Je3HO, KK 3TO MOTJIO
6bl 10Ka3aThCH U3 aHaausa Tabj. 3.1. Bo-mepBrix, oHO He npume-
HHMO, KOrja HMMeIOTCsl KBaHToBhie oOMmeHHHe 3(gekTol. Bo-Brophix,
noay4yeHHas Qopma ana F,, HelnpHrogHa B TOM CJyuyae, Korja Iio-
Tenunaa V(y) obaanaer oueHb GoJbIICH NMPOH3BOAHOH (Hampumep,
B Cjiyyade MEXaTOMHOr0 MOTeHliMa/ja THIa TBEDPABIX LiapoB).

NUTEPATYPA

1.* Kay M., BeposiTHocTb M CMeXHBle BONPOCH B (H3WKe, u3x-Bo ,Mup®, 1965,
ra. IV.

2.* Qeinmarn P., Xubbc A., KpantoBas MeXaHHKa M MHTErpasbl O TPREKTOPHAM,
usa-so , Mup*, 1968,



4

Knaccunueckue
CUCTEMBI
N uactuy,

§ |
Beepenue

Knaccnqecxyw CTATHCTHUYECKYIO CYMMY JJI51 CHCTEMBbI N B3amumo-
,uel“acnsy}oumx YyacCTHLL MOKHO 3anHcCaTb B BHJIE

_ 1 m \3N/2
rae
Zy={ e~V (RuRe o RN 3R @SR, . .dPR . (4.2)

ITH XKe pe3yabTaThl MOTYT OLITh MOJYyuYeHbl H3 KBAaHTOBOMEXaHHUe-
CKHX BbIpa)KeHWH, HalimeHHbx Hamu panee. CoraacHo ri. 2, § 8,
nMeeM

- 1
. ﬁpszm;SpD(Xl, ooy Xuy PXy, ..., PXp)dX,. . .dXy
pitye cnyqaﬂ CTATHCTHKH Bo3se u
e A=Y (=D 0p(Xyy o0 Xui PXy ..y PXy)dX,. . dX,y,
P

715 cayyasi CTaTHCTHRH DepMmu.

Ilpu j0CTATOYHO BLICOKHX TeMIepaTypax JJIsi OGOHX BLIparKeHHIt
CylllecTBEHHA JIHIIb TOXJAECTBEHHAs NepPecTaHOBKA, TaK Kak B 3TOM
cllyyae MHOXKHTeNH BHIa exp [— mkpT/2h* (X — PX)?] aunyaupyior
Apyrue cuaaraemple. OTciofa cienyer, YTo B CJayuae KJaacCHUECKOH
CTaTHCTHKH

1
e'ﬁpzmSpD(Xl, oy X Xy ooy Xp)dX,. . .dX .

Mol yxe oueHHBa/lH 3TO BhIpaxKeHHe nia N =1 ¢ ucnosnb3osa-
HueM MHTerpana no TPaekTopuaMm [cM. TJ. 3, Bulpaxenue (3.60)].
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Fn. 4, Knaccuseckne cuctembr N uvactuy

O6obulas 3Ty MeTOAXKY Ha caydall N 4acTHL, JBHKYIIHXCH B TpeX
H3MEPEHHUAX, NPUXOAUM K BripaxkeHusiMm (4.1) u (4.2).

Ecnu wactuuma rasa npeacraBisieT co00fl MHOTOATOMHYIO MoOJie-
KyJay, BHYTDEHHHME JBHXKEHWUS MOJEKYyJbl H IBHKEHHEe ee UeHTpa
TAKECTH MOTYT Oblib pasjes]eHbl; COOTBETCTBEHHO TEMJIOEMKOCTh
fBasieTca CyMMOH JBYX BKJaanoB. Beanuuna R; B (4.2) pacematpu-
BaeTca KaK KOOpJAHHATa LEHTPA THAXKeCTH (-H 4YacTHIBI, CTATHCTH-
yeckasl CyMMa Jjis BHYTPEHHEro JABHKEHUSf CIofla He BKJOUYaeTCs
(ona momeT OBITh BBLIYHC/EHA, €CJH H3BeCTHA CTPYKTypa ypoBHel
SHepruM, nojaydyenHas aubo no HHOpPaKpaCHEIM CIeKTpaM, JH60 nyTem
KBaHTOBOMEXaHHUUYECKOTO pacyera),

s njaoTHOH cucTeMbl (HanpHMep, >KHAKOCTH) BHYTpeHHHE JBH-
KeHHsl MOJIEeKYJ W JBHIKEHHS IeHTPa THAMKECTH ,lepenyTaHb® Jpyr
C ApYyroM H pasiejuTb MX BecbMa 3aTpyAHHTE/bHO.

B najbHefillleM MBI He 6yJeM YuMTHIBaTh BHYTpeHHee ABHXKeHHE
yacTHUBL, T. €. OyleM pacCMaTpPUBAaTL CUCTEMY KaK Tra3s HJAH XKHJ-
KOCTb, COCTOSIIIYI0 M3 YaCTHIL HHEpPTHOrO rasa.

B coorBerctBHH C (4.]) cBOGoAHAS SHEPTHS 3aNMHCHIBAETCH B BHIE

3 2 i
F=2—glnf3—|-g—gln2%h—-—%anN—|-%ln%. (4.3)
Besnunna e B nocseaHeM cjaraeMoM-—He 3apsaji 3JeKTpoHa, a oc-
HOBaHHe HaTypa/bHBIX JOrapH(MOB; OHA MOSABJSETCS B pe3yJbTaTe
UCIO/1b30BaHNa (bopmynbl CTHpJHHTA

N!z(i)NV:an, mszzv(mﬁ). (4.4)
e e
M3 Buipaxkenus (4.3) uMeem ajsi BHyTpeHHel sHepruu U
_ d(FIT)_ 3 RT? 0Zy
U——Tz—aT——2RT+m oT * (45)
rae
R =Nk (4.6)

ITonb3ysicy BeipaxkenueM (1.6), MOXKHO HalTH ypaBHEHHE COCTO-
AHUA

ULAPIE A L9} 4.7)

IIpumep. B cayuae wupeasnbHoro rasa V(R,, ..., Ry)=0, cue-
poBatenbHo, Zy=V¥, u ypaBHeHue cocrosaHus (4.7) npuHHMaer
BH]

PV =RT. (4.8)

Ecnu NpeanoJ/loKUTh, UYTO MNOTEHIHAJbHAA 3HEPTHA MOXKET OLITh
npeacTaB/eHa B BUJAe CyMMBlI MapHBIX B3auMO/leHcTBHH Mexay 4Jac-
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§ 1. Beepenne

THUAMY [ H |

VR, Ry ooy R)= X V(ry (4.9)

no napam

TO BbipaxeHHe (4.2) npHHHMaeT BHUA

ZN:Sexp[—[ﬁ > V(r,.j]dﬁRldaRg...daRN. (4.10)

no napawm

3aMeTHM, uTO BeJHUHHA Z,, onpefenseMas BbipaxkeHHeM (4.10),
CONCPKUT BCIO HHGOPMALHIO O CHCTEME, BKJ/IOYas (a3oBbil nepexox.
MubiMi coBaMu, XapakTep ¢a30BOro nepexoja B NPHHLHIE MOXKHO
paccMOTpeTh YHCTO MaTeMaTHUeCKH Ha OcHOBe Bbipaxkenus (4.10),
He 3Has HUKaKUX (uanueckux (akToB.

V(I'] OUTI. 4.1.
r

[Mpumep

HepeasTuCTHUECKOoro

noTeHIuaJaa.

-— Ug— 06BEM TPynNu

Uo (KnaCTepa) s N YaCTHL.

Breipaxenue (4.10) nokaspiBaer, 4TO NPH KOHEYHOM 4HCJe 4Hac-
TuilL N (QH3WUECKHe BeJHYHHbl He MCHOBITHIBAIOT KaKHX-MHOO CKay-
KOB; AHlIb B mnpegeje N — oo MOKHO OXHJAATh Pa3pbIBHOrO I0OBe-
JeHUs, a 3TO HMEHHO TO, YTO Hac HHTepecyerT.

IlpeanoJiokeHHe O LEHTPAJbHOM XapakTepe MOTeHIHa/la B3aUMO-
Aeficteua V(r;;) B Bolpaxenuu (4.9) He BIOJIHE CTPOTO 000CHOBAHO.
Heo6X0aMMOCTh BBeJeHHS HEIEHTpaJbHBIX CHJA HJLIIOCTPUpYeTCA cJe-
pywoumuM ¢usudeckum ¢aktoM. EcaH TPEANOJNOXKHTh, YTO B KpPH-
CTaJ,THYeCKOH pelleTKe TBepAOro Tesda CYMecTBYEeT TOJLKO B3aHMO-
AeficTBHe Mexay OMHKaHIIUMH cOCelfIMH, TO FPaHeLeHTpHpPOBAaHHAAN
Ky6uueckass U TeKcaroHaJnpHas MNJOTHOYIAKOBaHHasf CTPYKTYPHI
OyAyT HepasauduMbl. Ecau ke yuecTb B3aHMoOJeHCTBUE MEXIY BTO-
PHIMK COCENSIMH, TO M3 MPEANOJOXKEHHS O LEeHTPaJbHOM XapaKTepe
CHJ1 cJelyeT, 4TO FeKcaroHajbHas [JIOTHAs YNaKoOBKa JOJ/KHA 00-
JagaTe GoJee HU3KoOH 3Hepruefl, Toraa Kak B JeHCTBHTENIbHOCTH
6o/1ee yCTOHUHBOH OKasblBaercsi FPaHeLEeHTPHpOBaHHas KyOuueckas
CTpyKTypa (Hampumep, 3TO HMeeT MecTO I/1fA TBEPAOTO aproHa, Xu-
MHYeCKH HHEPTHOTO B rasoBofl dase).
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I'n. 4. Knaccnueckme cuctembl N uvactuy

Cso6onHasi sHeprusi F, onpenensieMas BbipaxkeHueM (4.3), He
00s13aTesbHO siBJsieTCs JHUIb pyHKIHed oTHoweHus V/N. Ecou npu-
HATb HepeasUCTHYECKHH MOTeHLHaJ/, MojOoOHBIH H306pakeHHOMY Ha
¢ur. 4.1, To 3Heprus cucremnl, rpybo roeops, OyneT NpPONOpPLU-
onanbHa CN?, rge C-—nocrofHuasi, a N—uHicno wacTui, obpasy-
omUX rpynny (kjacrep) oobeMoM v,. TakuM o6pa3oM, MOXKHO pac-
CMaTpHUBaTh JBa Mpele/bHBIX BBIpaxKeHHs AAd Zy:

ZY =e-tNicyl,
(2)
Zp=VV,
Korna temneparypa Majaa, Bkjap Z§ npu Goapmmx N Moxer mpe-

B30OHTH BKJajg Z§¥; B 3TOM cJ/ydae F nepecrtaeT ObTb (yHKUHeR
Tosbko V/N V.

(4.11)

§ 2

Bropoi BupuanbHbii
Ko3adhhuumeHT

Jns He CJOMIIKOM I[IJIOTHOTO rasa SKCIepUMeHTaJIbHble JaHHbie
OBBIYHO 3aMHCHIBAIOTCS B QOpMe ypaBHEHHS COCTOSIHHA CJeAVIOIIero
BHJA:

PV B C
A T (4.12)

rie B HasbiBaeTcss BTODBIM BUPHAJbHbIM Ko3dpuuueHtoM, a C—
TpeThUM. B sToM naparpade Mbl NoJyYuM BbipaxeHue A1 B,
MpUHEMas B KauecTBe IOTEHLUMaJa MapHbli MOTEHUKA] B3aHMOJEH-

cTBUA, BBegeHHbIH B § 1.
PaccmoTpuM cucTeMy, coctosimyio H3 (N 41) wactuu. B 3tom
cayyae Bbipaxkenue (4.10) mpunuMaer BUJ

Zywr={exp [—BEV(X—R)|exp [—p X V()| XR.
(4.13)

[lpn HMHTErpMpOBaHHK IO TepeMeHHbIM X BCe BeNHYHHB R;
cupraloTes ¢ukcupoBaHubIMH. EciM ras He CAMIIKOM IVIOTHBIHA, TO

1) Jlns onpelefeHHOro KJjacca YCTOHUHMBLIX IOTEHUHaN0B CBOGOLHAsi SHEpPrus
ecTb Gyukuns V/N H TemmepaTypnl B TePMOJAHHAMHUECKOM Tpejeae, T. €. NpPH
V — o, N > o, V/N=const. [las ycTOHYHBLIX NOTEHUHANOB 3TOT Ipejes cy-
mecTByeT. Hanpumep, Ansi cyllleCTBOBaHHSI TePMOAHHAMHYECKOrO Mpejesna MOXKHO
noTpe6oBaTh AOCTATOUHO OBLICTPOro Y6LIBaHHA NOTEHUHala Ha OOJBLIHX PaccTos-
HHAX H JOCTATOYHO CHJILHONO OTTaNKuWBaHust Ha Majybix. Ilocennemy yc/oBHIO He
VI0BAETBOPseT noTeuHana ua ¢ur. 4.1. TouHble yc/I0BHSI CYILIECTBOBAHHS TepMo-
AvHaMHuecKoro npepesna cM. B [12].— ITpum. ped.
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§ 2. Bropo# eupHanbHbiA KOIDHUUMEHT

obbeM, B mpejesnax Kotoporo norenuuan V(X —R;) CyllecTBeHHO
OTJIHYEH OT HyJfd, MaJ, H MOXHO NPHOJIHAKEHHO 3aMHCaTh

Zya = VZy. (4.14)
M3 coorHolenns (4.14) MOXKHO BblBECTH YypaBHEHHe COCTOSIHHSA

uaea bHOro rasa. UToGwl MoayuuTh 6ojee TOUHYIO OUEHKY 1A Zy,y,
sanuiieM BrlpaxkeHue (4.13) B BHIe

Sexp[—ﬁlZV(X—Ri)]exp [_s 3 V(r,~j)]d3Xd3NR

110 fnapam

yA— . X
N+l Sexp [—5 Z V(fij)} A3V R
o napam
xfexp[—p I Viry|drR. (4.15)

Oruomenune, BXojsuiee B 3Ty (GopMyJay B KauecTBe NepBOro
MHOKHTEJA, NpeacTtaBadeT co60# B3BellleHHoe cpeaHee oT BeJUYHUHBI
| »
{exp [—[3 > V(X——Rl-)} dsX.
o fnapav
OHGHHM 9TO CpenHee 3Ha4YeHHe, npeHe6peraﬂ TpeXLIaCTH‘-IHbIMH

CTOJIKHOBEHHSAMHE, 4 TaKxKe CTOJKHOBEHHAMH OoJiee BBICOKOTO I0-
psiaka. DyxeM cuHTaTb, 4TO napa GJH3KO PAacHOJOXKeHHBIX YaCTHLL

. RL . . .RJ' [}
. . . R;e .
L4 ] * L] . b .
a 0
OUrl'. 4.2.

BecoBble MHOXKHTENH, HUCIoNb3yeMble NPH BBIBOAE YPaBHEHHS COCTOSIHHS
HleaNLHOTO Trasa.

B cayuae a BeCOBOM MHONKHTENb DaBeH ejUHHIe, B clydae 6 OH paBeH
exp [-BV (R;—=Rp].

R; u X cuapHO yjhaseHa OT JOGOH JApyrofi dacTHUBI Rj. Taxkoe
NpeAno/oKeHHe PABHOCHJABHO 3aMeHe BeCOBOTO MHOXKHTeJH

exp [—B ;; 4 (f,-,)]

eqnnuuel (pur. 4.2), Korma vactuna X npubauxaercs K R;, Kak
Ha ¢ur. 4.2, 6, Mbl HMeeM Tpex4aCTHYHOE CTOJKHOBeHHe Mexay X,
R; u R, Gyzaem nostoMy npenebperatb Koudurypauuei, npexcras-
JIeHHo#i Ha ¢ur. 4.2, 6.
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I'n. 4. Knaccuyeckme cucremsl N uactuy

Ecnu npene6peus TpeXyaCTHYHBIMH CTOJKHOBEHHSIMH H CTOJK-
HOBEHHSIMH BHICIUMX [OpPsiAKOB, TO BMecTo (4.15) MOXKHO 3amucars
clenytoliee npubauKeHHOe BhIpaKeHHe:

S exp [_ BV (x_R,-)} 43X &N R

Zyii Zn, (4.16a)
{awr
S X { S exp |— BV (X —R)] d"R}N
- o Zy. (4.166)

[TpousseneM Tenepb npeobpasoBanue
Se-ﬁV(x-R)daR:V_S [1—e-BV X=R)] g3R (4.17)

H 0603HaUUM BTOpOE cJjaraeMoe uepes a:

GES [1—e=BV (] 4mridr. (4.18)
0

Hcnonbsya coorHomlenue (4.17) uan (4.18), sanuiueM ypaBheHue
(4.166) B BHIE
V(V—aN

o I (4.19)

Ly =

Mbl mOyYHIH PEKYPPEeHTHOE ypaBHEHHE 175 Zx. Y3 Hero ciepyer
Lle[I0YKa ypaBHEHHH

Zy=V (1= )" 2y,
Zyoy=V (1-%)”'221\,_,, (4.20)

Z,=V.
[lepemuoxasi Bce ypaBHeHHs (4.20), umeeM

a \(N=-1)+(N=2)+...+1 a \N (N-1)/s
ZN.__VN<1___V_) =VN<1—7) . (4.21)

Ecau N oueHb BeJHKO, TMOCJAefHee BBIDAXKEHHE MOMXKHO 3dMEHUTh
NpUGJIVKEHHBIM:
Zy~ VNe=Ntasev, (4.22)

duanueckH# CMBICJ IIOJYYEHHOTO 3KCIOHEHLHAJbHOTO MHOMXKHTeas
COCTOUT B TOM, YTO Kaxjas [apa YacTHI BHOCHT B CTaTHCTHYe-
CKYI0 CyMMy daktop Buaa e~ ‘@/V.
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§ 2. Bropo# sMpmnanbHeiii KO3PUUHEHT

O6vennnan ypasHeHna (4.22) u (4.7), HETPYHLHO [OJYYHThH
ypaBHeHHE COCTOAHHSA

=, (4.23)
PV V9 Nta :
o PV N
a
=1+ (4.25)

ConocraBnsisl ero ¢ ypaBHeHneM (4.12), mosyuyaeM BBRIpaMeHHE s
BTOPOT0 BHpHAJbHOro Koabh(pHIHeHTa

N
B=3. (4.26)

STOT pe3yabTaT #ABJsETCA TOYHBIM B TOM CMLIC/E, YTO BC@ OTGpO-
IICHHbIE CTOJKHOBEHHUA (TpeX- ¥ MHOrOYAacTHYHREIE) JAlT BKJaj]
JHIIb B TpeTHl BHpHANbHBI KO3((HUHEHT H B 4ieHbl Gosiee Bhi-
cokoro mopsaiKa B (4.12).

Vi OUr. 4.3.

50(f') Mpeanonaraemsbiii Bun
noTeHilHaJja

MEXKMOJEKYJSIPHOTO

B3auMomelicTBHS.

Hpunep. PacemoTpuM noTteHuwnan, u3obpameHubldl Ha ¢ur. 4.3.
Torna Boipaxkenne (4.18) MOXKHO BBIUHCJIHTB:

b @
a= S (1—0) 4m=dr+g [1 —ebBo (] 4mr2dr; (4.27)
0 b

NpH BBICOKMX TeMnepaTypax ero MOKHO amnlpOKCHMHPOBATb Bbl-
pa:KeHHeM

daps 1
a:—%——m‘s‘(p(r)etnrzdr, (4.28)
h

HJI¥ B COKpauleHHOH ¢opme
D
a=uv,— 7. (4.29)
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n. 4. Knaccuueckmne cuctemnl N vacrmy

IloacraBassi 3T0 BeIpa:keHue B (4.24), uMeeM

P ND ,
RT — T+ 2V VT (4.30)
I‘IHCKOJII)KO XOpOIllO 3TO ypaBHEHHe ONMUCHEIBAET 3KCNEPHUMEHTAJILHEIE
NaHHble, MOXKHO BBISICHHTb, CPaBHHMB €ro ¢ ypaBHeHHeM Bau-zep-
Baanbca; HocaenqHee XOpOHIO COFJIEleeTCﬂ C axcnepnmem‘on H
HMEET BHI

(P +‘;ig)(v—bw)=RT. (4.31)

YpaBuenne Bau-nep-Baanbca MoxHO NpeAcTaBUTL B BHJAE pas-
JOMEHU A

PV — au/RT
RT — I + vV

+V2+"' . {4.32)
Ioaaras NV, 2=b, n ND/2=a,/R, Mbl nosaydaeM ypasHeHue (4.30)
¢ TOYHOCTBIO O BTOPOro BHpHaJbHOro kosbhduumenra. Ecan cmpa-
BeIIHBO ypaBHeHne Ban-zep-Baaasca, 10 BTOpofi BHpHa/bHBIH
Ko(pdulHeHT JaeTcs BbIParKeHHEM

By==b,— 5% (4.33)

OcofeHHocTs 3TOr0 BHIpAXKEHHA COCTOHT B TOM, UYTO IOCKOJBKY
a, >0, Beanunna B, CTaHOBHTCS OTPHUATEJIbHOH INPH HH3KHX

B QUI. 4.4,

/__\— DKcnepHMeHTa/bHbIe
JaHHble 1%

0 T ra3oo6pasHoro reaus
23K : (3aBHCHMOCTL BTOpPOTO
BHPHAJ/bHOTO

KosdxpHitenTa oT

TeMIepartyphl).

TemiepaTypax. JKClNepHUMeHTa/ bHble JaHHbE I Teads NMPHBEIeHbE
Ha ¢ur. 4.4. Heboublioe yObBaHHe B, 1Py BBICOKHX TeMmilepatypax
He cjexaveT M3 BeipakeHui (4.33) uam (4.30). Heo6xoznmo noMHuTh,
yTo ypaBHenHe (4.30) OCHOBaHO Ha NPEANOJOXKEHHH O B3auMopei-
CTBHH THIA TBEPABIX IIAPOB, KOTOPOMY COOTBETCTBYET HOTEHIHAJ,
n306paxeHuulii Ha ¢ur. 4.3. B JeficTBUTENbHOCTH NoTeHuuan  V(r)
B TOYHOM BbipaykeHWHu (4.18) aBjagercss He COBCEM KECTKHM IMpH
r < b, Tak 4TO NPH BBICOKHX Te€MMEpaTypax, KOra YaCTHUbI CHJbLHO
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§ 2. Bropoi BupHarbHbiH KOdhdHLUEHT

COVAapsAIOTCS APYT € APYTOM, OHH MOTY1 cOJHXKAaThCcA Ha paccTos-
HHE, Menbliee b. 3TO NPHBOAWT K YMEHBUICHHIO pajHyca ,TBepIOTO
Hlapa“, a cJaeloBaTeqbHO, H K yOblBaHHO B.

YHucaeHHbie pe3yabtathl. Mcnmoab3ysa B BhipaxeHud (4.18) mno-
teHinaa Ciastepa

V(r)=e™" -2 (4.34)
Hau notennuaJa Jlennappa-/lxonca
& 5

V(r)= , (4.35)

P g6
MBI MOYKEM BBIUHC/MTbL 4. 3aMeTuM, 4YTO B BhIpakeHHaXx (4.34) u
(4.35Y w1en r~® ofyc/0BJeH BaHAepPBAaJIbCOBCKHM MPUTIKEHHEM.
B rtata1. 4.1 npuBeneHbl UHC/JAEHHblE pPe3yJbTaThl (B KaJ/MoJab) AJf
razoofpa3Horo Trequd.

Tabnuua 4.1

T. K Bglfl:ucn BHaGn :&ﬁfé‘n

350 10,80 11,60 10,82

250 11,34 11,95 11,16

100 10,75 10,95

35 4,80 4,44

20 —6,95 —4.00 —5,14

15 —20,0 —14,0 —15,1
* Hcenonnsyerca norengnasn Castepa (em. [17]).
** CMm. paborty [2].

B stoM naparpade Mbl npeHeGperaH BJAHAHHEM KBaHTOBHIX OG-
MeHHBiX 3(QdeKTOoB HAa BTOPOH BUDHAJLHBIE KO3(GDHLHUEHT, 5TO BAHA-
HYUe HauHHAaeT CKa3bIBAThCH TOJABKO NIDH TeMmNepaTypax Hike | K.
O6mue cchliKKW Ha padoThl, B KOTOPEIX 0GCYKAAeTCs BTOPOHR BHpPU-
anpHbli Kospouient, cM. B (3, 4].

3adaua. Jns cMecH ABYX ra3oB, OTHOCHTEJNBHBIC JOJH KOTODPBIX
B cMecH paBuel X; H X,, mpuuem

X, +X,=1,

noKasaTb, UTO BTOPOH BUpUanbHbIH Kos(hdUUHMeHT AaeTcst BhIpa-
KEHHEeM
B=B,X:+2B,.X X,+ B,, X}
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n. 4. Knaccmn-eckmne cucremsi N dactiy

$ 3
pynnoeoe
pasnoxeHnune Maiepa

B cooTBercTBHH ¢ Bblpa)ieHHeM (4.2) KjaaccHuecKas CTATHUCTH-
gecKasi CcyMMma Qs B3aumogeficTByiomero rasa u3 N dacTHy

HMEET BH],
- 1 mkgT 3N/2 )
e ﬁF:=NW<5;ﬁ;> Zy, (4.36)
Zy={ e~ B (Re Ra o RN @3R 3R, ... dOR p. (4.37)

Kak yxe ykaspBajoch Bbille [cM. (4.12)], ypaBHeHHe COCTOSHHSA
MOXKHO MNpPEJCTABHTb B BHJE BHPHAJbHOIO Pa3JOKeHH:A

PV B, C .
R—T=1+T+V§"+---’ (438)

sgech B-—BTopo# BuUpHanbHbIH KosdduuueHT, C—TpeTHA U T. A.

C noMoubio 3TOTO (POPMANbHOTO Pa3I0KEHHH B [IPUHLIHIIE MOKHO
NOJYYHTL Bce BUpHaJbHble KosdhduuueHTs. B cBoe Bpems cuHTa-
JOCh, 4TO BHpPHA/JbHOE PAa3JOKEHHE MOMKET OIUChIBaTb TaKxKe
TPOHHYIO TOUKY M KpHTHYeCKHe SBJEHHS, OJHAKO 3TO Hakexna
He onpaBjanacb. [lo mpuuuHaMm, KOTOpble Mbl OGCYAUM IO3IHEE,
n31araeMasi Hixke QopMmasabHas NporpaMma OKasaJjach NPakTHYECKH
HEOCyIIeCTBUMOH.

B nanbueliiieM Mbl GyaeM MoJ4adadBO Ipeipnotaratb, 4to [-ii
BUPHAJbHBIE KO3(PODUIIHEHT onpeesseTcs B3aUMOACHCTBUAMH B IIpe-
Jenax [-yacTHMYHOH rpynmnbel (kKJaacTepa) 4YacTHLL.

Bynem npeanoaarats, uto V(R;, R,, ..., Ry) MOXHO 3amnucatb
B Buge »V(r;); Toraa
ZN:Sexpp—ﬁszn»wa. (4.39)
OGo3HauuM
Wy(Ry Ry oovs Ryy=exp [—B 2V (riphs (4.40)
TOTJa NPH HAJHYMH OAHON YaCTHLEBI
Wi (R)=eP0=1; (4.41)

Ana ABYX, TpeX H 6oJiee yacTHIl uUMeeM
W, (R, R,)= e~ BV i),
Wi(Ry R, Ry)=exp{—P [V (ry,) +V(ry)+V (ri)]} nr. n. (4.42)
OGo3Hauum
W, (R,)) =U(Ry); (4.43)
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§ 3. Ipynnosce paznoxeHue Mariepa

nycte  HMeetcs N Touek, XapakKTepH3yeMblX  (PyHKIHeH
WaL(R,, ..., Ry), u nyctb ToukH 1, ..., M pacnosoxkensl jganeko
or touek M1, ..., N; Torzma

‘Y/N(RI’ ey RN)N WM(R11 seey RM) WN—m(RM+1‘y “ oy RN)

Hanpumep, ecimn N =2 n Touka R, naleka oT TOodkH R,, 10
W, (R, R,)~U,(R)U,(R,). Ectu Bce TOUKH pacno/oxeHs O6/1H3KO
APYT K APYry, 370 NpubixKeHHOE PaBEHCTBO CJAENYET CKODDPEKTH-
poBaTb, jgo6aBMB B mpaByio yactb uieH U, (R,, R,), KOTopm cTa-
HoBUTCA OOJBIWIMM JHWEL TOrjga, Korja Todku Ry ¥ R, OAu3KH
IApyr K ApYyry.

Taxkum obpasom, W, (R;, R,) MOXHO 3alucaTb B BHJE

Wg (Rl’ R2)=U1 (Rl) Ul(Rz)_"’Uz(Rl’ Rz) (444)

Awvanoruuno W, (R,, R,, R;) MOXHO INpEICTaBUTb CJAEIVIOLLHM
o6pasom:

Wa (Rv R,,R3)=U(R1)U(R2)U (R3)+
+ U, (R, R)U(R) +U, (R, R)U(Ry) -
+U, (R, ROU{(R)}+U;s(Ry, Ry, Ry),  (4.45)

rre U, (R,, R,, R;) — BKkaax, oO6ycaoBJeHHBIH KOHOUIypaluen,
B KOTOpPOH BCe TpH YacTHLUEL HaXomATca OJH3KO ADPYT OT ApYyra,
T. e. ofpasyloT KJjacTep; B nporuBHoM ciayuae U;(R,, R,, R;) =~ 0.
Boo6ue

WyRy, Ry ooty R)=U(R)...URyn+ ...+
+UN(R1'9 Rg, “e ey RN) (446)

IMpuBefeHHYIO BEIILIe CUCTEMY YPaBHEHHI MOXKHO 3amucaTb B LpYTo#
dopme. Tlonaras U,(R;, R;)=[;, umeeMm e BV (’i/’=1+f,-j H, Co-
raacuo (4.40),

Way(Ry Ry vves RN)x[I;[’(l-{-f,.,). (4.47)
Hanpumep, npu N=3
W3(R1’ R'Z’ R3)= 1 +f12+ f13+f28+f12f23+ f13f23+ f'z’i3+f12f23f13°

Kaxjoe oTAesibHOe cJjlaraeMoe B 3TOH CYMME MOXHO [pPEICTaBUTDb
C TMOMOWIBI0 AMarpaMMHl, cocTosmled u3 Touek u Jaunui. Tax, aas
N =3 MoxHO Hanucathb

2 3 3 3
e, | fae ., fxzfzs“’.A fxzfzsfu*"A-
1 2 1 2 1 2 1 2
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n. 4. Knaccmueckme cuctembt N uactuy

Ecan G —cumBoa auarpammel, a W (G)— uuTerpasa no sceMy Koop-
AHIATHOMY HDOCTPAHCTBY /s COOTBETCTByMOleH 3TOH auarpamme
GVHKLBU, TO HMeeM
=21W (G). (4.48)
G

316ck CyMMHPOBaHHE HPOBOJNHTCS HO BCEM BO3MOXKHBIM AHArpaMMam
¢ N vouxkamu. [las HeCBf3HLIX AHArpaMM, HanpuMmep AJs8 JHa-
rpamMbl BHJA

4
*——e
1 2
dvuxung W (G) naeTcs npousBefeHHEM COOTBETCTBYIOIIMX BeJHUHH
119 KaxJoil H3 HecBsi3aHHBIX ee 4dacTed. Knacrepy uz N Touex

COCTBETCTBYET CyMMa BCE€X BO3MOXKHBIX JHarpamMm, B KOTOPBIX 3TH
TOUKY COCAMHEHBLI JIUHUAMH, HAMPUMEp:

3

3 3 3
Us(Ry, Ry Ry = N\ + AN\ + L.+ A\

12 12 12 12
Beanunubl Uy Takke MOryT ObiTh BhipaeHsl uepes W, ..., W,.
Cornacno (4.43), U, (R,)= W (R,), a cornacno (4.43) n (4.44),
Uy(Ry, R)=W,(Ry, R)—W, (R)W (R,). (4.49)
Anagoruuno u3 (4.45) n (4.49) caenyer

U3(R17 sz Ra):W3 (Rl’ sz R3)_2W2(R1’ Rz) Wl(Ra)+
W, (R)W, (R) W, (R,), (4.50)
rje
Z‘Wz(Rv RZ)WI (Ra)EWz (Rl’ Rz) W/l (R3)+Wz (Rzr Rs) Wl (R1)+
+ Wi (R Ry) W (R,).

B ofiiem cayuae

U(RY=U,(Ry ..., )W[(Rl, ey R)—
~2W R,,R Wi y(Re ..., R)+.
=D WRY) L WL(R)), (4.51)

nprueM KO3(pQHUHENT npy unere ¢ k rpynnamu paseH (—1)%~! (k—1)!
TaxiM o6pazoM, MBI MPHXOIHM K CJEAYHOIIEH Teopeme:

Teopema. Bee U, (RY) moeym Gouns Hatifenor, mak kak 8 cury
(4.51) onu supasxcatomesa depe3 W, a me 8 c8ow ouepedv onpedeis-
romes coomrowenuen (4.40). (4.52)
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§ 3. Mpynnosoe pasnoxeHue Maiiepa

Ilpu r060M KOHKpeTHOM pa3bueHHH N yacTHL GyjaeT HMEThLCs m,
KJacTepoB pasmepom [ <an 3ToMm, pasymeercsi, X lm,=N
I

Hanpumep, kak Jerko BuieTb H3 cooTHolieHusa (4.45), raz us
TPeX YAacCTHIL MOXHO pa36HTb Ha CJELYIOUIHE KJacTephl:

a) 1 KJacTep H3 Tpex HacTHI: Mmy=1, m,=m, =0,

6) 3 kJactepa N0 ofHOH wactuue: m, =3, m,=m,="0;

B) | kJsactep M3 ABYX 4acTHU H 1 KJjactep W3 OAHON HacTHUbl
(310 pasbuenHHe MOXKHO OCYLIECTBHTb TpeMs crnocobamu): m,=m,=1,
my,=0.

M3 npusepennblx paccy:kueHu# H cooTHolieHHH (4.45) u (4.46)
cJenyeT, 4yTo

Wn(RN)=Sm, [T U (RY, Nim,=N, (4.53)

rune S(ml) 03HayaeT CyMMHpOBaHHe MO BCEM BO3MOXKHDBIM paSﬁHeHVIHM

uyucia N yacTHIL Ha rpynnel (KJaacrepol).
O6vennndasn (4.37), (4.39) u (4.40), umeem

W , -
E’ATV g NdA (4.54)
ITocTpouM Tenepb BeJHUHHY

1
b, :V—HEU, (RY)dR, ...dR,, (4.55)

KOTOpasi H3BeCTHA MOJ Ha3BaHHeM epynnosveo uxnmeepaira Maitiepa.
M3 Boipaxenuit (4.51), (4.53) u Teopemnl (4.52) HMeeM

1
XN=mS(ml)H§U1(R’)dR1- dR,# S(ml)H(W'bz)‘

OzxHako ecau, Hanpumep, N =05, 1o npousBesenne U(R,, R,) X
XU (R, R,)U(R;) maeT TOT ke BKJaA, 4YTO H NPOH3BELEHIe
U(R,, Ry)U (R,, R)) U(R,), cooTBeTCTBYIOUIEE APYTOMY DPa3GueHHIO
YacTHIL C TeM K€ HabopoM YHCeld /1, T. €. KaXKJIOMY M3 BO3MOKHBIX
HaGoPOB 11, COOTBETCTBYET HECKOJBKO 4/IEHOB, AAIOUIHX OJHHAKOBEIH
BKaakd. UToObl onpenesuTh YHCJIO0 TAKHX YJEHOB, CJEIVET VUeCTh,
4To A5 N KOOpPAHHAT BO3MOXKHO N! nepecTaHoBOK, NpHYEM Kax-
Jlasi Takas IepecTaHOBKa COOTBETCTBYET ONpeleIeHHOMY CJaraeMomy
B S(m; ¢ NaHHBHIM HabopoM m, OnHAKO Mbl yYHTBIBAEM KaIblH
ujgeH 6ojee oxHoro pasa. Ham He ciefyeT Y4HTBIBATL pas/iHYHbie
NepecTaHOBKH KOOPAHHAT B apryMenre jpaHuoil ¢yHkuuu U [Ha-
npumep, U(R,, R)=U(R,, R,)]. Ham He cnenyer raxxe pac-
CMaTpHBaTb KakK OTHeJMbHOE CJaraemMoe pe3yJbTaT MNepecTanHOBKH
pasauunbix Muoxuteneft U mexny cobolt [nampumep, U (R,, R,) X
XU (Rgy R)U (R)=U (Rgy R)U (R, Ry U(R,)]. Taxuu oGpa-
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Fn. 4. Knaccuuecwkme cuctembr N uactuy,

30M, J151 jaHHoro Habopa rm, HMeeTCsl JIHLIb N!/H(l!)’"lml! pas-
!
JHYHBIX CJlaraeMbiX, TaK YTO MOXHO 3amucaTb

Xy=2= LY TP Py ST (456
N! N 1 (l!)mlmll {ml} { ml!

ri1e CYMMHPOBaHHe HO {m;} NMPOU3BOAUTCS MO BCEM BO3MOKHBIM Ha-
Gopam m;, npuuem X lm;=N.

BaxHo 3aMeTHTb, 4TO B cjaydae OO0JbLIOrO 0GbeMa IPYIIOBbie
HHTerpajdel b, He 3aBHCAT OT oOveMa. B 3ToM MoOXKHO YyGeaHTbCs
clexyiouuM o6pasom. Beawunun U, (RY) obpamaiorcs B HyJb, eciu
yacTHUE! He obpasyior KJaactep. Pukcupysa dR, u usmensia dR,, ...
..., dR, Mbl moJlyyaeM HEKOTODOe YHCJO, COBEPIIEHHO HE 3aBUCH-
uiee oT o6beMa, Tak Kak Benuuuna U, (R!) OTJIHYHA OT HyJsA TOJLKO
Torja, Korga ToukH R,, ..., R, Jaexar BOausH R,. ITostomy wun-
Terpaa o dR, aaeT BeJHYHHY, NPONOPUHOHATBLHYIO 00beMY V, u
B CHJY ONpeJeJIeHHS TPYMNNOBOrO HHTerpana b, (rme o6beM CTOUT
B 3HaMeHaTeJle) Beli4MHa b, oka3kiBaeTcs He 3aBHcsAlIel oT o6nemal,

Tenepb HaM HeOOXOAHMO BLIYHCJIHTL BEJHYUMHY X, Onpese.ise-
My1I0 BrpaxkenueM (4.56). PaccMmaTpuBas pesyJ/bTaT aHaJOrHYHOTO
CYMMHPOBAaHHSI, NPOBOJAHUBIICTOCA paHee B CBf3H ¢ KBAHTOBOH cTa-
THCTUKOH MHOrOUaCTHYHLIX CHCTEM, 3ameyaeM, 4TO X, BEIYHCJASETCS

6e3 TpyJa, eCJH MOXKHO CHATH orpanuuenue X, m,l= N. Hcroassya
- )

TOT K€ METOH, YTO U paHee, ONPeeJHUM BeJHUHHEI
- 3N
e BFN:L m /2 7
N1\ onh2p N

e—ﬁg—_—;e_ﬁ(FN—“N)=ZOLNXN, (4.57)
N

Oanako BHINOJHEHHE CYMMHDOBaHHs CHauala 1O BCEM m, ¢ yclo-
Bienm M Im;=N, a 3atem 1o BceM N, OueBH/JHO, SKBHBAJEHTHO
CVMMHPOBAHHIO N0 BceM m; 6e3 orpaHuueHHfl, T. e.

im
e N Y ey e (Vb)™a™ (Vby)™s 02
BTN | EURCUEESS :
m

my! my! e
My, Mg, ...

= eXxp [VZoclbl] ,
3
g=— karvzl‘,alb,. (4.58)

© CTporoe n0Ka3aTeJbCcTBO CYWIECTBOBAHHS mpejeda AJds CPYNIOBOCO HHTer-
pada npd V— o0 oM. B [9,13,14]. — [Hpun. ped.
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§ 3. Tpynnosoe pasnoxenue Maiiepa

Cootnowenne (4.58) uasbiBaercsi epynnoseim pasaoxceruesr Maiepa.
Coraacso (1.51),

Ny=—2E TV loc“‘gs—b[ =V laib,,
) [ !

TAK 4TO BbIpaxKeHHe
o= =% 1at, (4.59)
!

onpeje]sieT BEeJHYHHY o TPH H3BeCTHOH TiaoTHOCTH. CoriacHo
(1.53), mas naBJeHHsT HMeeM

_ g _
P=—= X —kBTE alb,,
{

OTKYJa InoJydaeM ypaBHeHHe COCTOAHHA n
Zblal
PV PV 7
L= L - 4.60)
RT =~ NeaT — S b0 (
=

[Ipu MaablX IIOTHOCTSX, KaK BHAHO M3 Bbipaxenus (4.59),
BeIMUMHA o Maja; torga al*l<«al, tak uto B pasaoxenuu (4.60)
cjefyeT COXPAHUTh TOJNbKO HECKOJbKO MepBbiX 4jeHoB. IIpu MaJjbx
! He cocTaB/jfieT TpyjAa BhUHCAHTDL b,. O6pawas Bbhpaxenue (4.59),
noJyuyaeM o B BHJe pasioxkeHus no creneusiM 1/V; sanuceiBas, najee,

PV B C
=ltytgrt.

nneeM
Bz_fg—N:%S[1—-e—BB<rn)]dR2, (4.61)
1L
C :‘ﬂ’ﬁb?ﬁs — 432__%_2 SS (2— =BV (ria) — =BV (rs0) =BV (rea) |-

+e—B[V (r”)+V(r“)+V(’13)|)dR2dR3. (462)

[pu BLICOKMX IJIOTHOCTAX TpynmoBoe pasjoxkenue Mailepa nepe-
cTaeT GbITL MOJe3HbIM. Jleq0 B TOM, 4TO NMpH OuYelb 0O0JIbUIOH MJOT-
HOCTH (KHAKOCTb) Hanbo/jee BAaXKHBIM B pasJiOKeHHH CTAHOBHUTCA
N-# uien. Tounee roBopsi, MOUYTH BCe YACTHOBL OKa3blBalOTCA
BKJIOUEHHBIMH B OuYeHb OOJbIIOH KJacTep, TaK UYTO B KHUJIKOCTH
Bce yacTHUbl 00pasyloT no cymiecTBy N-uaCTHUHBIK KJjacrep.

D) YVpasuenus (4.60) u (4.59) onpelenqaioT ypaBHeHHe COCTOSHHSA HefBHBIM
o6pasom. [l1s TOAYYEHHs SIBHOTO PAa3JIOKEHHS MO CTENEHSM MJIOTHOCTH HYMCHO
HCKJIOYHTbL MapameTp o. 10 MOXHO cgenarb 8 ofmem BHie (cM. [10] wau
[11], npunoxenue 1).— Ilpun. ped.
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In. 4. Knaccuueckme cuctembl N wactuy

I'a3 teepabix ctep. Tenepb nocrasMM BONPOC O TOM, YeMy paBHa
CTATHCTHUYECKAsl CyMMa rasa TBepJblX LIapOB, TOUHEE ra3a, 4acTHLUbI
KOTOPOro sABJAOTCS MajblMH HeNDOHHIAaeMbIMH chepaMH, jJefcTBY-
OIMMH APYT Ha JApyra JHUb NMPH CONPHKOCHOBeHHH. K coxa.e-
HHIO, OTBETa HA 3TOT BOMPOC [0 CHX IOP He CYLIECTBYET, MO3TOMY
nocraBuM ero unaue. Mmeem

Zy={ d'R,
rje NpH HHTErPHPOBAHHMH CJEAYET yUecTb, YTO HHMKaKHe jBe dac-
THOBI He TNOIAXOMAT JAPYr K Apyry OJHiKe, YeM Ha paccTofinde 2a
(a—paauyc coepnl). B 1o xKe Bpems
VN — S dVR,
r1e Ha MHTETPUPOBAHHME He HaJaraeTcss HUKaKHX OrpaHilyeHHH.
OTHoOleHHe 5THX JABYX MHTErpaloB (aKTHUECKH Onpeje’ser

BePOATHOCTb TOro, uyro M3 N 4acTHL, ,BNYLEHHHIX® B 06bem V,
HUK2KHe JBe He MOJOHAYT ApYyr K apyry Gauxke, ueM Ha 2a.

$ 4
PapuanesHas thyHkums
pacnpegeneHus

Paccmorpum cuctemy u3s N uacTHI, MeXAy KOTOPBIMU CYIIECT-
ByeT mapHoe B3auMojelcTaie. CTaTHCTHUeCKasi cyMMa Zy HMEeT BHL

Zy = { exp ‘—ﬁZV(rU)J d*VR. (4.63)
i

[TnoTHOCTL BEPOSITHOCTH HaXOXKAEHHs wacTHubl | B Touke R,
yacTHUBl 2 B Touke R, u 1. 1. paBHa

%vexp [—BV(R,, ..., RN)]

(MuoxuTeab 1/Z, obecreynBaeT HYXKHYIO HODMHPOBKY).

BeposiTHOCTb TOro, 4YTO naHHas 4acTHUA (HalpuMep, dYacTuua 1)
Haxoautcsi B Touke R,, a ocrasbhble yacTHLBI pacrnoNOMKeHbl I1PO-
U3BOJBHO, JAeTCSsl BBIpaxKeHHeM

Z—lv S exp [— BV (Ry, ..., Ry)] d*R,dR, ... d°R,,.

[TockosbKy Bcero umeercss N 4acTHI, IJOTHOCTb BEPOSITHOCTH
HaXOoXJIeHHs OJHOH U3 HUX B TOuKe R paBna

”1(R>=%Sexp [—BV(R,, R, ..., Ry R, ... d5Ry =
N ’
=556Xp [——ﬁ > V(r,-j)] dR,...dRy;  (4.64)

110 napam
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§ 4. PaguansHas yHKUMs pacnpegeneHus

BEJHUHMHA 71, €CTh OAHOYACTHUHAS TJIOTHOCTb, HJIH O0HOYACMUHHAR
pyHryus pacnpedeseHus.

JlpyxuacTuunas (yHKUHs pacupegeneHus fn,(R,, R,) onpeze-
JsieTcs caeIyOMUM 06pasoM:

. NWN— N
ny{Ry, Ry)= —%Sexp [—[3 Z 1% (fi,-)] d*R, ... PRy

Mo mapam

(4.65)

Besuuuna n, eCTb NJOTHOCTb BEPOSATHOCTH OOHAPYKHTb OAHY
yacTHUY B Touke R,, a apyryio—B R,. [aa XKHAKOCTH U1 rasa
n, (R, R,) sBasiercst pyHKIMeH pacCTOSHHSA MEXAY ABYMS YacTHUAMHU:

g (Ru Rz) =11, (r1-:)~

O6wHil XapakTep NOBeJeHHs BEJHUHHBI f, (r) ToKazan Ha ¢ur. 4.5.
Ilpu 7 — oo BeNHYHHA 7, (r) CTPEMHTCA K n}, TAe 1, — OJAHOYACTHY-

71g(r)

QUT. 4.5.
IOeyxgacTuunas QYHRLHUA paclpefieseHns.

nas GVHKLHSA pacmpejeseHHs; 5TO 0OYCJIOBJEHO TEM, YTO IPH yBe-
JMYEHHH paCCTOAHUA CYUIECTBOBAHHE OAHOrO AaToMa He BJHfAET Ha
pacro.ic:KeHHe Apyroro aroma.

Patnaibnas GyHxUusa pacnpeieneHHus n,(r) BXOAUT B BhIpaxe-
HHe, omiceBaloulee AX(PaKIKiO PEHTTEHOBCKHX Jyuell HJ/IH HEHTpo-
HoB (¢ur. 4.6). PenrTreHoBckoe H3JIyueHiie majaeT BJOJb OCH Z H
pacceliBaeTcsl  aTOMAaMM; pAaccessHHOE u3JyyenHe Halgwoxaercs
B Touke P, nHaxojsmefica rjpe-To Ha O00JBIIOM PacCTOAHHH OT
RKUAKOCTH. AMIUINTYAAQ H3JydeHus, Hadmojgaemas B Touke P, paBua
CyMME AMIUIHTYH, pacCestHHBIX Kax/JblM A4TOMOM H HMEIOUIHX BUA

SRR
a(9) 5

3neck R— paccTosinde OT paccenBaiollero atoma, a(0) ykasbiBaer
BO3MO/KHYIO YIJIOBYIO 32aBUCHMOCTbL paccesiHusi, KOTopas AJs Halwmx
lieJeli HecymlecTBeHHa. YuHThiBas ¢asy mnajgawomed Boaubl eK7Z,
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Tn. 4. Knaccuyeckue crcremnbl N uyactuy

3anuuieM aasi aMIIUTy bl

,th kZ
_a(6)2< and 1). (4.66)

OUT. 4.6.

Jdudpakuns peHTreHOBCKHX Jyuefi.

2 — HanpaBJieHHe NaZalolUX Jyuei

C BOJIHOBbIM BEKTODPOM Knan; P - TOuKA
HabntofeHns; C — NPOH3BOJBHBIE LEHTD
PaCCesHHA B XKHIKOCTH (MOMKHO NMPHHSTH,
uto 2=0 B TouKe C); ip — eHHHUHEIH

BEKTOP B HaNpaBNeHHH pacCesHHOH
BOJIHEl C BOJIHOBbIM BEKTOPOM K —klp

st Touky nabmoneHus P uMeeM NPHUGIHKEHHO
Rip=Rcp—R;-ip,
TaK 4TO MOKHO 3aMucarth
kZ;=Kusn R}, kip=Kpe,
1 BhIpaxeHue (4.66) npHHUMaeT BUI
th cP

=a (9) “Rep 2 e” K C'R/e[Kﬂan'Rj,

UIH
' JFRep
A=a(0) —5— Reh —(, (4.67)
rie
Y .
G:%‘exp [l(Knan'Rj_ pac” ]'”‘Zexp ("q Rj)
H
qEKnau_KpaC’
Jl1A HHTEHCHBHOCTM [ paccesiHHBIX PEHTFEHOBCKHX Jyuel HmeeM
[=|Ar=1201 5 (4.68)
Rep

JIns BBLIUHCJIEHHS] MHTEHCHBHOCTH Heo6XOAHMO HANTH cpelHee 3Ha-
yeHHe BeJHuHHH |G |?, KOTOpaﬂ onpene/sieTcsl BhIpaxKeHHeM

lGlz 2 etq (R—R)

i, j=1
Jast xHAKOCTH, npenebperass ujeHaMH (=] B J1BOHHOH cywmMme,

noJyyaem
w0 [—p B VR
<iG|2 N(N ) ge[q. (Ry-R,) no mapawu ‘
Zn

dVR,, (4.69)
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§ 5. TepmoanHamuueckne yHKuUMH

MMOCKOJLKY Be/JIUWYMHA B KBaJpaTHBIX CKOOKax ecThb BEepOATHOCTb

Kouourypauun R;, R,, ..., Ry. Hcnoabsys (4.65), sanuuem
G]" = [ea®R n, (R, R)ER, &R, (4.70)
Ecan n,(R,, R,) 3aBucur toabko ot |R,—R,|, T0o umeem
4G ]2>=—;—V5e"q'xn2(|)(|) d‘ﬁ(z%/ rng, (r)singrdr, (4.71)
rae V—o0beM KHUIKOCTH H g=\q].
)
TepmogmHamuueckue
PyHKLMUK

B xnaccuueckoM ciyuae, 3Hast f, (r), MOXKHO HaliTH BCe TepMo-
JUHaMnuyeckne GyHKIHH.
BHyTpeHHAsA 3HEPTHS ONpee/sieTCs BhIPaXKeHHEM

1 0Zx

3

rie Zy-——cTaTucTuuyeckas cymma [eM. (4.2)]. Toraa

1 0Zy (Vi) exp [—P DV (rip)]
YN _ d3VR —
Zy 9P .5 Zy

. \g Vi(rss)exp [—B 3V (rip)] VR . =

ZN
N (N —1 exp [—B MV (ri)] s
1(2 )jv(rlz) [ Z§ /]d3VR,

Hcnoan3dys Bepaxkenue (4.65), noayuaeM jgasee
1 0Zx 1 .
Z;Tf;:_7gv(r12) Ny (r1,) A*Ry d°R,,
HJu

U_—,%RT_{_—IQ/—SV(;') n, (r) 4nr*dr. (4.73)

ITOT pe3yJbTaT MOXKHO ObLJIO TpeIBUAETh. [lepBbill uneH B mpa-
BOM uyacTH BHIpaxkeHus (4.73) npepcraBiasieT co00H KHHETHUECK VIO
9HepTrHI0, BTOPOH Y/leH — NOTeHLHAaJbHYI0 3HEPTHI0 (OH 00YCJOBJEH
HaJMYHeM NapHoro norenuuana V(r), a MHoxuTeab '/, ofecrneuu-
BaeT OAHOKPATHBIH yuYeT KaxKJOH napbl).

HaBsense onpejensieTca ypaBHEHHEM

PV =RT— [ R-VV (R)n, (R)dR, (4.74a)
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n. 4. Knaccuueckne cuctemor N dactuy

HJTH

PV=RT—% 5 V' (r) n, (r) 4o dr . (4.746)

Ot HOPMYJBI MPHIOAHBL A/ KJIaCCHYECKOTO CJ1yyasd, OJHAKO OHH
HEelIPUMEHHMBl 15 XKHAKOro renus. Y paBHeune (4.740) BLIBORUTCS
caenytomwum obpasom. CorsacHo ypasHenuio (2.121),

3PV =2 <Em>—<2 riV' (n-,-))- (4.75)
i<
Kak u B Bupaxenuu (4.73), <E, > = (*/,) RT. Bropoli unen B (4.75)

MOXKHO 3aMHCcaTh CJeIyIOMHuM 06pa3oM:

(B V)= <V () =

<< f

_N(N——I)S‘ VI (fu)e BV (ry)+V (ryg) + .. )da(Rl__R)
:TSrl‘lV, rlz)”ﬂz(rm) S(Rl'—RZ),

OTKyJa HeNocpeiCTBeHHO cJelyeT ypaBHeHue (4.746). Y paBHeHhe
(4.74a) nmpexacraBaseT coOOf He 4TO HMHOe, KaK OueBHAHOe o060G6ime-
HHe ypaBHeHHs (4.746) Ha cayda#l MOTeHUHAJOB, He 0O6JaJAlOMIHX
ceprueckolt cummerpueli. [Tpoussenenue R-VV (R) B mogsiuTerpain-
HOM BhLIpa)KeHHH ypaBHeHHs (4.74a) HA3bIBAGTCA BUPUAAOM.

PaccMotpnm cayuaif, korja UeHTpajbHAs CHJA sSBJAseTCA OfHO-
poanoil ¢yHKuUeA mopaaka (n--1), T. e.

V(r)y=—crr,

TaK 4TO
V' (r) =nert =nV (r).

Henoapsys sto cBoiictBO B ypaBHeHHAX (4.73), (4.746), waxogum
3
3PV +nU =(8+5n)RT. (4.76)
[locaennee coOTHOMIEHHE Ha3bIBACTCH MeopemMor eupuaid.

3adaya. Ilokasatp, 4TO MPH MaJBIX NJIOTHOCTSIX
Ny (ry=1—e-Vn,

Hcnosbsys a1oT pesymbrar B ypaBHeHuu (4.74), MOJdYYHTH BUDH-
ajbHble KO3(PHUHEHTH B BHPHAJILHOM PAa3/IOMeHHH.
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§ 6. YpasHeHne bopHa—[puHa

§ 6
YpasHenune BbopHa — I puHa
075 N,

B § 5 6bi0 yKaszaHo, 4TO NpPH 3ajaHHOH QYHKLUMH n, (r) MOKHO
onpeseNTh Bce TepMoaxHHaMHueckue @yHkUMH. B § 1 MBI nokasadnH,
KakuM o06pasoM B NpHHLHIE MOXHO HalTH e~BF ecan u3BecTeH
napHbIl NMOTEHLHAA B33aHMOACHCTBHS MEKAY UYacTHLAMH; 3Has F,
TaK»ke MOXKHO ONpeJe/HTh Bee TepMOAHHamIueck He Gy HKIUH. OLHAKQ
Jsi Toro, 4To0wl onpeieanThb e~ B MBI JIOMKHEI NPOUHTEr pHPOBATh
npumepHo no 10 nepemennnM. Takas 3anaua He Mo cHJaM Jaxe
DBM, nostoMy COBepILEHHO $CHO, YTO HEOoBXOIUMO HCIOJb30BATh
Kakofi-1160 NpHOJIUKEeHHHH cr1ocol BruncieHHs. OJHNM H3 TakKux
croco0oB sIBJIseTCA NPHMEHEHHE IPYNIIOBOro pasjoxkednss Mafiepa.
210oT cnocof JAaeT BIOJIHE Y/OBJETBODHTEJNbHBIE pe3yAbTATH 9
rasa. B cayuae XHIKOCTH Mbl paccMaTpHBaeM BMeCTO F BeJHUHHY
n,(r), Adsi pacueTa KOTOpoil HEOOXOJHMO BBIIOJHHTb Ha LIECTb
HHTErpHPOBAaHUH MeHble (HaOMHHM elle pas, 4to 417 F 1x Tpebyercs
okoJio 10%). CrenosatesbHo, Mbl JO/DKHB HalTH KakKoH-TO Apyroil
nyTb. OAHH H3 BO3MOMKHBIX MOJXOA0B K BBIUHC/JICHHIO HALIHX 4YyJ0-
BHINHBIX MHTETPaJioB COCTOHT B pellleHUH ypaBHeHHs bopua —I puna.

JByxuacTHuHylo ¢yHKLMIO pacnpenenedns n,(R;, R,), onpene-
JEHHYI0 BhIpaxeHuem (4.65), MoxHO INpeo6pasoBaThb CJAEAYIOUIHM
obpasoMm:

ny Ry, R =20 (exp [—p X, V(Ry| &R, ... ¢Ry=

o nmapawm
“SU D (exp[—p T VRD—B T V(R &R, ... Ry,
} = =

JuddepeHunpys 5T0 ypaBHEHHE, IIOJYyYaeM
Z(Rl’ Rz): MS VV(Rlz)
+ 2 ViV (Ry)]exp [—[5 > V(R,~,~)Jd3R3...d3RN. 4.77)

i1 no mnapam
{42

Onpeneaum Tenepb (yHKLHIO
NI g
ny (Ry, Ry, Ra)=mjeXP ['—B > V(Rif)] d*Ry...d°R 53
no napam
(4.78)
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n. 4. Knaccuueckue cuctemsr N uvactuy

Toria ypabHeHue (4.77) MOKHO 3anucaTh B BHJe
Vifte (Rl’ R2)=—BV1V(R12)”’2FA(R17 Ra)—_
—P S ViV (R ns (R, Ry, Ry)dRy; (4.79)

nocJefHee YpaBHEHHe NpejcTaBisAeT cobol ypasuerue bopna — I'puna
(cum. [5, 6]V

BaskHOe CBOHCTBO 3TOTO ypaBHEHHS COCTOHT B TOM, YTO B Hero
Hapsay ¢ yHkuued n, (R, R,) BXoaur Takxe pynkuus a; (R;, Ry, Ry).
Eciu nofiTn paJjblile ¥ 3amucaTbh ypaBHEHHe s i, TO NI 3TOTO
HaM MOHAJOOGUTCA QYHKUHUA 7, Y paBHEHHE IJIA 71, COIAEPXKHT 1
# T. 4. Takum o6pasoM, Mbl MOJYy4deM HEPAPXHIO (HIH LENOUYKY)
ypaBHeHHH.

Hepapxuueckie MNeNOYKH YypaBHEHHH TAaKOro THIIA BO3HHKAIOT
TaKxKe H B JIpYrHX o6JacTsiX (H3HKH—HAIpHMep B TEODHH ME30H-
HOrO I1IOJIS, OJHAKO JO CHX NOp ellle He pa3paboTaHo oOLIero H
TOYHOTrO cnocofa pelleHHst TaKHX Lenoyek. Ecau chaenatb HEKOTO-
poe NpefnoJoKEHHe, HApUMep O BuJe #,, 1 000pBaTb HEPAPXHIO
ypaBHEHHH B 3TOM MeCTE€, TO MOXKHO IOJYYHTb XOpOIUYI0 OLeHKY
/1S n,, OAHAaKO IOKa He 10Ka3aHo, YTO TOYHOCTb anNpoKCHMAaLHU
(OVHKIHH 7, He BJAUSET HAa BUJ GYHKUHH A,

OcTpoyMHBIH CcNoco6 3aMBIKAHHS LENOUYKH NpeanoxHua KHpKBYyA.
Korga touka Ry HaxomuTca paneko or R, u R,, MoxHO HanucaTsb

ng (Rv sz R3)—~—>ﬂ2(R1, Rz)nl-

OcHOBBIBasiCh Ha TAaKOro poja cooGpaxenusix, KupkBya [7] npex-
JOXKHJI cefyioliee nprbanKeHHe:
1, (Rv R2, Ra)zﬂy(RhRz)ﬂz(szR:«x)”?(Ra‘R])’ (4.80)

ng

KOTOpOe NOJYYHJIO HasBaHue npubauscenus Kupkeyda, wim cynep-
nosuyuonKoeo npubauncenus. TlonacraBisis npubnnxenue (4.80) B
ypaBHeHue (4.79), Mbl MOXKeM DelUHTb €ro OTHOCHTEBHO f1,.

§ 7
OpHomepHblt a3

Halu NONBITKM BBIYHCJAMTL HHTETPasel, ONpejessiolliie TepMo-
JIHHAMHYECKHE CBOMCTBA XKHUAKOCTeH W rasoB, HE YBEHUaJHCh IIOJ-
HbeiM ycmexoM. [lpubunxenve KupKByJa, BO3MOKHO, M ABJAETCA
HeNJIOXHM caMo To cefe, HO HEH3BECTHO, B KakoM HalpaBJeHHH
€r0 MOXKHO OGOGLIMThH; HEU3BECTHO TaKike, NO3BOJHT Ju NOR0GHOe
o6o0IeHHe yaAYUIUTh pe3y/bTaT. Ham Xoresnoch Gbl uMeTb MeTOS,

D 3o ypasHeHHe OGLIUHO HAa3LIBAIOT YpaBHEHHEM Boromoﬁoaa——BopHa——
puna — Kupkeyna — Haona; cM. [8]. — [Tpum. ped.
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§ 7. OaHoMmepHbIH ras

KOTOpHIH paBajl Obl Tem O6ojee TOuHbIE pPe3yJbTaThl, 4eM GOJblile
TpyJa BJOXKEHO B HX noayvyeHue. K coxkaneuwuio, B Hacrosiiee
BpeMs Takoil MeToJ] OTCyTcTByeT Y,

371ech MBl CTaJKHBaeMCsi CO CJHIIKOM TPYAHOH Npo6aemMoi.
MoxHo, oaHaxko, nmonpo6GoBaTh MNOJYUHTh NPEACTABJeHHE O Hel,
noxoGpaB paspewluMylo 3ajzadyy, B KOTOPOH MPHCYTCTBYIOT Xapak-
TepHbIe uepThl 3ajaud, He NOJJAANUIEHCH pelleHHIo.

0 T, x, Iy X, Ty L
=7 d s
QUT. 4.7.

Faa, JACTHUE! KOTOPOro MOryYT ABHraThCsd JIMIIE B OJHOM
U3MEpEHHH.

PaccmoTpum, Hanmpumep, ras, COCTOSIIHH M3 4acTHI, KOTOpHIe
MOTYT JABHraThCsl JIHIUL MO NpsMo# nuuuu (dur. 4.7). Bynem yuu-
ThHIBaTb cefuac TOJILKO B3auMojpeHcTBue Oauxkadmux coceneti. Cra-
THCTHYECKAsT CyMMa HMeeT BHJ

Zn(l)~
— S e~BIV (xy=x)+V ("'2"‘3)+"']dx1 dx,. .. dXN, (4.81)

0 <x <x2<..4<.)cN<L

npuyeM jajduHa L ¢ukcupoBaHa.

B KauecTBe HayaJbHOro pelIeHHsl HallleH 3324 XOPOLIO GhIJIO
6b! NOJYYHUTh PEKYPPEHTHOE COOTHOLUEHHE, Bripaxawliee Zy,, uepes
Zy. TIocKOJBKY MBI He MOXKEM cleJaTh Jaxe 3Toro, MogHuduuupyem

0 V4 1‘] \TN L

[
- * 1

OUT. 4.8.
Jlo6aBounbiH aToM, (PHKCHPOBAHHLII B TOYKE 4.

3a7auy TakUM 06pa3oM, 4TOOB MAaKPOCKOIHUEeCKe CBOACTBA CHCTEMB
He U3MEHHJHCh, HO PEKYDPPEHTHOE COOTHOLIEHHE YJaJoCch Obl HaHTH.
[TomecTuM OnMH AOMOJHUTENBHEIH aTOM JeBee TOUKH X, B (DHKcHpPO-
BanHOH Touke y (dur. 4.8). OO03HAYUM CTATHCTHUECKYIO CyMMY
nosnyyeHHoH cucreMbl uyepes Py (y, L):

= S =BV G—x)+Va-xd+.ddy dx, ..., dxp, (4.82)

y<x;<x,<..<L

1Y O pa3nuynbBIX NONBITKAX BHITH 3a Npefesbl CyNePNO3UIHOHHONO NpHO/IH-
Xenusn Kupkeyaa cM. B crathe Pambpyxa B kuure [12]. [Ipennokens pasamunbie
Npubnukenus;, HanpuMep, runmepuennoe, Ilepxyca—Mesuka u gpyrue, Gosee
COBepILEHHLIE, YeM CYMNeprnosuuuonHoe.— [Tpum. ped. .
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I'n. 4. Knaccuueckne cuctemsl N vacTtmu

(y— dukcnposanuas BeJWunHa). PacemoTpum Tenepb caydad, U3o-
Gpaxennbii ma ¢ur. 4.9; B coorBeTcTBHM ¢ (4.82) MBI MOKeMm
Hanucatb
Py, L) = S e=BIV z~p+V w-so+-Idydx, ... dxy,
2Ly <xy < ... <L
(4.83)

npuYeM TeMepb 2 ABJSETCH (UKCHPOBAHHOH BEJMYHHOH, a y H3Me-
Hsercda. M3 (4.83) umeem

PN+1(27 L) — S e-ﬂV (Z—H)dy S e-ﬁ[v (=2} +V (g =x5) +...1] DY
z<y y<xg<...<L
X dty ... odiy= | Py(y, Lye-®e-ndy.  (4.84)
z<y<L

Ucnoabsys Py(y, L), MBI MOXKeM NOCTPOHThL OOJBIIYIO CTaTHCTH-
4eCKYIO CYyMMY

- A 1 m N/2
ZN: EN‘ NEA onfh2p N

npuyeM B BaweM cayuae Zn/N!l=Py(y, L) (muoxurtear 1/N! noss-
JseTCs M3-3a TOro, 4YTO B WHTerpaje aas P, Mbl OrpaHHYHIH
0z ¥ X 2 Ty L

'
! ]

QUr. 4.9.
HoGaBourbil aToM, (GHKCHPOBAHHBEIK B TOUKE 2.

06/1acTh H3MEHEHHs KOOPAHHAT 3HaueHusMp y < X, < ... <L, T.e.
yiKe HE CYMTaeM, 4YTO Kax{/asi 4acTHIa MOKET HaXONUThCs B JoGoH
touke orpeska [0, L]. Muoxurenn (m/2nh*BYV/2 MOMHO BKJIOYHTB
B eBWN | COOTRETCTBEHHO NepeonpenenuB BeguydHy [. Toraa umeem

e-ﬁgzgeﬁuNPN (y, L). (4.85a)

Kak u B § 1, ecau cucreMa fpeacrasiaseT CoOOH COBOKYIHGCTh
HeCKOJbKHX HE3aBHCHMBIX IOACHCTEM C OJMHAKOBHIM 3HAUeHHEM W,
TO BeJAu4HHa g #BJseTC aiAUTHUBHOH, T,e. paBHA CyMMe BeJHUYHH
g; Las KaxpoH nopcucremsl. B ri. 1, § 6, Obio naHo onpenenenne
F=g-+uN, rne N —cpexHee yuc/o 4actuu B cucreMe. (OueBHIHO,
4TO B CJy4ae HECKOJbKHX HE3aBHCHMBIX IOJCHCTeM BeJaHyHHa F,
TaK e Kak M g, obaajnaer cBOACTBOM aiJMTHBHOCTH.

Ec/y 4HCA0 YacTHll JOCTATOYHO BENHKO, TO MOXKHO paccCMaTpu-
BaThb NPAMYIO JHHHIO Kak Ha6op OTPe3KoB, OdYeHb caabo B3aHMO-
JIeHCTBYIOIIHX APYr € ApyroM. B 3Tom ciaydyae, KaK HETpyAHO BH-
Jetb, otHoweHnue F/V sBasercs PpyHKUHEH TOJNLKO MJOTHOCTH (MpH
IaHHOH TeMmmeparype), T.e. F MoxHO 3anucate B Buge F=Vf({V/N).
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§ 7. OpHomepHsli ra3

Herpyano noxasars, yTo Takas gopM sanucu a1s F paBrocu/bHa

ypaBHenHio g=— pV. JleficrBATe.IbHO, corsacHo I, 1, § 7, umeem
O _ _9F
=37 v P==% v

OTKyJAa, noJb3ysach BeipaxkeHnem F=V[(V/N), naxoaum

oF oF

[t (B (5 ()=t ()=

YuuroBag, 4To ,00beM* cucTeMbl paBeH L-——y, MBI MOJKEM 3amnucath
cooTHomeHHe (4.85a) B BHAE

B (L-w_—_geﬁ“’"PN(y, L). (4.8506)
Ymuoxasn (4.84) na eW+hub g cymmupya no N, noayuaem
eP (L-2)B — b §ep (L= w)Be=BV (z-9) dy, (4.86a)
L
OTKya e~tu— { e-pw-218-BY c-n1 gy, (4.866)
HJTH e—Bn = S e=PBxe=~BV () dx (4.86B)

0
(MBI yCTpEMH/IH BepXHHH Ipejel K OECKOHEUHOCTH, TNOCKO/LKY
3HaueHHe HHTerpasa Majo 3aBHCHT OT BepXHero npejena). Bripa-
eHue (4.868) npejcranafer coBod HCKOMBIH pe3y/abTaT, H3 KOTO-
pOro MOKHO TeNeph HAUTH BCe TepMOAHMHAMHUUYECKHe BeJAWUYWHEL.
Hanpumep, nMeem
dg _pn, MV _, 00 4 Op

CooTnomnienue (4.868) MOXHO 3anHcaTb B BHJe

P -~ 1n Se'”ﬂxe‘ﬁv Wde=[[u, B, pw, p)]=0.

Torga u3 ycaosus Jf/0u =0 cienyer, uto
e~ PBX,~BV ()
9p _ _ Ofjop _
I ofjap

0
@®
S xe~ PBrp~BV ()
0
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Fn. 4. Knaccuueckue cuctemsl N sactuy,

3a0a4q. TlonyuyuTb BbIpaXkeHHe JJI8 XHUMHUECKOTO MOTeHIHa/a
A8 cayuasi, KOTAa YYHTBIBAIOTCSl B3aHMOJEHCTBUSA MeX1y O.u-
KaHuMid 1 BTOpbIMH coceZsaMu. (Y Kasaunue. [lomecTurs jABa
aTtoMa BOJIM3M JIEBOTO KOHIIA OTpe3Ka U BBIBECTH DEKYPPEHTHOE
COOTHOIIEHHE; M3 Hero MOJAYYHTh MHTETpajsbHOe YpaBHEHHe.)

Mpl yGepuiauch B TOM, UTO 3a7aya O YacTHLAX, PacloJNOXKEeHHBIX
Ha NpsAMOH JMHHHM, HMeeT pelleHHe, €CIH MOTeHlHas JeHcTBYeT
MeXAy HeCKOMbKUMH Omikafimumu cocedsmu. OIHAKO Kak ObITb
B TOM cJyyae, KOTJa BCE aTOMbl CHCTeMBl B3aHMOAEHCTBYIOT ApYyT
¢ apyrom? Ilpu HeKOTOpHIX CHeillManbHBIX QopMax MoTeHLHaJa B3a-
UMOJIefiCTBUSl 3ajaua BCe ellle HMeeT peLIeHHe; B YacTHOCTH, B § 8
GyleT paccMOTpeH MOTeHUHas] BHAa e~ !+l

$ 8
OpHomepHsblin ras
C MOTEHLMAOM
Bupa e~ '™

PaccmoTpum 3ajavyy o0 OJHOMEPHOM rase, BC€ 4aCTHIBI KOTO-
poro B3auMOAeHCTBYIOT MOCPEACTBOM MOTEHLHa 3 OTTaJlKHBaHHUA
Buga V(x)=e-1%!. Ecin Mexkly 4YaCTHLAMH HMeeTCs TOJbKO MpH-
TA)KeHUe M OTCYTCTBYeT OTTa/KHBaHHe, TO HauGoJ/iee MNpPeANoyTH-
TeJbHOH KOHGUIypallieilt 6yieT Ta, NPH KOTOPOH YaCTHUBI ,CHASAT
ApyT Ha apyre. [loTeHLHa/bHASA 3HEPTHA NPONOPUHOHAIBHA YHCIY
nap N (N—1)/2; uem GoJblie HMeeTCS Map, TeM HHXKe MOXKET CTaTh
3HaueHHe MOTEHIlHasa, U B KOHEYHOM HTOre BCe YacTHLBI KoJlal-
cupyior B Touky. Takoff pe3y/ibTaT HeJb3s Ha3BaTh OCOOEHHO
cojep:KateqbHbIM, NO3TOMY PacCMOTPUM CHJBI OTTAJKHBAaHHA.

[Tyctb N wuacTHll pacnpeleqeHbl Ha OTpeske JuMHOH L, kak
nokasaHo Ha ¢ur. 4.7; BHIYUCAHM BEJHYHHY

L L
-~ BF 4, I m N/2 - X, -, _—
= () e Jee(p B )dn s dis

i<

-.=< n >N/2 S exp | —B Ee‘xi”r"] dx,...dxy=

0<%, < .. <xp<L i<i

=< 7 >N/2 0 < x4 §< LeXP {—ﬁ [e"t (7. e +
+ ¥ e“f-‘f’:l}dxl L odiy. (4.87)
i>tz= 2
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§ 8. OpnHomepHbik ras

Kak u pasee, moauduuupyeMm sanauyy, [OMECTHB A00aBOUYHBIH
aToMm JeBee x; B GUKCHPOBAHHON TOuKe y, ¥ 0603HauuM o =e¥ (no3f-
Hee Mbl noJoxuMm y=0). CraTHCTH4YecKass CyMMa TaKOH CHCTEMHI
HMeeT BHI

Iy, L)= | exp {—p [wlemrttemt e+

O<y<y<...<L

] }dxl o diy (4.88)

i>i>
Tora
Iyi (o, L)y= S exp {—f} [a (e~Fote~n+... L

0<y<x<x3<..<L

—a, X;—x
P A)+l>;>oe(t /)]}dx,, cos dxy=

= exn(—Buerexp {—B [(ate)x

0<y<x <...<L

i>i>1

X%+ ... Aoy 4 X e(xi"/)] }dxo oo diy=

L
= S exp (—Pae=*) [y (a +e%, L—y)dx,. (4.89)

Kak u B § 7, Mbl MOXeM BHIOH3MEHHTBb 3ajady, He Hapyllas ee
MakpocKonuueckHx cBoHcTB. HIMeHHO, nmpHMeM, 4TO 4YHCIO N MOXKeT
H3MEHSTLCS, BBEJEM XHMHUeCKHH TOTeHLHal U ONpeneTHM BeJH-

YUHY gt
e—B2 = ; IN (oc, L) eBuN

[Mockoabky [n(a, L)—craTtucTHYecKast cymMMma QJisi CHCTEMBI, B KO-
Topo#l olHa yacTHLA (UKCHPOBAaHA B TOUKE y = Ino, WIMHA CHCTEMBI
paBHa L—Ina, npuuem g= —P(L—Ina).

YMHOxHM cooTHolueHHe (4.89) Ha eV+DuB, mpocymmupyem 10
N, nonoxuM y=0 u 3ameHuM L GeckoHeuHLIM 3HadeHHeM. [locne
NPOCTHIX BBLIYHCJACHUH NOJYYHM

@
e—ub :-—Sexp {—PB[e~*+ Pln(14e=%)]} dx,. (4.90)

0
Otciona MOXHO Ha#TH Bce TepMOAMHAMHUUECKHE CBOHCTBa, MpuueM
C GOJIBIIHM OCHOBAHHEM MOXKHO MPEANOJOXHTb, YTO aToM, (HKCH-
poBaHHBIH B HadaJje KOOpAHHAT, He MeHseT 3THX cBoficTe. [locmor-
PHM, OfHAKO, KaKde pe3y/bTaThl MOKHO MOJNYUHTb, HE (UKCHPYH
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n. 4. Knaccuueckmne cuctembl N uvacTtuy

aToM B Hauaje KoopauuaT. Cuja, JefcTBylollas Ha MEpBBHIA aroM,
pacnoJioxeHHHH B X,, 00yCJOBJeH4 BJHSHNEM BCEX OCTAJbHBIX
aTOMOB rasa, a BJHSHHME ADYTFHX ,JIOCTOPOHHUX® AaTOMOB MOXKET
6pITh OMHCAHO C MOMOIbIO NOTEHHHAJa, COZEpIKAllero OAHH JONoJ-
HuteapHHH napamerp. Takum o0pa3oM, NEpPBHIH aTOM JABUXKETCHA B

noreHuuante cer—1, rae c:Ze"”l'. Bmecto TOro utob6nl EBOIHTH

12
B KauecTBe JOMOJHHTEJNBHOTO Iapamerpa KOODAHHATY OJZHOro H3
aTOMOB, 3aJaguM BeJHUHHY ¢, KOTOpas OIpeJe/ser MnoTeHIHalrl,
AcficTByIOUIMA HA YacTHUy B TOUKe X,. BeUHCIHM Tenepb KOHQH-
rypauHonselil vaTerpan Gy, L (¢):

GN,L:SQXP[ BS‘ e~ (%% }dx, o dxp,

1<y

B KOTODOM Ha TNpeje/bl MHTErPHPOBAHHUs HAJOXKEHO YC/OBlie
De ti=c,
i

npudeM 0 < x; <...<xy<L. D10 orpaHHyeHHE MOMKHO YuecTb
MaTeMaTHUYeCKH, BBOAA 8-QyHKIHIO:

b= 5 e[ 3 et

0<x <. <xy<L i<

xé(o-}]e“r’>dxl ol dxy. (4.91)
3amerum, uto Gy, L (¢)=0 npu ¢ <0, a

e—ﬂFN:<QR';; >N/2 EGN L (c) de.

Jlasi mojiyueHHsl PeKYPPEHTHOrO COOTHOUHHS (PUKCHDYEM X, IIpH
BBITOJHEHHH WHTErPUPOBAHUA MO NPYrUM nepemeHHBIM. CooTHolle-
aie (4.91) mMoxkHO TOrAa 3amucaTb B BHIE

v, (0)= fexp | =B Ze ) —p Femerm0]
« 8 <C_e—x1——2'e"xf>dx1 oo diy, (4.92a)

rue
-

ﬂlv}

i 7
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§ 8. OgHomepHsIi ras

Bouay nainuus 8-QyHKUMH cymmy Dy e~ *i B mokasaTesle MOXbIHTET-
3

PajbHOTO BHIPAXKEHHS MOMXKHO 3aMEHHTb BeJIMUHHOU c—e~*. UrobH
MOSACHUTb 3TO PacCy:KAEHHe, NPOH3BeNeM 3aMeHy X;=x;—x,. Torza

L

L
G‘V’ L(c)= S dxl S & ( C—e"‘l—e"xiz' e"‘:'>><
0 i

Xy

xexp{ [32 e -—[3 >oe "}"‘E)} dx, ... dxy.  (4.920)

i<y

Kaxk mnssectHo, §(ax)=(1/a) & (x), nostomy umeem

& (c-—e"‘r—e"‘1 > e"‘;) =enb (ceti—1— 2 e-x}) .

i !

Torpna Boipaxenue (4.920) MOXKHO 3amucaTh CJAEYIOUIHM 06pa3soM:

L L—=x,
Gy, L(c):delexlexp[—[j(ce"t—l)] S ] {ce"l——l—zle’xij %
0 0 * 4
X exp l 2 (¥} "%)} dx; ... dxy=
E<j
L
= {avenexp[—Bleen—1)] Gror, o en—1)  (4.93)

0

BooGuie rosopsa, BoipaxeHne (4.93) comepuT pelleHue 3agayd,
OHAaKO €ro O4YeHb TPYIHO INOJYUHUThL B fIBHOM Buje. Jaa najabHeii-
IIET0 ONpeieqHM BEJIUUHHBl (A5 N UYacTHIL)

DalGy, L) =ePlge),  a=e (4.94)

" 1aBjieHue P,
OGvenunaa suipaxenus (4.93) u (4.94), Haxomum

deexexp —p (ce*—1)] e8P g (ce*—1), (4.95)
0

T1e npous3BejCHA 3aMeHa X—x, W BepXHHH npemes L ycTpemsen
K GeckoneuynocTy. Haiias coGcTBeHHbie 3HAaYEHHs 3TOTO MHTETPaJb-
HOro ypaBHEHHSl, MBl YCTAHOBHM CBfA3b Mexny o H P [caMma Beau-
YuHa g(c) He mnpencTaBaser unHrepeca]. ['paHnusoe ycaoBue aas
g(c) umeer BUn g(c)=0 npu ¢ < O; ypaBHeHue (4.95) MOXHO mpej-
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n. 4. Knaccnueckme cuctembr N uactuy,
CTaBUTb B aH(pdepeHilnalbHOR (opme, cAeaaB NOJCTAHOBKY
h(c)=e=Pg(c),

g (c)=a \ dxe*e=BPxh (ce¥—1),

g’ (¢)=a \ dxe**e=PPr ' (ce*—1) =

o . d
— \ dxeve=PPx = [ (ce*—1)].

Oy g P 8 O

I/IHTeI‘pHpOBaHHe 10 4acrsaM JdeT
o*

g (0)= %h (ce¥—1) e* e—BPx

@ . X X — X P,
|~ gh(ce — 1) (1 —=PpP)er—PPrdy =
_(BP=1) _l)g(c)—%h(c——l)~a—(ﬁ—i——— —b

- gle)—ZeP=b gc—1).

(4.96)
Ha nepBuifl Baraan ypaBHeHue (4.96) aBisercs auggepenntaibHbimM,
0HAKO B JeHCTBUTEJNLHOCTH 3TO He TaK: B HEro BXOAAT Kak g(c),

1ak u g{c—1). Urobul npuBecTn ero x ApPYromy BHIY, CleJiaeM
1101CTAHOBKH:

g(c)y=e~P2f(c),
g' () = —PeeBe/2f () -+ e~ P2 ' (c).
Torna ypassenue (4.96) npuHuMaeT BHA

cf’ (¢)—Be*f (c) —a (PP —1) [ (¢) = —aeb2[ (c—1).

Hcnoabsys npeobpazoBanue Jlanaaca

o«

¢ (q)= S e~a¢f(¢c) de,

b
MOXKHO MOJIYUHTb ypaBHeHHe Aaa ¢ (g). Mmenno

Se-a”cf’ (c)dc= —adg e~ [' (c) dc = ~§5[q¢> (9)]
0 0

(emsectieyde =z 0 (9):
0
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§ 9. Kparkoe obcykaenne KOHAEHCALMU

Orclona UMeeM

diq [99 (9)] +B -:qi ¢ (9)+a(BP—1) ¢ (q) = e g (q);

ﬂpOHBBO}lﬂ 38M€Hy
e p=—qt/4
P (q)=e-9"/*B ¢ (q),
HCKJIIOYHM UYJIEH, coaepmamuﬁ nepBon IIpOI/I3BO}1Hy}O

” 2 - 1
—BV (g) = [—zqg—aeﬁ”e a+a([3p_1)4.ﬂ VY. (4.97)
Hcenonbsys eme oaHo npeobpasoBanne Pypoe
¢ (0) = { efocf (c)de

H NpOHU3BOJASl 3aMEHY
P (0) = e~ ¢ (0),
noJy4aeM OKOHYaTeJbHOE ypaBHEHHe

BY' (@)= |5 +oe2e +a(BP—1) 45| b (1.98)

Jlast 3TOro ypaBHeHHs] HAM HEH3BECTHBI TOYHBIE TPaHHYHBIE YCJI0-
BUsa. MoeT, 01HAKO, 0Ka3aTbCsl, YTO JOCTATOYHO OTPAHHYHUTHCH
TpeGoBaHHeM KOHEYHOCTH GOYHKUMH 1 (¢} HIH ¢ (w) BO Bcefl obaac-
ti. Tenepr B NpHHUHNE MBI MOXEM IMOJAYYHTH (PYHKUIHOHANLHYIO
CBs13b Mexay o " P.

§ 9

KpaTtkoe obcyxaeHue
KOHAEHCaLUK

B oaHOMepHOM Trase C OTTAaJKHBATeJLHLIMH CHJaMH (MOA0GHHIM
pAccMOTPEHHOMY BHIlLE) KOHAeHcalHus oOTCyTcTByeT. [losToMy caie-
AyeT paccMOTperh caydal, Korja MexXay YacTHLIAMH CYUIECTBYET
Kax oOTTaJKHBaHHe, TaK H TPHUTSKEHHe (HAINpUMep, MOTEHIIHAJ
MMeeT BHJ, H3oOpaxkeHHbld Ha ¢ur 4.10)Y. Tlpu 7 =0 Bce aToMbI
pacro.aratoTcsi O4eHb OJM3KO APYT K APYLY B INOJOXKEHHSX, COOT-
BETCTBYIOUHX 3HAUEHHIO MoTeHuMa€a V.

1 Teopus ojHOMepHOrO Trasa /i1 B3auMOJAefiCTBHS ¢ TBEPAOH CepAUeBHHOH i
9KCMIOHEHUHAbHBIN  TTPUTSTHBAIIAM TNOTeHIHaJoM 1aHa KaueM, ¥Yaen6ekoMm H
Xemmepoum (cum. npuaoxenue 111 8 kunre [15]). [Ipu crpem/enny paguyca B3auMo-
l}]i?ﬁCTBHﬂ K 6eCKOHEYHOCTH B CHCTEME OKA3BIBAeTCS BO3MOXKHBIM (Da30BHIA Nepexof.—

pum. ped.
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Fn. 4. Knaccuyeckne cuctembt N uactuy,

[1pu NOBBILIEHHH TeMnepaTyphl NMPOHCXOAHMT HeNpPepLIBHLIA Nepexon
or ,TBEPJIOro Teaa“ K CHCTeMe, COCTOAIUHA H3 Tpynn ¢ Pas3.iHYHBIM
YHCJOM aTOMOB. JHeprusi, HeoO0xoiumas JAs pasjeleHHs OjJHOH
rpyInns aTOMOB Ha 1Be, paBHa, Ipy6o roBops, 3HepruH, HeO6X0AHMON
A8 TOro, uToObl YAaJduTb OAHH aTOM OT APYroro Ha GeCKOHeUHO
fosiblioe paccTosiHue; Mbl 0603HAYUM 3Ty 3HEPTrHI0 &. BeposiTHOCTH
OCYILECTBJIEHHSl TAaKOTO pasje/eHHs Ha TpYHNIlbl paBHa e'a'kBT, H
NMpH NOBLIUEHHH TeMIepaTyphbl OHO Ha4YMHAaeT IIPOHCXOJHTL 60.ee
HJH MeHee OJHOPOAHO BO BCE€X YaCTAX CHCTEMBI.

v DUl 4.10.

[Morenuuan npu HaaHunu
NPHTSIKEHHS H
Vaiuen OTTaJIKHBAHHS.

B TpexmepHoM cJydae MorJa Obl o6pasoBaThcs rpylna us N
aToMOB. OJHeprusa, HeoOXojumas 174 ee pacllenJeHHs, paBHa
g=N"s A, rie BeJHYHHa A HMeeT MOPAJOK 3HEPTHH CBSI3M OJHOTO
atoma B rpymne. TakuMm 006pa3oM, BEPOATHOCTb paclleNJeHHs Bcel
rpynnst paBHa exp (— N*: A/kgT). UeM Goabiie N, Tem GoJee BbICO-
Kas TeMmnepaTtypa T Tpelyercs A/ TOro, 4ToObl BEPOSTHOCTHL pac-
naja 60.1bMWOA IPYNILl aTOMOB HMEJa KOHEUHYIO BeJHYHHY. Takum
o6pa3oM, B OAHOMEDHOM CJy4ae AJs pa3jeleHHs TPYIIbl aTOMOB
Tpefyercs KOHEYHas 3HEPrus, cylllecTBYeT KOHEUHOe YHCJO TPy
H 004 aTOMOB (4HCJIO KOTODHIX GECKOHEYHO) B KOHJEHCHPORAHHOM
COCTOSIHHA (T.e. B TPynle MakCHMaJbHOTO pa3Mepa) paBHa HY.JIO.
B TpexmepHoM cAyyae H3-33 HaJAHYHA BEPOSTHOCTHOTO MHOKHUTE/S
exp (— N*s AskpT) KoHedHas JOJIsl OJHOTO YHCJAA ATOMOB ra3a Mo-
eT HaXOAHTBCA B KOHAEHCHDPOBAHHOM COCTOSIHUH NPH KOHEYHOI
TeMIleparype.

Jlas TBepanX Tea pasjuyhe Mexly CaAy9asiMd OMHOrO U Tpex
H3MepeHH# sABJsercs Gojdee TOHKHM. IlycThb B OZHOMepHOM caydae
Npyd [OBBILIEHHH TeMIlepaTyphl CPEAHEKBaJPaTHYHOE OTKJOHEHHE
MOJIOJKEeHHST OAHOTO aToMa II0 OTHOLUEHHIO K cocelsiM C 06eHX CTo-
poH paBHo 8% Torza B oJHoMepHO#i cHcTeMe H3 N aTOMOB cpejme-
KBajpaTHYHOE OTKJOHEHHE I0JI0XKEeHHs NEepBOro M NOCJefHero aTo-
MOB OT HIeasJbHOH nepHOAHYecKOH KOHQHTrypauuu paBHO NO2.
3T0 OTK/IOHEHHE B HEKOTOPOM CMBICJIE ,,paCPOCTPAHSIETCS” 10 CUCTe-
M€, H [IPH TOBLILIEHHH TeMIIepaTypbl TBePJOe TelI0 MOHOTOHHO pacili-
psiercst. Ilpm 3ToM MMeeTcs BCero JiMIb OAHH MYyTh, [0 KOTOPOMY
MOMKET IlepeldaBaTbCs BJAMAHHE B3aHMOAEHCTBHs. B TpexmepHoOM
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Nutepatypa

cayyae COOTBETCTByMOULEE BJAUAHHE ITIOT0KEHHS OJHOro U3 aToMoOB

Ha

[I0JI0KEHHE KaKoro-1ubo yiaJeHHOro OT Hero aroMa OKasbl-

BaeTcsi 3HauHTelbHO 0OJee CHJbHLIM, YeM B ojHoMepHOM. Heso B
TOM, YTO CYULECTByeT MHOTO NyTefl paclnpocTpaHeHHsl B3aHMOIelCT-
BUSl MEXKAY ABYMs aTOMaMH, TaK 4TG A/ IJaB/jleHHs TBepIoro te-
Ja TeMneparypa 7 Ho/DKHA OBbITb JOCTATOYHO BBICOKOH (Telllopasn
9HEPrusl J0/KHA IIpeBbLILATh 3TH ,MHOTOMYTeBLle" CHJbLI).

(o284
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S

Teopua nepexogos
nopspgok—b6ecnopsaok

Beeperue
PaccmoTpuM Terepbh HOBHIH KJjacc 3ajad CTATHCTHYECKOH Mexa-
HUKH, B KOTOPBIX H3Y4alOTCs He ABHIKEHHA aTOMOB, a HX MOJOXKEHUA
B pelleTke. TouHee, MBI PacCMOTPHUM CIIJIaBbl, COCTOSLIHE H3 aTOMOB
1Byx tunosB. Hanpumep, B wyOuueckoli perlleTke, H300pakeHHOH

Ha ¢ur. 5.1, cymecTByeT HeKoTopas MpeHMYIeCTBEHHAs] KOHQUTY-
panHa B OTHOLIEHHH 3al0JHEHHS Y3JIOB pelleTKH aTOMaMH THmoB A

.
OG-
--@-—f--@" Ky6useckan pererss

c atromamMu THna A u B.

QUT. 5.1

u B. Orpanuupmcs cjaydaeM HYJ/€BOH TeMmneparypbl. ®akTHuecKH
B pelleTKe BO3MOXHbI JBa THNA YNODPSAOYEHHs, OJHH H3 KOTOPBIX
nokazan na our. 5.1; ¢ Qusnueckofi TOUKH 3PEHHA HX MOXKHO
OOBACHHTL caegyrouM obpasoM. Ilycts V,p—noTeniuHan B3anMo-
NefCTBHA MeXAy aTOMaMH pasJH4YHBIX THNOB, a V., Vzp—-cooT-
BeTCTBEHHO MeX1y aTOMaMH, NpHHAJeKAallUMH K OJHOMY H TOMY
ke tuny. Ecan Vg > (V a4V 4p)/2, To atoMbl THna A npeanoun-
TalT HaXOAHTbCcA BOJH3M cebe MOoJOOHBIX; TO Ke OTHOCHTCH K aToMam
THna B. TBepnoe Teso NposiBjsieT TeHAGHIHIO K pacnajy Ha 4acTb, CO-
CTOAULYIO TOJbKO H3 aTOMOB THNa A, H 4acTh, COCTOALLYIO TOJBKO H3
aromoB tHNa B. Ecin V45 < (V 44 + Vpp)/2, To aToMBl A 1 B cTpemsaTca
uepefoBaThCA APYT ¢ APYIOM B K pHucTa/iInueckol peiuerke. [Ipu Harpe-
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§ 1. Beepenne

BaHHH TBEpJAOro TeJja aToMbl THMa A H B rmocTeneHHO HauKMHAWOT Me-
HATbCS MECTaMH caydalHbBIM 06pasoM 10 TeX Mop, MOKa NpH KpHTHYeC-
Koil Temnepatype Kiopu nopsjok B pacrnoJiOKeHHH He ,paclliaBuTCs”,
npy JajbHeHINeM NOBLILEHHH TeMNepaTyphl HAcTyNaeT [OJHBIH
Gecnopanok. IlpeacraBiasieT HHTepec BHIUHMC/AEHHE CTATHCTHYECKOH
CYMMBI TaKOH CHCTEMBI:

e = 2 exp <—.no CBH%M ) ]5V[j).

no BCEM
koHdHrypauuam
aTOMOB

Beenem ofosHavenus:
e;=-+1 pans aroma A,
e;=-—1 119 atoma B;

N,, Ng—uncia aromoB tuna A u B coorBetcTBeHHO. TakuM
obpasoM,

gg;=-+1 ana nape AA,
g;e;=+1 paaa nmapel BB,
g8, ==—1 jguaa napet AB.
OrpaHuuuBasick TOJNLKO B3aHMOJAeHCTBHAMY OJHKANIIUX cocenell mpu

(UK CHUPOBAHHOM MOJHOM 4YHcje aToMoB N 4+ N, 3amuilieM 3Hepruio
B3aMMOJeHCTBUA B BHjE

Vi/"—— ae,—e,—{— b (Bi+81'> + C.

2
Toraa
Via=a+b+c,
Vegp=a—b+c,
Vapg=—a+c
. 2a=-V—AA—J2Fﬂ3——VAB,

TaK 4YTO 3KCINIOHEHTA B BbIpaXK€HHH JJ1A CTATHCTHUECKOH CYMMBI HMEET

BHA
exp (—pa Y e, Jerp (— Bo Y ”;”") exp (— fo):
i i i

nocAeHUA MHOMXHTeNL e~B¢ gBjfeTcsT MOCTOAHHBIM M HE BXOAUT
B JaJbHellIlHe BBLIYHCJIEHHUS.

B cymme mo BceM cBs3sM ) (g; -+ €;)/2 KaX/blil aTOM JaeT BKJaj
HECKOJIbKO pPas, MNPHYEM 3TO YHCJO pPaBHO UYHC/Y CBA3EH, KOTOpPHIE
ofpasyeT JaHHBI aroM (MHaue roBOpsA, YHCAY ero Oauxalinux
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fn. 5. Teopus nepexonos nopspok —6GecnopsAok

cocezeil). Hanpumep, B cayyae ABYMepHOH KBaJpaTHOH peLIeTKH
y KaxXJAOro aToMa HMeeTcsl dueThipe O/aHxKaHIHX cocela, Taxk 4To

g;i+e
2 Y=o (N, —Ny).

no ncem 2
CB35M

Boo6uie rosops, ecan uucnaa atoMoB N 4 u Ng GHKCHPCBAHBL, MOXKHO
ONYCTUTL CJjlaraeMoe 2(ei+sf)/2, TaK KaK OHO HE 3aBHCHUT OT pac-
NOJIOJKEHHs 4TOMOB. 3ajaya BBIUMCJEHHA CTaTHCTHYECKOH CYMMbI
CBOJAHTCS TOTJa K HaXOXKACHHIO BEJHYHHB

Dlexp (— Baizis,»ej) = Dyexp <— H 2 s,-aj> :

o BCEM
CBA3AM

OpHako NMpH CYMMHPOBAHHH KaKHX-JU0O BesJHYHH 110 BCEM BO3MOXK-
HBIM PAcCIIOJIOKEHHSIM aTOMOB orpanuueHune N,— Npz=const Moxker
BLI3BATh 3aTpyaHeHHs. UToObl 0CIabHTL 3TO OrpaHHyYeHHe, BBE/EM,
KaK OOblYHO, ,XHMHYeCKHH mnoTreHnuan“. MHBIMH cJoBaMmi, Mbl
H3MEHAEeM 3ajJauy, Mo3BoaAs pasHocTH N ,—Njp MEHATLCA, OJHAKO
OKOHYATEJbHBIH pe3y/bTaT NMPH 3TOM OCTaeTca NpeXHHUM. BBenenne
XMMHUECKOr0 IOTeHLHasa MNpH u3MeHsamwomelca pasHocTH N,,—Np
NPUBOJAUT K TOMY, YTO HEKOTOpDOe 3HaueHHe OTHoWeHHA N, /Ng
CTAHOBHTCS Haubojee BepOSiTHIM. B TakoM cayuae MBI YK€ He
MOXKEM MpeHeOpeub BKJaJOM CYMMHI

= _;Liz Yo,

110 BCEM no aToMam
CBA3AM

11 Hallla 3agada CBOJHTCSA K BBIUHCJECHHIO BeJHUYHHBbI

2lexp (—H > ge;—J > ei),
o CBA3AM no atoMam

rje, CYMMHUPYS IO BCEM DAcCIOJOXKEHHAM, MHl IO-NPEXKHEMY CUUTAEM
yucao N+ Ng=N (QHKCHPOBAaHHBIM, HO HE (QUKCHDYEM Kaxjioe
u3 uucen N, U Ny 1o orzesabHocTH. Ecan J =0, T0 3T0 03HAauaer,
4YTO MBI paccMarpHBaeM caydall (N, >=<{Ng>. Urobel npuobpecrn
HaBBIKH B BBHIUUCJE€HHH, PAaCCMOTPHM CHayaja YKAa3aHHYIO CYMMY
B OJHOMEPHOM cJyvae. 3aTeM mnepeiifieM K NpubJH:KeHHOMY MeTOXLY
BLIYHCJIEHHS] COOTBETCTBYIOUIEH CYMMEI B cjydae IBYX H Tpex H3Me-
peHHH M, HAaKOHel, YKaXeM CIOoCo0 TOYHOTO BLIUHCJ/EHHS CYMMBI
4] JBYX uU3MepeHUH (TOYHOe pelieHHe B TPeXMepHOM cJyuae elle
He Ha#jeHo).

Crnepyer 3aMeTHTb, 4TO OMNHCAHHAS BLILlEe MOJe]b MOXKET TaKiKe
CIIYKHTb MOJe/blo (eppoMardHeTuka. ByaeM cuurarh, 4TO 3HaueHHe
g, =1 COOTBETCTBYeT CMHHY, HanpaBJeHHOMY BBepX, a 3HaYeHHe
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§ 2. Mepexoa nopsaok —6ecNopsfok B OAHOMEPHOM Cnydae

€, = —] —CMHHY, HAallpaBJeHHOMY BHH3 (IpeANo/aaraeTcs, 4yTo aToOMbI
ofsazaoT noayleabM cHHHOM). DoJjiee peajucTHyeckass MoJAeJb
teppoMarHeTHKa ONHCHIBAETCH TAMUJBTOHHAHOM

-
H 21 Si'sjr

no ¢BA3AM
rie S;—omnepatop cnuHa i-ro aroma. JTa Mojes]b He 3KBHBAJCHTHA
MOJeJIH, B KOTOpOﬁ HMEETCHA JIHUINL YJIeH B3aHMOﬂeﬁCTBHH THUIIa 8‘-8}.
Hanpumep, A8 CHCTeMBI ABYX aTOMOB HMeeM

S8,= 5 |8+ S —Fh ],

NpHYEM anpHOpHas BepOSITHOCTb 3Hauenusa S,-S,=1/,A% BTpoe npe-
BOCXOJHT BEPOSITHOCTb 3Hauenus S,-8,=—3/,%2 D10 o3Hayaer, 4TO
MMEIOTC TPH KOMOMHALMH JABYX aTOMOB CO CIHHAMH /,, 118 KOTO-
pBIX TOJHBIA CIOMH paBeH eJMHUIE, TOTAA Kax KomOuHanus, Ais
KOTOPOH mMOMHBIA CMH paBeH HyMo, Bcero ogHa. HaoBopor, mpo-
H3BeJeHHE &;¢; NPHHHMAET /IBa CBOHX BO3MOMKHBIX 3HAUEHHA C PABHOM
anpHOPHOH BEPOATHOCTHIO.

HecMoTpsa Ha Takoe pasnuuue B ABYX MOJAeNAX, KayeCTBEHHBIE
pe3vabTaTel 47151 HUX MOTYT ObITh BecbMa cXOAHEIMH. Ha nportskennu
OCTaNbHOH YyacTH 3TOH TIJaBbl Mbl GYleM paccMaTpHBaTh MOIEJb,
B KOTOPOH B BhIpa)KeHHe I/ SHEPTHH CHCTeMbl BXOLHT 4JeH &8
3Ta MoJe/ab HasblBaercsi Mojesabio Msuura.

§ 2
MNepexop,
nopsaok — 6ecnopsifiok
B OOQHOMEPHOM crny4yae

B kauectse YHOpaxXKHeHHs BBIYHC/IHM CYyMMY

e-Br= 3 eXP(—HZG‘-s,»H“JZSi)
azil ‘ "

B OJHOMEDHOM cJyuae.
ITpeanonoxum npexae Bcero, uyto J=0. Torna Herpyano pe-
WMUThL 387a4y, BBEJAA HOBYIO NepEeMeHHYI0

7]“{ 1, ecau e;=¢g;,,,
=
—1, ecmn g;=—¢;,,;
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I'n. 5. Teopus nepexofos nopagok —6ecnopagok

npu 5TOM
e 3 exo [—H ) -
Ny==1 i
Ne=xl1
=< > e"”m)( > e~Hm) ... = (2chH)Y;
M=%l ny==x1 ,
tTakuM obpasoMm, F =—(N/p)In{2ch H), 4ro u npeacrasasietT cobofi

HUCKOMBIH pe3yJbTart.

Onnako npu J==0 Taxko#i cnoco® CyMMHPOBaHHSI He NIPHBOJAMT
K LIeJH H CJelyeT HCIOJAb30BATh yiKe J0CTATOYHO H3BECTHHIH IpHEM.
Hmendo, caenyer cgopmyaupoBaTh HOBYIO 3alady, KoTopas IIpH
60JIbUIMNX 3HAYeHHAX N IpakTHYECKH He OT/JHYaeTcHd OT HCXORHOI,
OJHAKO JOMYyCKaeT MOJYyUYeHHE DPEeKYPPEHTHOro COOTHoLIeHHs . [Tombl-
TaeMCsl BBIYMCJAHTD CTAaTHCTHYECKYIO CYMMY 151 CHCTEMBI, B KOTOpOH
YyacTHlA, HaxoAsmlasics Ha ONHOM H3 KOHLOB, HMeeT 3aiaHHYIO

5HEPTHIO €.
Ilyctb
-
Xy (Ener) = . > . exp[— H (e84 ... +entpyp)—
1 €1 e By
—J (g e+ ... +8N+1)];
Toraa
Xys1(Ense) = Z Xy(ensr)exp [ — Hey&nro—JEn,).
eyq= =l

Ceo6oanas 3Heprusa IJjs CHCTEMBl C 6OJBIUUM YHC/JAOM aTOMOB npo-
NMOopUHOHAJbHA 3TOMY 4YHCIY,; CJIe10BaTeJ/]bHO,

Xye1 (Eyes) =Xy (Ens),

rie p He 3aBucutr or N aas Goapwx N, Tak 4To cBoGojpHasn
suepruss F=-—pN. PekyppeHTHoe COOTHOLIEHHe IpelCTaBaseT
coBOH CHCTeMY JBYX JMHEHHBIX ypaBHeHHH

Xy ()= 2 Xy()e tw=7v, rre y==1.
y==1

Ecau paccmarpuBate (X (1), Xy (—1)) KaK coOCTBeHHBIH BekTOp,
a eBr—Kak coOCTBEeHHOE 3HaueHHe MAaTPHUYHOTO YPAaBHEHHS, TO
HETpY/AHO MOHSITH Ja/bHeHLHH XON BbYHC/IEHHH. as Haxoxaenus
eb* HeoGXONHMO peILUTh ypaBHEHHE

—H~J__oBu HJ
Det <e ¢ ¢ >:o;

pli=Jd e-H+J __oBii

B pe3yJbTaTe INoJydYaeM JABa pelleHHs
ebi —e~H ch J e /1 Fe-tHsh2J,
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§ 3. MNpubnuiKenHbie METOALI ANS ABYMEPHOTO Cnyuan

Kakoe u3 HUX caeayeT BoiGparh? Ecan BcnoMHHTh cayqall J =0,
OYeBHJAHO, YTO B 3TOM npenede eP* mpunumaer 3Hauenue 2chH =
= ¢t L e~H Tak yTO OOLIMH pe3yJbTaT HMEeT BHJ

e —e-fchJ el ) 1o *Hsh?l.

3adava. Halitu cBOGOAHYIO 3HEpPrHio KakK (QYHKUHIO OTHOLIEHUH
yucea atomoB THna A u B.

$ 3
MpubrivxeHHbie meToAbI
Ans [BYMEPHOro cryyas

Kak, BeposiTHO, 3aMeTHJ uuTaTe]b, peIUeHHE HH OZHOTO H3
ypasHenuft B § 2 He OBLJIO J0BENEHO A0 YHCAEHHOrO pPe3yabrara;
3TO CBSI3aHO € TeM, YTO HAaC HHTEpecoBasJH He CTOJBbKO OTBeTh
33744, CKOJbKO BO3MOXKHBIE NOAXOAn K HX peileHu0. Bo3MoxHO,
YHTATENb CMOMKET YAYUIUHTh STH IOAXOAbl HJIH TIPHMEHHTh Da3BHTHIC
3jech METOABl K 3ajauaM Apyroro Tuna. B ngannom naparpadge Mbi
KocHeMcsl Apyrofl mnpoG/eMel, a HMEHHO PACCMOTPHM MEPEXOJ Mops-
JOK —GeCopsiiok AJsl ABYMepHOH KBaJpaTHOH pelleTKH (IpH 3ToM
NOJ0KHM A8 NMpocToTH J = 0).

OjMH K3 BO3MOXKHBIX IOJXOJ0B COCTOHT B MOJYYEHHH peKyp-
peHnTHOro cooTHolledusi. [Jduasi aToro cjeayeT HaAHTH CTaTHCTHYECK VIO
CYMMy B cJiyyae, KOrja Bce 3HAYeHHS & [/ aTOMOB B MOCJAeIHEM
cronbie ¢uxcupoBanbl. [lpexnosoxumM, yto umeercst M cros6uos,
Kax< bl M3 KOTOpPBIX COCTOWT H3 N uwacTHU, H TYCTh
Xa(ey, €, ..., x)—CTATHCTHYECKAS CyMMA. Kaxk M B OJHOMEpPHOM
cayyae, cBoBoaHAsi BSHEPTHA INPONOPUHMOHAAbHA UHCIY HacTHIL,
TOTZa HMEeM

PN Xy (ey, €y vvny EN)=Xpraa(Bgy vy Bp) ==
= Ee exp {— H{e,0,+€,0,+ ... Fep0y]} X
o ¥
X exp{—H[e&,+ ... +en_ien]} Xar (0, ..., 84).  (5.1)

Ilasi pelueHHs] aHAJOTHYHOro ypasHeHHs B § 2 morpe6oBasoch jgua-
rouan u3oBath 2X 2-mMarpuuy; ypaeHenue (5.1) TpebGyer coorBer-
cTByIoel auaroHadusauuu 2 X 2V-maTpHUEL

Ecau jgano marpuuHoe ypaBHenue MA =hiA, rie M-—ospmuToBa
Martpuila, CVIIECTBYET XODOIUO H3BECTHBIH CIOcO6 HaXOKAeHHS
pElleHHs ¢ MHHMMaJbHbIM HJH MaKCHMaJ/JbHBIM 3HAa4YeHHEM A; OH
COCTOMT B HAXOMIEHHH 3KcTpeMyMma BblpaxkeHHs A-MA/A-A. [lpu-
MEHHM 3TOT MeToj K ypaBHeuuwo (b.1), NOJOKHB

1
Xy(ey, oo, sN)::exp{——a—H[elsz—}...+8N_18N]}Z(el, ceey EA);

153



In. 5. Teopus nepexofos nopsgok —6ecnopsaok

torna vpaBHeHue (5.1) mpunumaeTr BHI

SLA \
PN (g, .., Ex)= 2 exp {——?H (€184 .- —[—eN_leN]} X
B1s ons Oy
I
X exp {—711 (0,0, . .. -0 ,0] } X
X exp {H [0, 4+ ... +exyOn} Z (8, ..., Oy).

Ora MOJCTAHOBKa NpPOBeA€Ha C I[EeJABI0 MOJYYHTL YpaBHEHHE Ha
co6CTBEHHbIe 3HAYeHHs ¢ JeHCTBUTEJbHON CHMMETpHYHOH (T. e.
5pMHTOBOi) Matpuuedi. UToOBl peuluTb 3TO ypaBHEHHE, HCCIELyeM
skcTpemym orHomenus I/D, rae

I = 22(01» ey eN)Z(EI, v EN)X

;€

I
X eXp { —5 H [e.e+ ... —[—EN__IEN]} X
1
Xexp { —5 H[0,06,4 ... +0N_10N]}><
xexp{—H [e0,+ ... e8]}
D:Z‘Z(Sl, ..o 8N)|2'
Ei

Pasymeercs, HaliTH TOYHBIH 3KCTpeMyM OTHolleHHs I/D BecbMma
3aTPyAHUTE/bHO, O/HAKO HaWTH ero npuOJIHKEHHOe IMO0JOoXKeHHe

MOXHO, yiayHo nopobpas ¢yukuuiwo Z{e,, ..., ey). Donee nocie-
JoBaTe/lbHas TNpoLeaypa COCTOHT B TOM, 4TOOB BLIOpaTh KJacc
byHRUMHA Zy (8, ..., €y) U 3aT€M HAWTH MAKCHMYM MO OTHOUIEHHIO

K a; Torga Beauuuua exp (fuN) O6yner paBHa MakCHMAaJbHOMY BO3-
MOXKHOMY 3HaueHuto I/D.

3adaua. Halitu camoe 6oJibiloe 3HaueHHe oTHoWIeHus [/D, Kakoe
TOJIBKO YJacTCsl; AJIsl OLUEHKH UCXOIHBIX CyMM MOKHO IONBITAThb+
¢St IONIOKHUTh Oy =0, 0 ey =¢g,. DTOT NpHeM NOMOraeT ynpoCTHThb
3ajayy B TOM cJyudae, KOrja JAByMepHas pelleTKa HaTAHYyTa
Ha LHJIUHAD.

Meul pacemaTpHBaeM B3aHMOJEHCTBUS IpPH HyJeBOH TeMmmeparype,
Korja aTombl THna A W B uepenyioTcs B peuletke. B aByx- uau
TPEXMEPHOM cJlydyae NPH JOCTATOUHO HH3KOH TEMIIEPATYpPEe KPHCTAJLI
obaajaeT janbHuM nopsakoM. Ecau Ham H3BeCTHO, aTOMBI KaKOTo
THIIA HAXOAATCS B KaxJAOM y3Jje B OfHOH 00/acTH XKpHCTaldla, TO
MBI MOZKE€M YKasaTb, aTOMBl KaKOro THNAa Hau0ojee BEPOATHO BCTpe-
THThL Ha GOJBIIOM YylajJeHHH OT 3ToH ob1acTH. 3aMeTHM, 4TO
B OJHOMEDHOM cJyyae OJMH ,HelpaBHJLHBIA® aToOM B y3Je pelleTKH
(nedexT) MeHsET OXKUAAEMBIH NOPANOK dTOMOB TOJbKO MO OAHY
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§ 3. MNpubnrrxeHHsle meToabl AN ABYMEPHOrO ciyuyas

CTOpOHY OT Jedexta. B ciayuae aByx u 6o/ee U3MepeHHH MOXKHO
TOBOPHTH 00 o- HJaId f-y3aax, NpHYEM B a-y3Jax ¢ HauboJblliel
BEpOSITHOCTBIO pacrofarairTesi aTombl THna A, B fJ-ysnax—cooT-
BETCTBEHHO aTOMbI THIA B (B OAHOMEpPHOM CJjyuae Takoe pasfHeHle
HeBO3MOXKHO). [as JByMepHOro cJayuyasi NOHSITHE o- H [3-y3.0B
Hcnoab3oBad bBere [1] mpu npuOMTHKEHHOM I[OCTPOEHHH TeOPHH
nepexo10B NOPs 0K —0Oecnops oK.

Ciaeaysa Bere, GymeM paccMaTpHBATH JIHLIb MAJjoe YHCJIO AaTOMOB
peuleTKH; BJHSHHE OCTAJbLHBIX aTOMOB IIOMBITAEMCH yuecTh ¢ IO-
MOLIBIO OJHOTO MapameTpa. ATOMBI, KOTGDbIe MBI PaCCMOTPHUM GoJee
nojApofHo, 0OBeleHH MyHKTHpPOM Ha ¢ur. 5.2 (obaacts ).

N -
8 P 8 “ OUT. 5.2.
~
“ N,
s ~
8 a 7 a N, o« B
n h
! -, ~
JRe I AN
a g// B \\\
\ a B > o
AN rd
\\\ "
N 7.
ﬁ a \\ B8 //’ a H
\\ //
e
o e IByMepHas pemetka
8 a i o C y3namu tHna « M f.

OTHocuTe/bHasi BePOSTHOCTL JAAHHOrO paclpele]eHHA aTOMOB
0 BCEMY KpHCTAMdy paBHa exp(—-HZeiaj); IpH 3TOM IIpejnoJa-
raeTcsi, 4To 4ucaa aromoB THMOB A W B paBHH. Ecau ™Mbl orpaHu-
YHMCSl PAcCMOTPEHHeM TOJBKO NATH aTomMoB B obJjactu I, cienyver
JOMYCTHTb, YTO Ha 4YeThipe BHELIHUX aToMa B f3-y3.1aX BJIHSIOT aTOMBI
13 ob1actu Il. Yurem 3ro Bausinue NpuGIHNKEHHO, MOJOKHB OTHO-
CHTE/IbHYI0 BEPOATHOCTh AAHHOTO paclpefesieHHd NATH aTOMOB paB-
Hoft e”exp (—H Yle;e;), rae n—uHcaI0 y3a0B THNA B B o6aacTh I,
B KOTOPBIX HAXOASITCA ,HenpaBujbHble® aTomMbl THna A. Cymmupo-
BaHHE pACNpOCTpaHfAeTCs JAHUIL Ha 4YeTblpe CB3H B objacta [
B KayecTBe BEJHYHHB & MOXKHO BBIOpaTb OTHOLIEHHE aNpHOpHOL
BepOATHOCTH 3aHATHA atomoM THna A ysna f§ B obiacru | K anprop-
HOH CEepOATHOCTH 3AHATHS TCTO Ke y3Ja aToMoM Tuna B.

LATIDHODHOH BEPOATHOCTHIO® Mbl HAasblBaeM 3/eCh BEPOSITHOCYD
3aHATIHsA Y3J0B 0e3 ydeTa TepMOAHHAMHUeCKHX 3ddeKToB, 06yCa0B-
JeHHBX B3aHMOJeHCTBHeM. 3TO O3HAuaeT, 4YTO JAXKEe INIPH OTCYTCT-
BHHU B3auMOJIelCTBUA Mexay aromaMd B objactu | BzammojeiicTBire
4eThIpeX BHELIHH X aTOMOB, NpHHAaAIex)amux obsacTu I, ¢ o6.1acreio 11
Oyaer crnoco0CTBOBATh 3aHSATHIO [-y3/0B aromamu tuma B. 3anme-
THUM, YTO YHCJIO 7 He PABHO MOJHOMY YHCIY , HenpaBUJbLHO" 3aI10.1-
HeHHbIX y30B B objactu [. Tak, ecau «-y3en B LEHTpe 3amoJHeH
atoMoM THNA B, Mbl He YMHOXKAEM OTHOCHTEJILHYIO BEPOSITHOCTh
Ha g, Tak Kaxk oOsaacte Il He B3auMOAEHCTBYeT HEMmoCpeaCTBEHHO
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Fn. 5. Teopus nepexonoe nopsgok —6ecnopsaok

c 3TUM aToMOM. 3aMeTHM TakK:Ke, 4To aToMbl obaactd [ moryt Bo3-
JeHCTBOBaTh APYTr Ha Jpyra KOCBEHHO IOCpejCTBOM aTOMOB o6.1a-
cru 1l, Tak 4TO MHOXHTeJb € JaeT JHIIbL NpHOIHKEHHBIH crnocol
yueTa Bausinua obaactu II.

[Ipy naHHOM 3HAYEHHMH & Mbl MOXEM pacCYHTaTb BEJHYHHY W,
NpEACTaBASIOUYI0 COOOH OTHOCHTeNbHYIO BEpOATHOCTb TOrO, HUTO
y3el o B obaacth 1 saHsaT atomoM THma B. Mbr MoxeM Takixe
paccuuTaTh BeJIHUHHY @ — OTHOCHTE/bHYIO BEDOATHOCTb TOrO, YTO
y3ea B B obmaactin 1 saHaT artomoM TtHna A. Ilorpebyem Tenepb
BBHINIOJIHEHHS PABEHCTBA w=®', KOTOpOE O03HAuaeT, UTO BEPOSATHOCTh
,HEIPABUJILHOIO" 3aNOJHEHHs [AHHOTO y3Jia uyXKHM aToOMOM He
3aBMCUT OT y3Ja; 3TO PaBeHCTBO MO3BOJHUT HaM OJHO3HAYHO Onpe-
JE€ANTh BEJTHUHHY €.

Huwe OyayT DonydeHBl HEKOTOpDHIE H3 pPe3yJ/bTAaTOB TEOPHH
Bere. Beanuuna w paBHa cymme no s (ot n=0 10 n =4) oTHOCH-
TeJbHBIX BePOSITHOCTEH TOro, YTO «-y3e/a B ofJacTH | 3aHST aToMoM
tuna B u uMeeTcss n y3aoB [, sausitelx aromaMd tHma A. Cyuie-
CTBYET

cn 4

+ T AT d—n)l

cnoco60B, KOTOPBIMM 1 Y3/0B [} MOTYyT OBITb 3aHATHLl aTOMaMmu
tuna A; HeTpYAHO BHJETb, 4TO
g8, =4—2n.
no BCceM

CBS35IM

Torna

4 4
W= 2 ngrze—H(a—zn) = p—4H 2 C? (ee"’”)":e“”(l + ey —
n=0 n=0
= (e~ 4-eefly1, (5.2)

rjae w mnpejacTaBisieT co0oH OTHOCHTENbHYIO, a8 He HCTHHHYIO BeposiT-
HocTb. YcTHHHAs BepPOSATHOCTB TOrO, UTO CG-Y3€] CONEPKHUT ATOM
THIOA B, moJydaeTcss YMHOXKEHHEM W Ha COOTBETCTBYIONIMH HOPMH-
PYIOILHH MHOXHTE/b.

[Tyctb r—oOTHOCHTE/NbHAS BEPOSTHOCTD TOrO, YTO O-y3eJ 3aHAT
aToMoMm Tuna A. BbipaxeHHe 1Js1 r MMEET TOT XKe BH[, UTO U 114 W,
33 HCKJIOYeHueM Toro, uto H 3ameHsiercd Ha —H:

r=(ef feet)s. (5.3)

Hopmupylomuii MHOMXKHTEIb paBeH 1/(w-+r), Tak uTO HCTHHHASA
BEPOATHOCTh TOrO, YTO B [JaHHOM Y3/e HaXojuTcs aToM THna B,
paBHa
(e~ H L eely _
(e-HFeef)T - (eH Jge= H)t*

156




§ 3. MpubnnikeHHble METOALI AN ABYMEPHOTO Chyuas

C npyroft cTopoHbl, BepOATHOCTh @' NPONOPLUHOHAIbHA 1/, OT cpej-
Hero yucaa f3-yanos B o6aactu I, sausaTeix atomamu THnna A. Tounee,

4
' 1
w = 71—2 n(a,+b,),
n=0

r/le @,—OTHOCHTEJbHAs BEPOATHOCTb TOTO, 4TO £ V3J]0B THMA
3aHATEl aTOMaMH THna A W y3eq o 3aHAT aToMoM THna B; b, —ort-
HOCHTE/IbHAS1 BEPOATHOCTb TOro, 4TO A Y3/0B THHA [} 3aHATH aTo-
MaMH THHZ A U ysen THOa o Takke 3aHsaT atomoMm Tuna A. Mmeem

4
@’ =_‘11_Z nClen [e=H@=2m f_pHu=2n] —
n=0

H

4
zl Cn-1gn [e—H (8-21) —i—eH (4-2n)] —

=g (¢=H 4 g3 J-ee~1 (e J-ee—H)3, (5.4)

[pupaBHuBasg BeqMYHHBl @ M @', ONpeJje/seMble Bblpa:KEeHHAMH
(5.2) u (5.4), Haxomum

(e=H - eeff)t =g (e=H 4- ey +-ee~" (e - ee~1)3,
TaK 4To
(e~ +eety (et - ee—ee) =~ (el J-ee—1),

Ynpouass ypaBHeHHe IJd &, NOJydaem

. e—H L gefl
E/SZe__FH—}-se-H’ (5.5)

NpUyYeM €CaIH € YJOBJeTBOpseT ypaBHeHHIO (5.5), TO 3TOMY e ypaB-
HEHHIO YJIOBJeTBopsieT l/e. DTO MOXKHO YTBep:KaaThb IOTOMY, YTO
HHTZe B Npolecce BHIBOJAA Mbl He HCHOJB30BA/H TOT (aKT, UTO Y3JIbl
THNA @ HMeT OOJbLIYI0O BEPOSiTHOCTb GBbITh 3aHATHIMH ATOMAMH
tuna A, uem yagael tHna f.

Pewas ypaBhenue (5.5) oTHocuTenbHO €, moJsyuaem aBa pelile-

HUS, BbIpaKeHHbIE Uepe3 & OfHO H3 HHX HMeeT BHJ
2ls__ o=
(32”:273“—%,/—;:—8’/3 4g=ta (5.6)
IJsi ApYroro pellleHus €==1 W BeJlHuMHaA {1 NPOMU3BOJbLHA, YTO He-
IIOCPeACTBEHHO BHIHO H3 ypaBHeHHA (5.D).

MuHHMa/IbHOE 3HaYeHHe CYMMbI &'/s J-£~'/spaBHO IBYM, TakK 4TO
ecau BeqMuMHA H oueHb MaJsa (BBICOKHE TeMNepaTryphl), TO CJAeAVET
Bh6pate €=1. [lo onpenejenHlo BeJHUHHDBl & 3HaYeHHe €= ] COOT-
BETCTBYET NOJHOMY Gecrnopsgky. MoKHO 0KHAATb HaJHUHA paspbl-
BOB B HEKOTOPBIX TEPMOAMHAMHYECKHX BeJHUYHHAX MJH HX [POU3-
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5. 5. Teopus nepexcpos nopsgox — Becnopasox

BOAHBIX TIpH TOM Temmepatrype, NPH KOTOPOH YCTaHaBIHBAaeTCH
NOJHBI GecnopsIoK.

B KauecTBe mpumepa HCHOJIb30OBAHHS OMHCAHHON BBIIE MOJEIH
A5 BBIUIC/ACHAS TePMOJAHHAMMYECKON BeJUUYHHBI HaHAeM 3HepPrHio.
[Tpeanoaokun, YTO CBA3b MEXAY Mapoil ATOMOB ABJAETCH C BEPOAT-
HOCTBIO p cBA3bio Mexay atomamu Ttuna A u B. Torpa ¢ Bepost-
HOCTLIO p 3Ta CBA3b JaeT caaraemoe (—FH/B) B BbIpaKeHHH ISt
sHeprin, a ¢ BepoATHoCcThiO (1 — p)—caaraemoe (- f/B). Cpeanee
3HaueHHe SHePruH pPaBHO

H H NH ) - .
E=v[p(—3)+0—p(+F)| =T =20, 67
rae N -—UuHCJA0 aTOMOB, V— YHCJIO CBA3eH. BequHHa

[eef! (e~ 4 eef)?]

WA
AaeT BEPOATHOCTh TOTO, YTO MAaHHbl y3ea P u3 obaactu I 3anar
aTtoMoM THMA A NpH yCJIOBHHY, YTOo B y3Je o HaXOAHTCA aToM B.
C TOUHOCTBIO 10 HOPMHPYIOUIEro MHOXKHTeNS 1/(w-+r) 3Ta Be.HUNHA
paBHa OJHOMY H3 CJaraeMbelX B BblpaxeHHH A1a ©@'. Beauunna

1— [ee=H (e -|-ee~H1)3]

1
w-+tr
ZaeT BEpOSATHOCTH TOTO, YTO JaHHHH y3en f u3 obaactu I 3aHsr
aTOMOM THMa B npH yCJ0BHM, YTO y3eJ o 3aHAT aToMoM THMa A.
BepoaTHOCTh TOTO, UTO JaHHAA CBA3b MEXAY y3JaMu o U f AB-
JIRETCH CBA3DIC MeKAY aTroMaMH Tuna A u B, paBHa, CJEI0BaTe/bHO,

B cetl (e—-H%_ Ee”)“ /1 Ee'H(eH—%—Ee—H)-'“ 5 8)
P= w+r \ w-r ) (-

Bequuuna H/p aBasercs NMOCTOAHHOH, He 3aBucCslleH OT Temmepa-
Typbi. HMemoassysa (5.7) u (5.8), wmoxno nmoayuntb Cp=0FE 0T
SHTPOMHI0 MOXKHO ONpeJeJNHTb ¢ MOMOILBK BLIPaXKeHHs

T
S(T)=8(T)—S (0)= gcvdTT, . (5.9)
0

[Ipi T=o00 B3HTPONHIO MOXKHO BBIUNC/AHTL HEMOCPEICTBEHHO O
ONpeeIeHHio, BCTOMHMHAM, 4YTO S=—ky2P,InP,, rae P,—Be-
n

DOATHOCTb COCTOsIHHA n. B cucreMe H3 N aTOMOB umeercs Bcero 2V
COCTOSAHMH, BEPOSTHOCTH KOTOPBIX MNpPH OGCKOHEYHO BBICOKOH TeM-
nepatype oxMHaKoBH. Torza

=——k3'2N(2iNan—1A7>=NkB In2; (5.10)

PH 3TOM TMPHONHIKEHHOE BbUMC/IEHHE C HCMOJbh30BAHHEM BhIpaXKe-
Bug (5.9) naer suauenue S= Nky-0,697 Bmecto Nkg-0,693.
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§ 4. Npobnema Oncarepa

$ 4
Mpoénema Omxcarepa

Paceyorpuy 1BymMepHyo KBaapaTHYIO PelIeTKY, coctosamyio Uz N
aTOMOB; KaxKJOMY aToMy IIOCTaBUM B COOTBeTCTBHe Jiu6o -1, aubo
—1; Tounee, KaxJIOMy aTOMy COOTBETCTBYET UHCJO #;, paBHoe —- 1
HaH —1. DHeprus B3anMojeHCTBHs Mexny mapoli Oamkaliminx co-
cetefl pasia --Hewe; B eannuuax kpT. CocTosiHHE ClHCTEMB OIpe-
JeJd4eTcA  TeM, UTO Ka)KIOMy aTOMV CTaBHTCH C COOTBETCTBHE
uric10 &; JaabHefllas 3azaya COCTOHT B BBHIUUCIEHHH CBOGOLLOIN
HEPTHH CHCTEMBI.

CrarucTiueckas cyMMa Q [4eTcs BbIpAKEHAMI

Q = 2 e_BE"(‘a

0o BCcem
COCTOAHHSIM

gl ~-Z*Hee, 2‘1 * ~Hee,
Q B Z e [ — e 1 /,
0 BCEM O BCEM
COCTOSIHHAM COCTOSIHHAM

rie > u IT" osmauawr coorsercreenno CYMMY H NpoHU3BeieHue
MO TapaM COCeJAHHMX V3J0B [ M | B peiletrke. HeTpynHo BujeTs,
4TO €CJIH JI3MEHHTb 3HaK ff, TO BeJHuMHa ( OCT4eTCs HEWU3MeHHOI.
das yio6CcTBa 3anuilieM paJjee
N * He.e,
Q= 2 IIe™ (5.11)

no BceM
COCTOSTHASAM

1 6yJ1eM CUNTaTh BeJIHYHHY [ HOJOMKHTENLHOH.
[Tocko.1bKY €;£;= =1, OUEBHIHO, CIIpaBeTHBO PaBEHCTBO

EHJ‘—;_H—!—eigj eH—;_H=e+eiajH.
Toraa
effeify=ch H +ee;shH =chH (1 +eet), (5.12)
rae t=thH. M3 (5.11) u (5.12) Haxoaum
Q=21II"[chH (1 +ee)]. (5.13)

Bernomunas, yto B peerke u3 N aromMoB HMeerca 2N cBsizel,
noJgayuaem

Q=(chHPy X JI'(1+ept)=2¥Q" (chH. (5.14)

Tenepp Ham HyXHO HalTH MOAHQULIHPOBAHHYIO CTaTHCTHYECK VIO
CyMMy

Q=g 3 II' (1 +eep) (5.15)

no BCceM
COCTOSIHHAM
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Fa. 5. Teopus nepexopos nopsaok —Becrnopsaaok

Pasnarasi nmpowussefenne, HCIOJb3yeM CHMBOJ . Adst 0GO3HaueHust
CYMMBl 10 BceM BO3MOKHbIM HaGopam [ pasjiHUHBIX cBsized. Torza

2VQ = X X Lt X e 2 Xk (eg) (eE ) b
go=21 IVEE S
(5.16)

3ameTuM, 4YTO B Ka)kiom cJaaraemoM B (5.16) BejqHuHMHB & MNO-
ABAAIOTCA NapaMH, KOTOpble COOTBETCTBYIOT Yy3/1aM, sIBJSHOLIHMCS
OaMKaAIMMH COCeAsMH, TpHYEM HH OjJHA M3 Nap He BCTPEYaeTCs
B OJIHOM H TOM K& NpOM3BEIEeHHH IBayKibl.

. . . . . ° OUT. 5.3.
! Z 3 %
° L

Ouarpamma, wau Ha6op [
. . . o . . cBazell.

ConocraBum Kaxa0fi nape &g, CBsA3b MEXIY aToMamu i H f,
ABJASIOIHMHCS OJHKaALUHMHE cocelsiMH. KakaoMy caaraemoMy, HJH
nponssejeHulo 2/ BeJHUHH €, TOCTAaBHM B COOTBETCTBHE JHATPAMMY,
uan Habop / cBssedt. Ilockoabky HH oJHa H3 nap e, He N0fAB-
JsieTCss B JaHHOM 4YJieHEe ABAXKIBI, HH OJHA CBsI3b TAKXKE HE BCTpe-
yaeTcsl JABaxAbl B Jjannoi aMarpamme. Hanpumep, Ha ¢ur. 5.3
npHBejeHa JHarpamma, COOTBETCTBYIOLAA YJaeHY

(818,) (8584) (8586) (8185) (8486) (€584) (E483) (E484) (€10811) (8‘10814)'

Hauee,

> =0 =u > er=2. (5.17)

e=41 e=+1

M3 eeipaxkenudl (5.16) m (5.17) sacuo, uto Bkaax B Q' gaiwor
TOJIBKO Te 4YJeHbl, B KOTOPBIX KaxJoe 3HaueHUe &; BCTpeyaercs
yeTHoe YUCJA0 pa3. ITO pPABHOCHJBHO YTBEPXAEHHIO, YTO €IMHCT-
BEHHBIE JHATPaMMbl, KOTOpble AAIOT BKJag B Q',— 3TO Te, B KOTO-
PHIX OT Kax{IOTO aTOMa HWJH y3Ja pelleTKH OTXOAUT 4YeTHOEe YHCJO
(0, 2 uau 4) ceaseill. MablMu ca0BaMy, AHarpaMMbl, aOLIHE BKJAA]
B Q', NOJ/IKHBI 1IPEACTaBAATh COOOH CYNEPNO3HLHH MPOCTHIX 3aMK-
HYTBIX MHOTOYTIOJLHMKOB, HE HMeLIHX ofWHX CcTopoH. Takue
JHarpaMmbl MOXKHO Ha3BaTb ,3aMKHYTBIMH®. ‘
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§ 4. Npobnema Oucarepa

Ha ¢ur. 5.4 npusejeH npuMep 3aMKHYTON JHar paMMBbI; 3aMeTHM,
uTO JuarpaMma Ha ¢ur. 5.3 He #ABJAeTCH 3aMKHYTOH H He JaeT
BkJana B Q'. Ha ¢ur. 5.5 npuseseH apyroifi npuMep He3amKHy-
TOH auarpammel, jawouieli HyJgesod Bkaag. Kaxiaoe caaraemoe

. . . . . . . 4 OUTl'. 5.4,
. . . . . .
. . .
. . . .
. 4 . . .
. . ° °
. . . . .

[Tpumep 3amMrHyTO#H
. R . . o . - . AHarpaMMel.

B (5.16), cooTBeTcTBYIOIWlEE 3aMKHYTOl JAHArpaMMe, COAEPKHUT yeT-
nyto crenenb (0, 2 uau 4) BeJHYHHBH €;, T. €. paBHO npecto tf,
rae L—uucsao csasedl. CyMMHPYsi [0 BCEM &;, [10J1y4aeM MHOXH-
Tesib 2, KOTOPLIA COKpAUIAeTCsl TAKHM XK€ MHOMXHTEJEeM B JeBOM

* * : ’ * OUT. 5.5.
e .
* .
. L]

[TIpuMep HedaMKHYTOH
. . . . . AHAarpaMmsl.

yact ypaBnenus (5.16). Takum obpasoM, Kamxjaasi 3aMKnyTas
duarpaMma JJHHOH L naerT wien nopsagxka X B Q', Tak uyTo

Q’:%g([,) L \ (5.18)

rae g(L)-—uucJ0 3aMKHYTBIX AHAarpaMM MJHHOH L, KOTOPOE MOKHO
u300pasuth na pemeTke. 3ameruMm, 4To g(L)=0 B ToM cayuae,
€cJH L —nedeTHOE YMCJO, [103TOMY 3Hak f (a cjlefoBaTenbHO, H H),
KaK Mbl M MpeAnoJaraji, HECYUIECTBEH.
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fn. 5. Teopus nepexofos nopspok — 6ecnops Aok

MeTon HaxoxneHHsl TOuYKM mnepexofa. Ternepb OTBJeYeMCst HeHa-
LOJATO M OnHmeM MeToj] (co3aaHHbli KpamepcoM u Bannbe), ¢ no-
MOLIbIO KOTOPOIO MOXKHO HaiTH TOYKY (a3oBoro mnepexopa B Mpo-
6neme Omcarepa.

PaccMoTpHM 3aMKHYTYIO AunarpaMmy Ha pemeTke. Ilpumem, uro
JJIS HEHTPOB KBaJpaTHHIX PpeLUeTOYHLIX fiyeek W;= -+1, ecan ouu
TONAajaioT BHYTPb AHATPAMMBL, H ;= —1, €C/iM OHM HAXOJATCA BHe
ee (¢ur. 5.6). PaccMoTpum nanee ¢BA3b (M300paKeHHYIO WITPHXOBON

o | o] o o ol o of+

ol L+ |+ o | +] oo

o |l + | ] o o ++- | o

o |+ ol ol o+ +]o
SUT. 5.6.

lleHTpsl sueek pelleTKH OTMeueHbl 3HaKoM (+), ecJau
OHM [OMajal0T BHYTPb 3aMKHYTOH JMarpamMmbl, H 3HAKOM
(o), eCTH OHH HaXONATCH BHe ee.

JUHHeH) MeXJYy UEeHTpaMH C pasJH4YHbIMM 3HadeHuamu p. Kax-
Jasi M3 TaKHX CBsizell COOTBETCTBYeT CBfA3M B 3aMKHYTOH AHarpam-
M€, TaK KaK KaxJasd CBA3b, H306parkeHHas IITPUXOBOH JHHHEd,
riepecekaeT CBsi3b, H3006pakeHHYIO CIJIOIUHOH JHHHEH.

Teneps Mbl uMeeM 1Be pemeTkH. HoOBYIO perieTky Mbl NOayuHM,
ecau GylIeM cuuTaTh, YTO ATOMBI, XapakKTepH3yeMble pPasiUuYHLIMH
3HAYeHHsIMH |;, HAXOAATCA B LUEHTpax cTapol pemeTkHu. s HOBOM
pelleTKH TaKKe MOXKHO TMOCTaBHTb BONPOC O BHIYHCJAEHHH Q mpw
JaHHOH TeMnepatype 7', NmpH4YeM 3HepPrua B3aHMOAEHCTBMA paBHa h
B eiuHuuax kgT. Toraa

Q=2 I e,

10 BCEM
COCTOSTHHAM

Ecan py=+p, 10 pp;=-+1 n Braan pasen e*t ecan
B;== —M;, TO COOTBETCTBYIOIIHA BK/aj paBeH e~ ”.

Janee, ecau B JAaHHOM COCTOAHHH HMeeTcss [ pasjHuHBIX CBR-
3eil ¥ 2N —L nono6HLIX cBA3eH, TO BKJAaJ 3TOTO COCTOsIHHS B Q (h)

paBen
~Lhy(eN—-L)yh
gLt W
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§ 4. Npobnema Oncarepa

TaK 4TO
Q (h) =eN" X m (L) e~2th,
L

rie m(L)—wuucao cnoco6oB, KOTOPHIMH Pa3HOPOAHbIE Naphl MOTYT
ObITh pasMelileHbl Ha pelleTKe.

M3 npeablaymux paccy:kAeHHH, Kacalou[MxCs IUTPHXOBBIX H
CMJIOWIHBIX CBsA3el, caeayer, uto m(L)=g(L), rae g(L) oupene-
Jasietca cootHomeHHeM (5.18). TakuM oGpasom,

Q(h)=e2N"2g(L) g2k
L
Q (H)= 2N(chH>*N§g(L) i,

Onpenenum Teneps BeqinunHy h ypaBHeHHeM e~ ={=th H. Toraa
Q(h=(th HY™ Zg (L),
H Mbl [TOJ1yYaeM TOX/IeCTBO
Q (H)=2%(ch H)* (th H)¥ Q (h).

Ecau snauenue H Besnko, To BesauuHHa h Madqa; ecau Q (H) umeer
0co0yi0 TOYKY, TO 3TO ke chnpaBegauBo H aas Q (k). 1o o3Ha-
YaeT, 4YTO ec/H HMeeTcs (a3oBblil nepexon npu H,,, To 6Gyner cy-
LleCTBOBATh TAKKE nepexol npH A, Ecau npeanosoxuts, 4ToO
HMEeTCs eQMHCTBEHHasa Toyka (ha30BOTO Mepexoda (HAH TOYKa
Kiopu), 10 H,py=h,, u H=—/,1n (th H ). Pemenue sroro ypas-
HEHHA HMEET BHJ

1 -—
Ho=5In(V2—1).
Kasaiaoch 6bl, MOXKHO BOCIOJB30BATHCA TOXKAECTBOM
1
Q [x] =2V (ch x)*™ (thx)¥ Q ( —+1n thx] (5.19)
W HafiTH 3HaueHus Q (x) ANA MHOTHX pa3JIMYHBIX 3HAYeHHH X [ecJu

u3pecTHO 3Hauenue Q (x) Ana ofHoro 3HaueHus x]. Tenepb Hafizem
sHaueHHe @ MpH ApPYroM 3HAYEHHH apryMeHra

x' = —%h‘l th x;

3aTeM MOKHO BBIYHCJIHTH Q mnpH

x' = —% Inthx’;

K COMaJeHHIo, x"=Xx, TaK 4YTO 3TOT METOA HEeMpPUMEHHM D).

1
LU B cuay ToxpecTsa —%lnth [—?lnth yJ =y.— [Ipun. ped.

163



In. 5. Teopus nepexopnos nopspaok —6ecnopagok

Mponoxkenue paccMoTpenHss npobaembi Oncarepa. Ofo3naunM
yepes h(l) yucno myTeil, KOTOPBIMH MOXKHO, HAuaB C HEKOTOPOTO
atoMa W cjenaB [ wmaroB mno pewetke (mpofins [ cessell), Bep-
HyTbCSl K TOMY K€ aTOMy, He MpPOXOAs HH ONHOH CBSA3H JBaxIbl.
Mbl He yuuThiBaeM B /i (l) pasnuunble TYTH, KOTOPblE MOXKHO HCIOJb-
30BaThb JJ5 TMOCTPOEHHS OXHOTO H TOrO K€ MHOTOYTOJbHHKA.

. . . . . * OUrl. 5.7.
- . . L] [} .
[ L ]
L]
. B . .
. MruoroyronsHrk,
. A i ¢ noayyanuKics
B pe3yJbTare NepeMerlenus
. o . . . N3 JaHHOI TOUKH pellleTKH
L]

¥ BO3BpallleHUs] B Hee
(4 onHZ M3 cBsi3edl He
Hayalio =8 MPOXOAUTCS] JBAKIBI).

Ins npoBeleHHs BHIUMCJAEHHH HaM NOHAJ00HTCA CyMMa [0 BCEM
pa3/JHuYHBIM [ MHOTOYTOJIbHHKAM B KpucTaJie; /(/) MHOTOYroJbHu-
KOB (Hampumep, Ajsa atoMa A Ha ¢ur. 5.7) 6yAyT BHOBb COCYH-
TaHbl cpead h(!) MHOTOYTOJbHHKOB JJs APYruX aToMOB (HalnpHMep,
B ua ¢ur. 5.7). Kaxapifi MHOroyrospHuk BCTpeTHTCs [ pas, mo-
3TOMY YHCJO MHOTOYIOJBHHKOB B pacueTe Ha aTtoM pasuo A (l)/l.
[Tycts

g=% "y, (5.20)
Mbl HM€eM BbIpaXKeHHe

Q'=glytt= X i,
L Mo 3aMKH.
auarp.
0OJHAKO HaM HQOﬁXO}lHMO TakKoe BblpaxeHue a4 Q’, KOTOpOE
MOXHO HaJeATbCsA BBIYHCJHUTD. HOCTapaEMCH Ha#TH €ro, IIOCTPOHB
HpH6JIH)KeHHe JJ1s Q’, KOTOpoOE 6leeT 3ateM YTOYHEHO C IIOMOUIbIO
crienyaJibHOTO IIpHeEMa.

CJIaI‘aEMoe, BO3HHKAIOIIEE 3a CUET 3aMKHyTOﬁ Auarpammsbl, MOXHO
NNpencTaBJdaTh cebe Kak [IpousBeieHHe 4YJEHOB, INOCTPOCHHBLIX H3
auarpamm, O6paBOBaHHbIX MHOTOYTrOJIbHHKAaMH. an OTCYTCTBHH
MHOT'OYTrOJIbLHUKOB BKJiax B Q' paBen IMNpoCTO eJHHHIE; BKJaJ OT
aHarpamM, coaepxaumHx OAHH MHOrOyroJibHHK, paBeH Nq, AJIA
HRCKOJbKHX JHarpamMmM, COCTOANIHX H3 OAHOI'O MHOI'OYroJIbHHKA
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§ 4. MNpobnema Oncarepa

AAuHOM [, 3TOT BKJaj pasBen Nh(l)/l. danee, BKJaj OT map MHOTO-
YTOJIbHHKOB, OJHH M3 KOTODBIX HMeeT AJMHHY [, a Apyrofl — xauny /',
pasen (Nh({)/l) (Nh(I")/I") t**", tak uTo BKJaj OT Map MHOTOYIOJIb-
HUKOB I[POH3BOJBHOH IJHHBLI paBeH NMPHMEPHO

3 (240) (242

L

rje MHOXHTEJb '/, yUHTHIBAeT, YTO KaxJas Mapa COCYUMTAHA [ABaKIbl.
Takum o6pasoM, BKJaj OT Nap COCTaBJfAE€T BEJIHYMHY MOpSAKa
npumepHo */, N3¢g®. Mbl roBOpMM ,IpHMEPHOY, MOTOMY YTO YYHTHI-
BaaH H JUarpaMMbl THIA

XOTS TaKasl Tapa sueek He ABJIAETCH 3aMKHYTOH, MOCKONBKY OfHa
H3 CBA3CH yuMThIBaeTcs ABakJAbl. Kpome Toro, amarpamma

o«

npeacTaBaAeT co0of mapy sueek, a Takxke H ORHH MHOIOYTOJbHHK
¢ [==8, mo3TOMy OHa yuTeHa JIBaxIbl. Ecau npenebpeub BCEMH
TaKHMH OWHOKAMH, TO MBI NPHAEM K BHIPaXKEHHIO

Q' ~ 1+ Ng+5 (NP 5 (Vg + ... =eVe. (5.21)

CaenyomHil JOTHUECKHH 111ar JOJIKEH COCTOSITH B BBEJEHHHM TMO-
NpaBKH K ¢ 1Ja TOJYYeHHH NPaBUJALHOTO 3HAaueHH:A Q'; 3TO MOXKHO
c/lenaTh, BBOASI MONpPABKY K A(l). BuiNHIIEM HeCKOJbKO MOmpaBoy-
HbIX 4JICHOB.

4

dUrI'. 5.8a. OUI'. 5.86.

[TockoabKy B yjeHe NEpBOro mopsigka AJs @ HMeeTcs MHOTO-
YIOJBHHK, H300paxKeHHBI HAa QUr. 5.8a, MBl NOJYYHM BO 6/HOpOM
TOpsiAKEe 3alpelleHHYI0 AMarpaMMmy, HpeAcTaBasfiolyi0 co6oil mnpo-
W3BejfeHHe 08yx MHOrOyrolbHHKOB. YUTOObI KOMIIEHCHPOBAThL NOSIBJIE-
HHe jpnarpammel ¢ur. 5.86, BcTaBuM 3Ty aHarpammy B A(8) ¢ oTpu-
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fn. 5. Teopua nepexonos nopsaok — 6ecnopsaok

uateabHeIM 3HakoM. Ho Torpa, mo-uaumomy, B Q' GYAYT BXOZHTb
ujieHH BHJA

Kak BO BTOPOM, TaK M B TpeTbeM mnopsikax. Bo Bropom mopsiake
uMeloTCs ABa ujieHa, o6pasyiolllHe Avarpammy THna wu3obpaxkeHHOH
ua ¢ur. 5.88, npuuemM o06a HMEIOT OTpHUATeNbHBIH 3HaK. Tounee
roBOpsi, UMeloTcs JABa cnocoba 3amucH Auarpammbl ¢ur. 5.88 B Buze
‘mpoH3BefieH s AUarpaMM THNa H3006paxeHHblx Ha ¢ur. 5.8a u 5.80.
B TpeTbeM mopsiKe OAHMH M3 ABYX YJEHOB BTODOro [OpsIAKA KOM-
IEHCHPYETCS TOJIOKHTEeJbHbIM TNPOM3BEJEHHEM TpeX UJeHOB THIIA
¢ur. 5.8a. Jlna KoMIEHCAUHH JAPYTHX WIEHOB BTOPOrO [MOPAJKA
tuna ¢ur. 5.88 HeOGXOAMMO BCTaBHThL Axarpammy ¢ur. 5.88 ¢ 1o-
JIOKHTENbHBLIM 3HaKoM B h(12).

®Ur'. 5.88. ®Ur. 5.8r.

B Boipamenuy (5.2]1) MHOTOYroAbHUK (ur. 5.8 cocuHTaH ABAXKIbI.
Onnako npH GOPMYJIHPOBKe NpaBu/a O TOM, KaKHE YJEHbl JOKHEI
BXOJUTb B HCOpPAaBJIeHHOE BbIpaxKeHue AJst A (/) H KAaKOBbl JOJIKHbI
6bITb MX 3HAKH, OKasblBaeTcsi, YTo jguarpamma ¢ur. 5.8r He yureHa
B HCINpaBJEHHOM BhIpaxeHUW Aas h(l).

PaccMoTpuM eille pa3 pe3yJ/bTaT, K KOTOPDOMY Mbl [DHILIH.

[Ipu BeiYHCJAeHHH A([) Mbl OXHJAJH BCTPETHTLCH C 3aTPYyaHe-
HHAMH, CBSI3aHHBLIMH ¢ HeOGXOJIMMOCTbIO OrPaHH4YUTbLCS HEKOTOPBLIMH
paspelleHHbBIMH MHOrOoyrosJpHHKaMu. [Ipd HaxOXKIEHHH MONpPaBKH
K A({) MBl OGHApYyKHJH, YTO JO/DKHBI CYIUECTBOBAThH APYrHE MHOTO-
YrOJbHHKH, BKJIaJAbl KOTOPEIX He 00s3aHbl GHITh MOJIOKHTEIbHEIMH,
NpHYeM HEKOTOpble pa3pellueHHbe MHOTOYrOJIbHHKH Y4YHThIBATh HE
Hy»xHo, EcTecTBEHHO CONMOCTaBHTH KaXkKAOMy MHOTOYTOJBHHKY COOT-
BETCTBYIOUIMA BeC W Y4YHTHIBATbL BCE MHOTOYTO/IbHHKH B CyMMe.
BcOOMHHM, Y4TO paHee Mbl He YYHTBIBAJH MO OTAE/ILHOCTH ABa HJH
GoJjiee pasJMuUHBIX MYTH, 1O KOTOPBIM MBI MOXEM CJle10BaTh, €CJH
GyZAeM CTPOHTB MHOrOYTOJIbHHK, HCXOAA M3 JaHHOro atoma. Temeps
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§ 4. Mpobnema OHcarepa

Mbl OyJleM yuMTbIBAaThb BCe pas/MuHble NYTH, OJHAKO BbifepeMm Bec
Ka)<JIoTo MyTH TaK, 4To0bl Halle YTOYHEHHOE BBIPAXKEHHE 118 ¢
NpHBEJNO K TNPaBHJIbHOMY BBIPA)KEHHIO AJA Q' OPU HCMOJNb30BaHHH
Bhipaxkenus (5.21).

Tonosornyeckas Teopema. llpunuimem Bec o =exp (in/4) Kax-
JOMY MOBOPOTY HaJleBO H Bec o.™!=exp (—im/4) NOBOPOTY HampaBo
H NpPOCJEANM 3a HanpaBJeHHAMH MOBOPOTAa No Mepe o6X0Ona 3aMK-
HYTOro nyTH Ha pewertke. Tonojornueckoe paccyxienne Kaua
H Yopaa COCTOMT B TOM, 4TO 3aMKHYTble AHarpammul (T. €. Te,
KOTODblEé Mbl XOTHM yuYecTb) OYIyT yuYTeHBl, a 3alpelieHHble JHa-
rpamMmpl (Hanpumep, THma ¢ur. 5.5) 6yayT KOMIEHCHpPOBaHbI, eCJH
MLl Tpo¥iJeM pasJHYHbBIMH NYTSIMH 10 3THM Juarpammam. CnpaBe-
JHBOCTb 3TOH TeopeMbl R/ MPOCTHIX CJaydyaeB Oyaer IokasaHa
HHXKE HA HECKOJbKHX npHMepax. [losHOe JA0Ka3aTenbCTBO, KOTO-
poe 6b10 gaHo lllepManoM [2], AOBOJBHO CJIOXKHO.

PaccMOTpUM mpocTofi 3aMKHYTBIE MHOrOYTOJBHHK Ha ¢ur. 5.8a.
Haunem o6xon B Touke A u BosBpaTumca B A, ABHrasfcb 1o Ya-
COBOIi CTpesKe; TOrja, Kak Mbl BHAMM, coBepllaeTcsi 4 TNpaBbIX
HOBOpOTAa, 4YTO JaeT MOJHHH Bec

a—4=(e-—tn/d)4:_l-

’

TOT K€ 00X0J, MPOTHB 4HacOBOHN CTPEJIKH NaeT Bec
ot = (eFVe) = —1.,
TaknMm o6pa3oM, noJHBIH Bec paBeH —2, a IPOCTOH MHOTOYrOJib-

HHK (aKTHYECKH YyuTeH; AJA NOJY4YeHHA TMpPaBHJALHOTO Beca |
YMHOXKHM BCe€ Bblpaxkenue Ha —1/,.

raime KO =%
L Lo A N b} |
OUF. 5.81. OUr. 5.8e,

PaccMoOTpHM Teneph MHOrOYroJibHUKH Ha ¢ur. 5.81 u 5.8¢. Ha
¢dur. 5.81 ob6xon (u3 Touku A) coBepligeTcs Tak, 4YTO [0 NYTH
HMeTcs 6 JeBBIX NOBOPOTOB M 2 mpaBbIX; OOmMHH Bec pabeH

asa~?=at=—1. Ha d¢ur. 5.8 o06xox coBepluaercs TaK, uTO
UMelTCA 4 JeBbX W 4 npaBhX OBOpPOTa, Tak 4TO OOWHA Bec
ato~¢=1. [lonunli Bec 060HX OGXOAOB 1O HacOBOH CTpEJIKE paBeH

—1+1=0; sicHo, 4TO aBa 06X0ja NIDOTHB YaCOBOH CTPEJKH HMEIOT
TaK:Ke HyJeBOH Bec.
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AHaJOTHYHHIM 06pa30oM uHTaTeJb MOMXKET I[0Ka3aTb, 4YTO JHa-
rpammbl ¢ur. 5.86, 5.88 u 5.8r u Bce NMPOCTHIE MHOTOYTOJIbHHKH
NaloT NpaBUJbHblE BKJalbl (CJEAyeT HOMHHTb, 4YTO BCE BEJHYHHbI
yMHOXKAIOTCs Ha —1/,).

Meron BHIUHCJAEHHS CTATUCTHYECKOH cymmbl. Byaem Temepb cuu-
tath, yTo B (5.20) HcmoJb3yeTcss HCIpPAaB/JEHHOE BbIpaKeHHe AJid
h(l), T. e.

L]

h(l
g= {ucnpaanelHHoe ()} "
I=

®»n
Q' =eN1—2¢ %=-—2 Z {ucnpasaennoe A (1)} 2,
=1
4YTO MpPEJCTaBJAseT COOOH CYMMY KOMILIEKCHOH ,aMILTUTYJIbI®, HJH
Beca, JAJSl KaxJIOTO INYyTH, B3ATYI0O IO BCeM INYTAM, BHIXOAALIHM
W3 HayaJa U BHOBb BO3BpAllalOUIUMCH B HEro. YKasaHHas aMIlH-
TyJa NpeicTaBaseT coOOH NpoH3BeJeHHE aMIIMTYA AJA KaxKAoro

IPOXOJHUMOro y3/a pelleTKH. DTH aMIJIMTYAbl HMEIT CJeLYIOlULyo
BEJHYHHY!

{ —1J51 JBUKEHHUsI, HANpPaBJEHHOrO BIlepej;
fo— 1J1A JBHKEHHS, HAMNPABJEHHOI'O NPOTHB YacOBOH CTpeJKH,
azeiﬂ/tl;
{o~l—JJa [BMXKEHHUS, HANpaBJEHHOTO MO YacoBOH CTpeJke,
-1 - p—~in/a.
a~l=e¢ ;
0—nas moBopora Ha 180°.

dopMyJaHpys IpaBHJO, ONpeJensaiollee aMIIMTYY AJIA KaKI0ro
NPOXOAUMOT0 y3J/a pelleTKH, Mbl He yKas3alH, KaK OblTb ¢ MepBbIM
IIaroM, aMIIJIUTYJa KOTOPOTO 3aBHCHT OT NocJ/ejHero mara. B nanb-
HeilieM GyjeM CUHTaTh, YTO OOXOJ HauHHAETCA M3 Hayaja M BO3-
Bpamaercs B HayaJo CHHM3Y, Tak YTO JBHKEHHe HalpaBJieHO BBEPX.
Torja NpaBUJIO 3aNUCH AMIIHTYAB [1JA NEPBOTO Iara NPHMET BHJ

{ —ecJsM HayaJbHBIA LAl IIPOUCXOJHUT BBEDX,
fo.—ecau HayaJbHBIH AT NPOHCXOLUT BJIEBO,
fa~1—ecJH HavaJbHBIH LIAT MPOUCXOJUT BIIPABO,
0—ecJH HauyaJbHBIA IIAT NPOMUCXOAUT BHHUS3.

Boofie ropopsi, Mbl HCIOJB3yeM 3TO MNPaBHJIO NePBOro Liara
M JJs caydas, Korha o6xoJ, HauHHaeTCcd B HauaJjie U 3aKaHYHBaeTCs
B MoGOH TouKe pemeTku (¥, y). IIpu 3ToM NIPHXOAMTCH ONHCHIBATh
aMIJLHTYAY, 3aJaBas ueThlpe KOMIOHeHTH: U (X, y)—aMIJHUTYLY
npubbiTis B (x, y) Npu ABUKeHHM BBepx; D(x, y)—aMnautyny
npubwTHs B (x, y) NpH JABHXKEHHH BHH3; R (¥, y)—aMIIHTYLY
npubhLITHA B (¥, y) NpH ABHMKeHuM crnpasa u L(x, y)—aMIJIHTYLy
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§ 4. Mpobnema Oncarepa

NpUOLITHA B (X, y) IpPU IBHUKEHHH cJeBa. DT0 0BYCJOBJIEHO TeM,
Y4TO aMILIHTYJa, CBfA3aHHAsl CO CJEAYIOUWM I1aroM, B3aBHCHT OT
HanpaBJjeHHsi NPHOLITHS B JaHHBIH y3eJ, 3a KOTOPHIM HEOGXOIHMO
CJIeHTD.

Ipy6o roBops, HaMm cllelyeT BBIUMC/AHTL AMIVIUTYAB NPHOBLITHS
B TOUKY (X, y) IO pas/JHYHBIM HalpaBJeHUAM B pe3yabTaTe B TOY-
HOCTH 7 WIaroB ¥ 3aTeM NpocyMMHDOBATh 1o n. Beanuuna U, (x, y) —
3TO aMIIMTYyJa HOpHOLITHA B (X, y) € INOMOLLbI0 TOYHO £ HIATOB,
NpHYeM NOCJEJHHH [ar HamnpaBJeH BBepX; aHAJOTHYHOE CIpaBel-
auBo aas D,, R, u L,. TlpeanoJaraercsi, 4To mpH HYJIEBOM Iuare
MBI IDHXOJIMM B HayaJlo, ABHTrasich BBEPX, TakK yto U, (x, y) =6, 6, .
D,=R,=L,=0.

ﬂpyrHMn CJIOBAMH, aMIVIHTYyAa NpPUOLITHS B pe3yJbrate HyJe-
BOTO YHCJ/A WIAroB paBHA eJHHHIE, €CAH Mbl NPUXOAIM B HayaJjc
CHH3Y, W paBHa HYJI0 AJA J1060H APYyrofl ToukM u Jwoboro apy-
roro HamnpasJenus npubutusa. MMes onpeneseHHywo Takum oGpa3om
AMILIUTYJy NPHOBITHA B pe3yJbTaTe HYJEBOrO YHCJ/a 11ATOB, MOXKHO
MOJYYHTL H aMIINTYAY JJs NPOH3BOJBHOrO uHCJAa IHAroB ¢ I10-
MOIBI0 PEKYPPEHTHOrO COOTHOMIEHHSI. MOXKHO BLIPa3HTh aMILIUTYAY
NpHOLITHSI CHH3Y B TOYKY (X, y) C noMouiblo n--1 maroB uepe3
aMIVIHTYy nepexoja M3 (x, y— 1) ¢ moMombio # IIAroB:

Unia (v, ) =tU, (x, y—1)+tal,(x, y—1)+1a"'R,(x, y—1).

Ecan mbl npuuu B Touky (x, y—1), aBUrasicb BBepX, TO mOJYy-
YaeM JOMNOJIHHTE/IbHBIH aMIJIMTYAHBIE MHOXHTeNb f{. Ecau Mbl npu-
Ul TyjAa, ABHCAsCh CJ€Ba, HaM HEO3XOAHMO OBLIO TNOBEPHYThb
NPOTHB 4aCOBOH CTpeJKH H J0OABUTb MHOMXKHTENbL fo H T. A. Mel
HE MOXEM MOoNnacTb B (X, y), ABHTasCb BBEpPX, €CJAH Mbl MPHILIH
B (x, y—1), gBUrasicb BHH3, TaK KaK NYTH, MNEePECEeKalOlHUe CaMu
cebs1, He paspemenbl. HeTpyJHO HamHcaTh aHaJOTHYHBIE BBEIPAXKE-
HUA A4 Rn(x’ y)’ ['n (xv y)r Dn(x7 y)

Torpa BuaHo, YTO Halue NPeANOJIOMKEHHE OTHOCHTENBLHO aMIlJi-
TYAbl HYJEBOTO MIara AaeT MPaBHJbHblE aMIJIUTYIbl [/ NEPBOro
lara (Hanmpumep, !, ecsd JABHXKEHHe HaudMHaeTcsi BBepx). [Ipu cym-
MHPOBAHHH MO 71 Mbl JOJKHBl HCKJIOYHThL cJaraemele ¢ n =0, Tak
Kak GUrypy ¢ HYJeBOH JJHHOH CTOPOHB Mbl HE paccMaTpHBaeM
KaK MHOT'OYTOJIbHHK, XOTs OHAa HAYMHAETCS M KOHYAeTCs B Hauale.

Jas ynpoueHus CyMMHPOBAHHSI 110 1 BBEJeM NpeoGpa3oBaHue

U.(x, y):

a

Uso M= 3 3 Uy(x, g)e-emim, (5.22)

X=—® Y= =®

TOorjza
21 2n

Ex g dtd
Unte, )= { evemv, 6, mES.
00

169



In. 5. Teopus nepexofos nopsaok — b6ecnopaaok

Hanpumep, B pesysbrare npeo6pasosanns U, (x, y—1) noayyaercs
e~"U,(E, n), a B pesyabraTe npeobpasoBanus U, (x, y)—eaUHHUA.
[IpeoGpasoBaHHOe ypaBHEHHE HMEET BHJ

Upir 5, M=te ™U, (&, m)+0-e7MD, (E, n)+tae ™ML, (E, )
+tamte™™R,(E, n) (5.23)

u aHagornumo aas D, (&, m), L, ) u R, &, n).

O603HauuM uepe3 1, UYETbIPeXKOMIIOHEHTHBIH CHMBOJ (BEKTOp-
croa6eu) ¢ komnoweutamu (U,, D, L,, R,); toria B MarpuuHOH
3alIHCH MMeeM MaTPH4YHOe ypaBHeHUe

Yrr1 (& M) =IME, 1), (€, M), (5.24)
rae M (E, m)—mMartpuua

l e~ 0 ae~in  q~le-m
I 0 ein  qlgin gein
ME, 7= . . . , (5.25)
a~le=t8  qe=it -t 0
ot o~ 1efs 0 ett

b € m=(1, 0, 0, 0),
wl(g T])=tM1'I)01
P, —tM1I)1~(tM)“Po,

_(tM)n %

Toraa Buipaxenue
=] » 1
=3 (M), =1=771 %o
n=0

€CThb npeoépaSOBaHHe aMIlJIHTYABl TlepexoAa B pe3yJabTaTe IIpOH3-
BOJIBHOTO HHCJIA WIaros. AMHJIHTyIIa le/lﬁbITI/{ﬂ B HaudaJo IpH ABH-
KEHUH BBEPX paBHa

2n2n

2 UL, 0)——1+2 U, (0, 0)——1+¢0.§§et‘20em0x
0 0

2n 2n

XT=rm :M*Podgf;l H(uo ,Mil’o )?g‘nd)?.

Hauana MoxHO A0CTHUDL, ABHrasick B pasjyyYHLIX HANPaBJEHHAX,
Tak 4TO CJELyeT MPOCyMMHPOBAThL 110 BCEM YETHIPEM 3HAYEHHSIM ,,
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§ 4. Npobnema Oucarepa

umenHo: YP,=(1, 0, 0, 0), P,=(0, 1, 0, 0), P,=(, 0, 1, 0) =u
Y, = (0, 0, 0, 1). 210 o3navaeT BhIyHCJeHHe wNypa. MMeem

2a 20

_Qt_dti=§ (5 sp(l_ltM-—lﬁid)ﬂ, (5.26)
21 2:1‘1&‘1n {t i ) ]
q=§ S @y P lOS | s 7] 4=
2n 2n t )
- B {{ [t -
Z%S“S“dgd Sp{ln(1—tM)] =
— ézgn :S 725“‘1)2 In Det (1—¢M), (5.27)

Tle Mbl HCIOJb30BaJy CJAEIYIOUIYIO Teopemy:
Spin A=InDet 4.

Ilas nokaszartebCTBa 3TOH TeOpeMbl 3aMETHM, 4YTO

Dete® = lim (Det e8/V}V = lim [Det(l—}— v >JN=

N-o>w Now
= lim (1+W8p B> =eSp B,
Now

CnenoBarenbHo, InDeteB=SpB. [losoxum B=InA4, rtoraa
Spin A=InDet 4.
Matpuua M onpejensiercst BoipaxenueM (5.25), H Ml HosaydaeMm

Det [l —tM] = (*4-1)*—2¢ (1 —£#*) (cosE+4-cosn).  (5.28)

B urore imMmeem

pF Q
F=—nn(¥)
Q=2"(chH)*Q’,
Q' =eM,
l2 7120 p
g §)’; In Det (1 —tM),
0 0
Det(l—tM):(t2+1)2—2t(1—t2)(cos§—}—cosn),

t=thH.
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F'n. 5. Teopus nepexonos nopspok-—6ecnopaaok

O6benHns Bce 3TH pe3yabTaThl, HaXoXAHM D

2n 2n

F

L —1n2—%5 S S8 1n[(ch2H)*—sh2H (cosE -+ cosn)]. (5.29)
0 0

& 5
PasnuuHble 3ameuanus

Bpile Mbl MHOTJA CYUMTANH pelieTKy KoHeyHoH (¢ N y3jamHu),
a uHorja GeckoHeyHOH (Hampumep, ecsau NpeHebperasin rpaHuueit).
IlockoabKy uyucao N Besje mnpennosarajoch OOJbLIHM, TO T1PaBo-
MEPHO JONYCTHTb, YTO 3Ta HENOC/Ie0BATeJIbHOCTL He CKa3biBaercs
CKOJbKO-HUOYIbL 3aMeTHHIM o6pasoM. OJHaKO BblllIENPHBEIEHHbIE
BBIKJ3/IKH MOXHO 0000LMTb, YCTPaHUB TakKUM o06pa3oM Hemoc.e-
JIOBaTebHOCTD,

[lIycte pemeTka HMeeT cUMMeTpHIO Topa. Ec/iu MH Mepeme-
maemcst Ha L waroB B OJHY CTOPOHY (WJH L’ waroB B NepleHjH-
KYJSiPHOM HampaBJ/IeHHH), TO BO3BpalllaeMCsl B HCXOLHYIO TOUKY.
Panee, moicuuThpBas aMIJIUTYAY BO3BpAallleHHsl B HAyaJjo NPH JABU-
JKEeHHHM BBEPX, Mbl PacCMaTPHUBAJNH CYMMY

3 .0, 0,

Teneps cieayer paccMoTperb CyMmy

33 3 u.0L
=—® g=—~® n=1

NOBTOPsAA Bce BLIKJAAAKH TNpejibiaymiero mnaparpada, mnoayuaem
BMmecto (5.29)

2:1 20

b= a3 [ Ay cnnons

X In [{ch H)2-—sh 2H (cos g+ cosm)].

1 Heckonbko MHOM NoAXxoid X TpakToBke npoGiaembl OHcarepa naH B pagoTax
H. B. Buosuuerko [3].

% HUsnoxenme pa6or [3] cM. B yueGHuke [4]. Ananus Bblpaxenus (5.29)
(cm. [4], cTp. 534) nokasbiBaeTr, UTO 3Hauenue {={f,= ¥V 2--1 orBeuaer Touke
¢asoBoro mepexopa. CooTBeTcTByMoOIiasi TemnepaTtypa T, onpeleJisieTcsi COOTHOLIe-
uueM th H,=th (J/T )=1,. Pasnoxenue F no crenensm T — T, colepKuT Hapsary

" 1
C peryJsipHOH uacTbio JorapudmHuecKyio OCO6EHHOCTb an——g-b(T—Tc)Zx

XIn|T—T,.], a w b nocrosnnne, b > 0. Crnenosarenbho, 3 Touke (a30BOro
nepexoja TemIoeMKoCTh ofpauiaercs B GeCKOHEYHOCTE 1o 3akoHY C = b In|T — T, |.
Ilo sTomy Bompocy cm. Takxke [5,6]. — ITpum. peo.
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§ 5. PaanuuHblie 3ameuanun

Oauako
$ ek § o(etp),
Tak uYTo o T
ey $ E ()
xln[(ch H)*——sh?H(cos 2% 1 cos 22‘7)]. (5.30)

ITockoabky L u L' cTpemsiTcst K 6eCKOHEUHOCTH, cooTHoueHHe (5.30)
nepexoiut B (5.29).

Cnenyer caesnaTb HECKO/IbKO 3aMeYaHHH OTHOCHTENBbHO (hOpPMBI
ypaBHeHus (5.29). HMcnoabsys BbipaxeHHe

BF=—In 3 e PE,
1o BCeM
COCTOSIHHSAM

MOXKHO y6eIUTbcsl B TOM, 4YTo ypaBHeHHe (5.29) crnpaBelsHBO MpH
BBICOKHX Temmnepartypax (H — 0) u HHU3KHX TeMmnepaTypax (H — oo).
JpyruM MoATBepKJAEHHEM NPABHJIBHOCTH COOTHOWeHHUs (5.29) Moxer
CIYXKUTb cooTHomenne (5.19). Ecan paccmartpuBaTh Q Kak (yHK-
uno y=sh2H, a He Kkax t’pymmmo H, Tto cootnoiuenue (5.19)
MOXKHO 3anHsaTbh B ocofeHHO mpocToil dopme. [Tockoawky sh2H =

=2chHshH=2ch*HthH, To
Q (9)=2" (ch A (th H)¥ Q( ) =(sh 21V Q (5 ) =47 () (5:3D)

1 cooTHouleHHe (5.29) MoxKeT GbITb 3almHCcaHO B BUJE

%r——ln?-%lny_% ‘28-“‘28-“ éid)gl [y_,._;._-(cosg'-,-{-cosn)],
0

(5.32)

OTKyZa BHMJHO, 4TO cooTHoueHHe (5.19a) cnpaseanuso.

Kan BuiABUHYJ MpEANOJOKEHHE O TOM, YTO pellleHe Tpexmep-
Holi mpo6aeMbl OxHcarepa (ky6uueckas pellleTka) HMeeT TakoH ke
BUJA, Kak M (5.29), ¢ To#l auiub pasHuuei, yro cos§-cosm same-
HsieTcst Ha coSE--cosn +cos§ u didn/(2n)® na dEdndf/(2n)3. OnHako
5TC NpejanoNioKeHHe HeBepHO.

ITpeano/soxuM BMeCTO 3TOro, 4TO cheunu(uyeckHe CBSI3H B pe-
weTtke [l3uHra wMaso BAMSIOT Ha xapakTep (a3oBoro mepexoja Ha
KPHBOH TemjoeMKOCTH. [IpH 3TOM IOJIKHA 0Ka3aTbCA OYEHb I10Je3-
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rn. 5. Teopun nepexopoe nopsaok —6ecnopspok

HOH amnmpokcumanusi, B KOTOPOH B KauecTBe OTIPABHOrO MYHKTA
HCnoJab3yeTcs (asoBuiil nepexof. Ecau B npobiemy OHcarepa BBeCTH
MarHUTHOE IM0JIe, 3a/a4y BBIYHCJIEHHS CTATHCTHUECKOH CYMMBI MOXKHO
BHOBb CBECTH K 3ajaue O NYyTfAX, KOTopas elle He pelleHa, TPy.d-
HOCTb COCTOHT 3JeChb B TOM, UTOOGBI YUHMTBIBATH OJHOBPEMEHHO KaK
IJIMHY 3aMKHYTOTO NYTH, TaK H OXBaTbIBaeMyH) HM IJIOIAAb.
MBI 3aTpaTH/IN MHOrO TPYJa Ha BLIUHUCJIEHHE BEJHYHHBEI
Q= D exp (—-H > al-aj>;
e;=*£1 no CBA3SM

OfIHa M3 MPUYHH 3TOTO 3aKJuaeTcs B TOM, YTO, BO3MOXKHO, YHUTa-
TeJb CMOXKET NMPHMEHHTb 3TH METOAB! rjie-1H0O elle HJIH 00OOLIHTH
ux. Hanpumep, ™Mbl paccMaTpuBaJH CTaTHCTHKOMEXAaHHUECKYIO
3ajJa4y, B KOTOPOH HYXHO ObIJIO B KOHEYHOM CueTe HaHTH CymMy
o BCeM MNyTAM, BHIXOAALIHM H3 Hada/Ja KOODAWHAT H BHOBb BO3-
BpAalIAOIUMCS B Hero, NpHYeM aMIJIMTyAa 3aBUceJa OT Mpelblay-
[Iero mara.

D10 Mo CcylUlecTBY ecTb lienb MapkoBa, B KOTOPOH KaxAabli
mar onpejesseTcs JHWb NPeiblaymuM waroM. ITpobuaemy MapkoB-
CKHX CJyuyalHbIX O/yXXAaHHH MOXKHO, OJHAKO, PACCMOTPETh H B TOM
cJjlyyae, KOrja JaHHBIA IIar 3aBHCHT OT OIpPEJEJEeHHOTO KOHEUHOTO
ugcyia MpequlecTBYIOMUX IIAaros. MeToJ0M, aHAJOTHYHLIM NPHBEJEH-
HOMY BEHILIe, MOXKHO HaHTH @, /s ciayuas, KOTJa aMILIHTYyJd Inara
onpejenasieTcs W OpepiiecTBylOWHMH waramd. Ocraercs JIMIUbL BO-
IpOC: MOXHO JIH HNPHAYMAaTb HHTEDECHYW 3ajayy, B KOTOPOH cra-
THCTHUeCKas cyMMa Oblja Obl paBHa Besauudne Q,?
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6

Onepatopbl
POXAEHUS
M YHUHTOXEHUS

§ 1
Mpocras
MaTeMaTMyecKkas 3a4a4a

B sTofl raaBe Mbl PacCMOTPHUM METOA ONepPaTOPOB POXKIEHHS H
YHHYTOKEHHs, KOTOPBIAl IIHPOKO NPHMEHAETCA B KBAaHTOBOH Mexa-
HHKE, B OCOGEHHOCTH NpPH OMUCAHHH TaPMOHHYECKHX OCIHJLIATOPOB
M TpH U3YYEHHU CHCTEM MHOTHX YacTHIL.

HauneM H3joxeHHe ¢ 0OCYXKIEHHS CJeayiollell NpocToi 3anayu.
[TpeanosoxuM, 4YTO ONEpaTop a YAOBJETBOPAET ypPABHEHUIO

[a, at] =1. (6.1)

3agaua COCTOMT B ONpEeleseHHH COOCTBEHHBIX 3HAUeHHH 3PMHTOBA
oneparopa a+a U YCTAHOBJEHHH COOTHOLIEHHH MeXy ero coGCTBeH-
HBIMH BEKTOpamu. 3aMeTuM, 4To at 0603HauaeT onepaTop, IPMUTOBO
conpsikeHHbli K a, u [A, B] npencrasiseT co6oi, Kak OObIYHO,
kommyTaTop AB— BA.
OTMeTHM CcHauyaja, YTO €CJH |o >—HOPMHPOBaHHBIH cOBCTBER-
HbIHi BeKTOpP, Takoil, yTo
atalad>=oa|ad, (6.2)
TO
a=<alatalad=|ale>|*>=0, (6.3)

T. e. Bce COOGCTBEHHble 3HAUEHU I 1€fCTBHTEIbHEl M HEOTPUUATE/bHbI.
Ucnoanays toxaectBo [AB, C]=A B, C]+ [A, C] B, npuxouim
K COOTHOIIEHHAM

[at a, a] =[a*, a)Ja=—aq, 6.4)
[a*a, a*]=a* [a, a*]=0a* 6.5)
MM K 3KBHBAJEHTHBIM HM COOTHOLIEHHAM :
(ata)a=afata—1), (6.4")
(ata)a* =a*(ata+1). 6.5")
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I'n. 6. OnepaTtopsl POKAEHHS M YHHUTOKEHUN

C nomolbsio cootHomenusi (6.4") HaxoAMM AJIsi COOCTBEHHOTO BeK-
Topa &>

(ara)alad>=a(ata—1)|a>=a (a—1)|a>=(a—1)a]a>. (6.6)

CrnenoBatenbHo, alad> siBaseTcss COGCTBEHHEIM BEKTOPOM ¢ COOCTBEH-
HBIM 3HaueHHeM o—1, ec/JH TOJbKO He BBLINOJHSIETCS PaBEHCTBO
a|ay>=0. AHajorHuHo a*|a> sBJAAeTCH COOCTBEHHLIM BEKTOPOM
¢ co6CTBEHHBIM 3HAaYeHHeM o -1, ecaM TOJbKO He BBINOTHAETCH
pasenctBo a*|x>=0. Hopma BexkTopa a|a> onpemensiercss H3 co-
OTHOLUEHH

lalo>|* =<a|atala>=ala|a> =2,
COr1acHO KOTOPOMY
lala>|=Va. (6.7)
AHaJIorHYHBIM 00pasoM MoJayuaeM
la*|a>]|=VaF1. (6.8)

[Tpejnnodoxum temepb, uTo a”|ad =0 a1s Bcex n. Torga, MHo-
TOKpaTHO NpPHMEHsIA cooTHolleHHe (6.6), HAXOAMM, YTO a”|x> sB-
JsieTcsi  COGCTBEHHBIM BeKTOpOM ollepaTopa a*a ¢ COGCTBEHHBIM
3HaueHHeM o—n. OJLHAKO 3TO NPOTUBOPEYHT ycaoBuio (6.3), mo-
cKoabKy a—n <0 paa pocratouno Goabwiux n. CaeaoBaTe bHO,
A1 HEKOTOpPOrO HEeOTPHIATeNbHOro MeJOoro YHeJda /1 JOJKHBl BbI-
MOJIHSATLCS YCJIOBHS

atja>==0, HO a**a>=0. (6.9)

[MonoxuMm |a—n>=a"|n>/||a®|n>|, Tak 4T0 |ot—n> Npeacras-
JasieT co0oH COOCTBEHHbIH HOPMHMPOBAHHBIH BEKTOP ¢ COGCTBEHHBIM
3HauenneM a—n. Torpa u3 cooTHoweHd# (6.7) u (6.9) noayuaem

Va—n=|ala—n>|=0;

c/leloBaTe/IbHO, o ==n. JTO ypaBHeHHe IIOKa3blBaeT, 4YTO COGCTBEH-
HBIMH 3HAUeHHAMH olleparopa a*a JOJ/KHBl ObITH Le/bie HeoTpuia-
TeJlbHble YHCJA H YTO JOJLKHO CYIIeCTBOBaTb ,,0CHOBHOE COCTOsHHe"
|0>, Takoe, yTO

al0>=0. (6.10)

[loBTOpHO gelicTBYsi omepaTopoM at Ha OCHOBHOE COCTOSIHHE, Ha-
XOJHM, 4TO BeKTop (a+)*|0> HMeeT COOCTBEHHOe 3HaUeHUE 1 H,
corjacHo (6.8), HuKorga He paBeH HyJ0. TakuM ofpasom, co6er-
BeHHBIMH 3HAUEHHAMH oneparopa ata saeaswores uuena 0, 1, 2, 3,... .

Ecnin |a> ABAsieTcss HODMHPOBAaHHBIM COGCTBEHHBIM BEKTOPOM
C COOCTBEHHHIM 3HaueHHeM f, TO Toria, corJjacHo (6.8),

|n—1>=—‘71—_n_—aln>
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§ 1. MNpocras marematHuyeckas 3apava

ABJIAETCSA HOPMHPOBAHHBIM COGCTBEHHBIM BEKTOPOM C COOCTBEHHBIM 3Ha-
yeHueM n—1. AHaJOTHYHO

1 + R P
at|n—I1y= s ata|ny =Vn|n>.
CrenoBatenbHo, JeficTBys omnepatopoM a* Ha coctosinue jn— 13,
Mbl CHOBa MOJIyYyaeM COCTOSIHHE |n)> (C TOUHOCTBIO JO MHOXKHTeJNR),
a He KaKoe-HHOYJAb Ipyroe CocTOfiHHE ¢ COOCTBEHHBLIM 3HAUCHHEM /1.

HMrak, MO MOXeM MOCTPOHTHL COGCTBEHHbIE COCTOSIHHS omepaTtopa
a*ta cnenywomum obpasom. Hafizem cuagasna takoe coctoanue |0,
4TOOBI BHITOJHAJIOCH YCJIOBHeE

a]0>=0. (6.11)

(Cocrosinue |0> MoxeT ObITb €AHHCTBEHHBIM; €CJH 3TO HE TaK, TO
Mbl HallleM Jpyrue omepaTtopbl, KOMMYTHpYIOIIHe ¢ @ H a*, U 1po-
BegeM kJaccuukaunuio coctosinufl | 0> COOTBETCTBEHHO COGCTBE HHBIM
3HaYeHHsAM 3TUX omepaTopoB.) OnpeaesuM Temepb COCTOSIHUIL

! a+l1>=%(a+)2l0>,...

Ve Ve

[1>=a*{0>, |2>=

U B OOLIEM BHJE

1
Vi
(3aMeTHM, YTO MBI MOIJM Obl BKJIOUHTH B OmpejeseHue |n)> mpo-
H3BOJIbHBIE (DA30Bble MHOXKHTEJH; 3[€Chb Mbl CYHTAeM, YTO OHH PABHLI

epunnue.) CorsiacHO 3TOMY OMpeje/IeHHI0, COCTOSIHHA |[n> OpTOHOp-
MHPOBAHLI Y U YIOBAETBOPSAIOT COOTHOLICHHAM

[n>=

(a+)"]0>. (6.12)

at [n>=Vn+1|n+15, (6.13)
aln>=Vnln—153, (6.14)
ataln>=n|nd>. (6.15)

Cootrnowennst (6.11)—(6.15) aBnaoTca pelleHneM safauu, chopmy-
JIHPOBAHHOH B HawgaJie 3TOoro mnaparpada.

D HeiicTBuTeabHO, coraacho (6.12) wumeem

1
—_ n(g+ym —_—
{n|my={,0]ar(a*)™|0> Vo
Us ypasuenns (6.1) serko noayuaem
la, (a¥)"]=n(a*)"-1,
TaK 4To
{0)an(a+)™ |0y ={0]a"-1(a+)” a| 0>+ (0] na*~1 (a+)”-1|0) =
=n{0}a"=1(a+)?-110>=n (n—1).. (n—m-41){0}an—2 | 0> =nl5,,

4 OpPTOHOPDMHDOBAHHOCTL JOKasana.
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Fn. 6. Oneparopbl POXKAEHHS M YHHHTOIKEHUS

Onepatopsl a* H a Ha3BIBAIOTCA ,,IOBLILAIOUHMH® H ,,[IOH HXKal0-
IMMHU“ OMepaTopaMH, MOCKOJbKY OHM COOTBETCTBEHHO yBeJHYHBAIOT
i yMEHbWAT CO6CTBEHHblE 3HAYeHHs oneparopa a*a. B pagabHeil-
mwem Mbl OyJdeM HHTEDOPETHPOBATH a*a Kak oneparop (uauyeckH
Hab/o1aeMO BeJIMUMHB], MNpejacTaBastonell co6ofi  YHCJO 4YaCTHIL
ONpeJIeJeHHOTO copTa. B 3ToM ciyuyae onepaTopsl a* H @ Ha3bIBAOTCS
oneparopamH ,pOXKJIEHHA" H ,,yHHUTOXKEHUA“ (HJIH ,UCIIYCKAHHA® H
snoraomenun®). CoorHouwlenust (6.13) u (6.14) MoXKHO 3amMcaThb
TaKke uepe3 MAaTpPUUHbIE 3IJEMEHTHI:

<mia* n>=Vn-+18m ns1, (6.13")
<mla|ny =V n8m n-t. (6.14")
$ 2
" apmoHUYecKum
oCcUMNNIATOP

B kauectBe [N€pBOro MNPHJOKEHHA pasBUTOr0O B TpeJbIAYylIeM
naparpa(pe MeToJla pacCMOTPHUM OlIHOMeprII';{ I‘apMOHH'{eCKHﬁ OCILHJI-
JASTOpP, TAMHUH/JABTOHHAH KOTOPOIr0 HWMEET BHJ

1 me?
H=mp2+—2—x2, (616)

rie X M p—oneparopbl KOOPAHHATBHI H HMNYyJabCa 4YaCTHIHI, YJI0B-
JeTBOpslonIHe COOTHOILIEHHIO

[x, p] =ik (6.17)

Hama sagaua cOCTOHT B onpejejgeHHH cOGCTBEHHBIX 3HAyeHHH H
coOCTBEHHBIX COCTOAHHMH oneparopa H.

3aMeTHM, 4YTO BeJHUYHHBI (Vmu)/ﬁ)x H (I/Vmwﬁ)p SIBJISIIOTCA
6¢3pasMepHbiMH. OnpejfenuM omeparop

a=#(]/’%“’x+ii/—m‘_?{p)_ (6.18)
[lockosbKy X H p—3PMHTOBEl ONMEPATOPHl, HMEEM
at = L @x—i——l—_—_
T Ve < h V ok, p>- (6.19)
[Toaraysce coorHowenueM (6.17), noayuaem
[a, a*] =1. (6.20)
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§ 2. TapMOHMUECKW/A oCLMANATOP

BripasiM x M p uyepes onepatopnl a H a*:

£ al-at
x= ]/% VT (6.21)
a—at
p= Vm(oﬁi—ﬁ- (6.22)
Torjga nnsi raMHJIbTOHHAHA HaXOJHM
Hzf%w(a*a—l—aa*):ﬁm<a+a+%>. (6.23)

Caen0oBaTeNbHO, COGCTBEHHBIMH COCTOSTHHSIMH oneparopa H siBJasiiotca
COoGCTBEHHbIE COCTOAHHS onepatopa a*a. Bocnoabsyemcs Terneps.
pesyabtaTaMu § 1 H HaljeM COOGCTBEHHLIE COCTOSTHHS 10>, [1>,
|2>, ..., KOTOpLIE YAOBJETBOPSIOT YPaBHEHHIO

1
H|n>:<n+7>ﬁmln>. (6.24)

Takum 06pa3soM, 3HepreTHueCKHe YPOBHH ONpenessioTcsl COOTHOLLe-
HHUeM

1

E, =<n -+ —\ fo.

2

CaMH Xe COéCTBEHHbIe COCTOAHHUA OHpe,HeJ'[HlOTCH COOTHOILUEHUAMU

(6.11) u (6.12). BosnoByio GyHKIHIO ¢, (x) = <X |n)> J€TKO MOy YHTE
caenyouumM o6pasoM. M3 coornowennit (6.18) u (6.11) umeem

aj0y= %(xnt,,%p)!%:(l (6.25)

YMHOKas cNeBa Ha (X | H YUHTHIBasA, 4T <x | p| ¢>=— ifi (d <x [p>rdx),

noJyqaem
]/ hod
e 5 ) <x[0>=0 (6.26)

(rie x——Tenepb uyKuc/I0, a He onepaTtop). ¥ paBHeHHe (6.26) ecTb He
YTO HHOE, KaK ypaBHeHHe (6.11) B KOOpAHHATHOM NpPEACTABAEHIH,
B KOTOPOM OHO MNpHHUMaeT BHJ JAu(depeHIHaIbLHOTO ypaBHEHHS.
Peiwnas ero, Haxoaum

<x|0>___ Ae—mmx’/'zh,
rae A—nocrosindasg. Us YCJOBHSA HOPDMHDOBKH CJAenyeT

1:<0]0>=S <O[ x> <x|0>dx=] AJ? S emmont/hdy = A )/

-

ah
>
m
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Fn. 6. OnepaTtopul POXKAEHUA K YHUUTOIKEHUA

1] 174
A=e <nﬁ> .

®a3a 6 nocTtoaHHOH A NpOHM3BO/IbLHA, H Mbl MOJOXHM ee paBHOH

nymo. Toraa
A— ﬂ)”“
(%

<xIO>:<m_(f3>m emmostieh, (6.27)
11

TaK 4TO

TakuMm o6pasoMm, Mbl HallJH BOJHOBYIO (YHKIIHIO OCHOBHOTIO
cocTosiHHs. BosHOBble QYHKIHH APYTHX COCTOSIHHH MBI OMpenenuM,
leicTByst oneparopoM a* corsacHo (6.12):

x| ny= — <x|(a*)"| 0. (6.28)

1
Y n!

Tlockoabky

xja*= I/%OCICC—%P): %(x fzw dx) <,

xin>= Vn! <2ﬁ )"/2 <x——,f—m%>"<x|0>=
= (2)" (B (=) e ot (629)

MaTpuuHbie 37€MEHTbl OnepaTopoB (H3UYeCKH HaGJI0aeMBbIX
BEeJIMYHH MO COCTOSIHHSIM TapMOHHYECKOr0o OCLUMJIISATOPA MOTYT OBITb
HalileHpl B 0e3 mepexofa K KOOPIHHATHOMY MpeACTaBJEHHIO H HH-
TerpHpoBaHusl no x. A 3TOro Hy»KHO IpPOCTO BLIpa3HTb OMepa-
TOPbl (PU3HYECKHX BEJHUYHH Yepe3 OmepaTophbl POMKAEHHA H YHHYTO-
keHdst. [IpuMep Takoro BBIYHCJEHHSI TPHBOLHTCA B CJe]YIOUEM

naparpade.

TO

3adaua. JlokasaTb COOTHOLUEHHE

(o me e L gy tme
]x>—-<nﬁ> exp<2ﬁx>exp[ 2<a X 7 >]|O>,
riae nox f (a*)caenyer noHUMarhb C]Z)yHKLlH}OZ(ln (a*)?, ecau f (x)=

_Za x". Tlonb3ysich 3THM COOTHOLIEHHEM, HAaHTH NPOH3BOASILYIO

(bym(umo s <x| n> (Ykasanue, [lokasaTbh cHayaJa, 4to

la, f(a")] =F (a*).) ‘
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§ 3. Anrapmonnbeckuii ocuMnnatop

¢ 3
AHrapmoHuyeckuin
ocuunnsTop

Hpeanonox{nm, UTO T'aMHJIbTOHHAH CHCTEMbl HMeEeT BH]

2 2
=2+ I s, (6.30)
Byaem cumrate Beimumny A 0ocTaTouHO MaJjoi (h <€ ko), uToGbl
MOKHO OBLJIO HCNOJIB30BaTh MEpPBbIH MOPSAOK TEOPHH BO3MYLIEHHH,
paccmarpuBast Ax* Kak BO3MYLIeHHe [Jsi TaMHJbTOHHaHa (6.16).
Torxa a5 sHepreTHUECKUX ypPOBHEl BO3MYIIEHHBIX COCTOAHUN HMeeM
BblpakeHHe

E,~(n+ g ) koA, (6.31)

rie
A, =<n|hxt|n). (6.32)

Hcnoassya (6.21), nmomyuaem

A,,:?»(%)ﬁml(a J-a*)t | nd. (6.33)

PackpeiBasi Bripakenue (a--a*)*, noayuaem 16 ugenos. OxHaxo,
IIOCKOJIBKY oneparopel a* u a obnajaior CBOHCTBOM yBe/JIHYMBAThH
H YMEHbIIAaTb YHC/1a 3aM0JIHEHHSA, OTJIHYHOE OT HYJs CpejHee 3Ha-
YeHHe GYAyT HMEThb TOJLKO T€ 4YJeHbl, KOTOPbIE COAEPHKAT ABA Ole-
paropa a u nBa omneparopa a*:

<nl(a+a*)t|n>=<n|(a*a*aa+a*aa*a -+ ataaa* +-aa*ta*ta -+
+-aa*taa* +-aaa*a*) |n) =
=n(n—l+n*+n(n40+nn+1)4 (0412 +(n4-1) (n 4-2) =
=6n*46n -+ 3,

Tle MBI HECKOJBLKO pa3 mpUMeHssH ¢opmyas (6.13) u (6.14). Cae-
AOoBaTeNbHO,

A,,:sx(i>2(2n2+2n+1).
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Fn. 6. Onepatopel pOXAEHUS M YHHUTONKEHMR

$ 4
Cucrtema
FaPMOHMYECKUX
OCUMNNSTOPOB

PaccMOTpHM cHCTeMy € TaMHJbTOHHAHOM
1
H:Z 2m; P?+Z_ViiQt'Qj’ (6.34)
i i, f

rmne Q,- H Pi—-KaHOHW-IeCKH COHpH}KeHHbIe KOOp}lHHaTbI u HMHyJIbeII
[Q» Q]=1[P; P;]=0, Q. P =ihs,, (6.35)

V=V, Urobu HeCKO/JbKO yNPOCTHTb NPEACTABJICHHE, H3MEHHM
maciiTab, BBOJAS oOMnpenesieHHe
1

=Vm, Q. e P 5
g;=Vm; Q; pi=—y=="P: (6.36)
H
U,=—2V, (6.37)
T Yy '
Onepatophl ¢; U p; OCTAIOTCA KAHOHHYECKH COIMPSKEHHBIMH:
l9;, p;] =ikd,, (6.38)
a4 TaMUJIbTOHHAH TIPUHHMAET BUJ
1 !
HZ?Z p? +7Z U.9:9; (6.39)
i i,

BripasuM Tenepb raMHJAbTOHHAH ff 4epe3 ONEpPATOPH  POXK/IEHHH
¥ YHHYTOXKEHHSI, KaK 3TO ObLIO CAEJaHO A/ OXHOMEPHOrO OCHHJ-
astopa. Ilposerem npeo6pasoBaHHe B JBa NpHEMa: CHauasa Haijem

COBOKYMHOCTb HOPMAJbHBIX KOODAHHAT {4, NO OTHOWEHHIO K KOTO-
pbIM NOTeHIHAJJ HMEET ,Ill‘[aI‘OHaJ'IbeI}u{ BHJ, a 3aTE€M BbIpa3HM KOODIH-
HaTbl H HMNOYJbChl uYepe3 onepaTtopbl POXKIAEHHA H YHHUTOXEHHSH.

Hpennonomnm, 4TO KOOPAUHATHI §; I Jo CBfA3adlbl COOTHOIIEHHEM
- "\

o = 2 Caili. (6.40)
1

IMockoambky maTpuua (U,;;) npeanosaraercs ReHCTBUTEIBbHOH H CHM-
MEeTpUUYHOH, MaTpHla npeobpasoBanus Cg;, KOTOpas ee AHaroHaju-
3yeT, A0/KHA ObITb OPTOTOHAMLHOH: .-

; CaiCBi = 6(1[3’ z Caicaj = 6[/'- (641)
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§ 4. Cuctema rapMoHMYECKHX OCUMNNATOPOB

[MpeoGpasoBanune, obpatHoe (6.40), Torna uMeer BHJ
q: = 2 Ciaa- (6.42)
22

[MpexnosoxumM aaiee, 4To Bce COOCTBEHHbIE 3HaYeHHsA MaTpHUb (U,))
MOJIOKHTEAbHBI, T. €. YTO MATPHLA SBJSETCA [OJOXKHTEJBHO Olipe-
JieJeHHON (3T0 Heo6XOJAHMO s TOTO, 4YTOGHI TouKa ¢; =0 6blia Tou-
Ko#i ycTofuuBoro paBHoBecusi). O603Hayas 5TH COOCTBeHHbIE 3HAYe-
HiiA depe3 0% (0, > 0), nojiydaeM ypaBHEHHE

Al
2 CaiCaiU 1= 0484,
i,/

H, CJQeJoBate’/1bHO;
2 U494 = 20848 (6.43)
!

Hakoneu, onpenenuM p, TakuM o6pa3oM, YTOOBl COXPAHHTH KaHO-
HHYeCKHe KOMMYTAallHOHHbIE COOTHOLUEHHS

laazgcaipi) (6'44)
[‘;m /;JB] = iﬁ’(saﬁ- (645)
B peayﬂbTaTe fnoJsiydaeM raMuJbTOHHaH B BHJE
l —x - -,
H=7 ¥ (5% + 03d8). (6.46)
o

KOTOPBHIH MOKa3blBaeT, UYTO CHUCTeMa COCTOHT U3 HECBA3AaHHBIX rap-

MOHHMYECKHX OCLUHJMATOPOB (IO OJAHOMY /s KaXKAOro 3HAYeHHS o).
[To.b3ysicb MeTOJaMH, pasBUTBIMH B § 2, MOCTPOHM ONepaTOpbE

pOAKAEHHA H YHHUTOXEHHA AJA KaxKaoH KoJjebaTe/bHOH MOAbI

%=#§(@¢+¢Em) (6.47)

s L Ve, — T
aa '—V—Q%( (’)a q(l m pa) ’ (648)
Go = S (a,+ap), (6.49)
20.)(1
by = —i1/ hoa(a,—at). 6.50)
P ]/ 2m( ) (
Torpa, yuuthiBas, 4ro
[ax, ag] = [as, a§] =0, (6.51)
[aou a'[:';'] :6045’ (652)
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Fn. 6. Onepatopsi POXAEHUA M YHH ITOKEHUA

noJiyuaeM

H =X hoy (aja, +5 ) (6.53)

COOCTBEHHBlE COCTOSIHHSl FaMUJAbTOHHAaHAa [ 1J5 KaxA0ro o 3ajarcs
COOCTBEHHBIMH 3HAUEHHSAMH 1, ONEPaTopoB aia,. ClenoBaTe/bHO,

.
H|nnn,. . .>= Z (na+7)7ima [nn,ng ..., (6.54)

e

|y 6.55
|nafgng. . > = ];;IVH 1000 ..., (6.55)

rie ocHoBHoe cocrosiHue |000...> onpejensiercsi paBeHCTBOM
Qg |000...>=0 (6.56)
1751 BCexX o
-
3aMeTHM, YTO 3HEPTHA OCHOBHOTO COCTOSHHSI paBHA X Mw,/2.
47

Jna cucTeMbl ¢ G@CKOHEUHBIM YHCJIOM CTelleHeH cBOGOAB (KOTOPYIO
MBI BCKOPE PacCMOTPHM) 3Ta BeJHYHHa B ofmeMm caydae Gyper Gec-
koHeuHo#l. ITockonbky BHIOOD Hauyasna oTCYeTa 3HEPrHM CHCTEMbl He
urpaer poau (TOJBKO pPaA3HOCTb 3HEPrHH ypOBHe# HMeeT (u3Muec-
KHH cMblCca), YAOOHO Nepeonpele/]HTh raMHJAbTOHHAH TaKoOH CHCTeMBI
TaK, 4YTOObI 3HEPrHsl OCHOBHOTO COCTOSIHHA Oblia paBHa HyJ0. Ciepo-
BaTeIbHO, €CJH Mbl MOJIOXKHM

1 ~ ~ 1
Hng(%+%ﬁ—5MJ (6.57)
[¢4
(cooTBeTCTBYIOIEE BhIPaXKeHHEe Yepe3 HCXOJHble KOOPAHHATHL §; HMeeT
60»‘166 CJ'[O}KHI:.Ifi BHLI), TO HOJIy'{HM raMHJIbTOHHAH B BHIE
H =X hoyata,, (6.58)
[+

rae
Hlmngpg .. .> = 2 nghog | nang .. .. (6.59)
a

P OHOHbB!
CocTOsIHUSI CHCTeMbl, PacCMOTDEHHOH B NpeAbIAyIleM Tnaparpade,
MOXKHO OMHCaTb, HCMOJB3Ys NpelCTaBJeHHe O ,HeB3auMogeHcTBYIo-

wHX ¢oHoHax“. TlpeanosoxuM, 4To raMHJAbTOHHaH HMeeT BHJ (6.57)
uau (6.58), Tak 4TO 3HEPrHR OCHOBHOTO COCTOAHHS PaBHA HYJIO.
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§ 5. DoHOoHbI

OCHOBHOE COCTOSIHHE TOrja HAasblBaeTCs ,,BAKYYMHBIM COCTOSTHHEM*
H NpeacTaB/seT co60d Takoe COCTOSIHHE CHCTEMBl, B KOTOPOM HET
cdononoB. EcaM cHCcTeMa HaxXOJHTCS B COCTOSIHHM |/1,f1,11, ...>, TO
Mbl TOBODHM, YTO B 3TOM COCTOSIHMM HMeeTcsl 7, (POHOHOB THNA
a(e=1,2,3,...). Be1HuuHb 1, HA3LIBAIOTCS YHCJAMH 3aMOJTHEHHUSI.
3amMeTHM, UTO 3HEPTHS 3TOTO COCTOSIHHS paBHA nlﬁwl+n2ﬁ0)2+ e,
TaK UTO 3HEPrus OJHOro (OHOHA THMA & paBHA HW,, a [0JHAas
SHePrHsi CHCTeMbl [peAcTaB/sieT co00H CyMMY 3HEpPruil OT/e/bHBIX
¢oHOHOB. [pyrumu c10BaMH, GOHOHBI SIB/SIIOTCS HEB3aHMOIEHCTBYIO-
IIHMH BO30VKACHHSIMH.

IMTockoabKy
aiing .o g ol D=V g+ 1Ay, ...y gy, (Mg ~=1), gy ..
(6.60)
g Ry oo Nl - > =V g | My, ooy Ngrs (Rg—1), Ry -2 >,
(6.61)

MBI MOXEM Ha3BaTb aj M @, OICPATOPAMH POXKIEHHS H YHUYTONKE-
HIA (GoHOHOB THMA c. OnepaTopoM yuc/a GOHOHOB THIIA . SIBJASIETCS
aka,, a ONepaTop MOJHOrO 4Yucjga (OHOHOB HMEET BHX

N =Dlata,. (6.62)
[04

O60o3naYnM BaKyyMHOe cOCTOAHHE Yepe3 |0 >, a COGCTOAHUE C rg =]
U ng, =0 ansa Bcex a' <o 3amullieM B BHJE

la>=0a3|0>=0, ..., 0, 1, 0, ...>. (6.63)

Torza ¢oHOHOM MOXHO HAa3BaThb TaKyl0 CHCTEMY, KOTOpasi OMNHCHI-
BaeTcsi COCTOSIHMeM |a) (T. e. CHCTeMY, KBAaHTOBOMEXaHHYECKOoe
TU1bOEPTOBO IIPOCTPAHCTBO KOTOPOH MOPOK/AAETCHA BEKTOPAMH |a)).
Econ |a) u |B>—onHODOHOHHBIE COCTOAHHUS, TO

<a|p>=<0]axaf |0> =<0](apan+ 0up) | 0> =8up,  (6.64)

T. €. COCTOsIHHA |a) OpTOHOPMHPOBaHbl. Kax1o#l HOpManbHOIl
Kose6aTelbHOH MOJI€ UCXOJHOH CHCTeMBI TapMOHHYECKHX OCUUJIIATO-
pOB COOTBETCTBYET OJAHOMOHOHHOE COCTOSIHHE (IOITOMY OHU 06a 06o-
3HAyaloTCsl MHAEKCOM o).

Ilogo6uble ke 0003HAYEHHMSA MOXHO HCIIONB30BATh IS COCTOA-
HUH ABYX W OoJiee GOHOHOB, BBOJISl ONpejeseHHus

. o

[Gyy ones oc,,>:ao‘1 a;n]0>. (6.65)
ITH COCTOSIHHS SIBJASIIOTCS HOPMHPOBAHHBIMH B TOM BMJe, KaK OHI
3alMCaHbl, €CaAH BCe 0O, ..., &, PA3/JHYHBI, B MPOTHBHOM C/Jy4Yae

MX HOpMa OGoJiblie eAMHHUBI. IIpeiloIoKHM AJs ONpeneseHACCTH,
4To o NIpuHuMaer 3Havenus 1, 2, 3, ... . Toraa cocreguue ¢ ync-
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[n. 6. OnepaTtopbl POMKAEHUS M YHMUTOMEHHUS

JOM 1, COCTOfHHH a =1, n, cocToOsTHUI o==2 W T. I. 3allHCBIBAETCs
B BHJE

[T, ooy 1,2, 00, 2, Ll =(af)" (ah)" 0> =

e N ——
ny 1,

=V tn,! .. nn, ...>,  (6.66)

TaK 4TO ero HopMa pasHa ) ! nto...

Ecnu ogHOBpeME@HHO HMeEeTCs BCero JHIUb HECKOJbKO (DOHOHOB,
To 0ObIMHO YyJo6Hee M0Jb30BaThCsl 0O03HAUEHHAMH ¢y, ..., @,>,
yeM MpeAcTaBJCeHHEM depe3 YHcJ/a 3aloJHEHHUs |ny7, ...>, B 0coGeH-
HOCTH, KOrJa o HMeeT HelpepLIBHBIA cnekTp 3HaueHWH. [leficTBie
OnepaTopoOB DOXKIAEHHA ¥ YHUUYTOMKEHHS HA COCTOSIHHE |Qy, ..., O,>
onuchiBaeTcs (popMmyJsnamu

atloy, ..., o >=la, o, ..., 2>, (6.67)
Qo Oy voey a,,>:k216(mk|a1, ceey Opqy Qpyrs <vey >, (6.68)

dopmysaa (6.68) caenyer us (6.65) U CoOTHOIIEHUs

n
[, a3 ... a3 ] =k§ Soc & ... 0, A%, ...a%.

OrmeTuM, 4TO (OHOHBI BeAYT cebs MojJo6HO 6o3e-4acTHLAM (B Tol
Mepe, B KaKOH Mbl MOXEM HasblBaTb HMX 4acTHLAMH ), MOCKOJLKY
B JIOOOM 33JaHHOM COCTOAAHHH HX UYHCJO0 MOXKeT ObiTh IPOHU3BOJIb-
HbIM (T. €. COCTOfAHHE |a, ..., O CYLIeCTBYeT AJs J000ro ducia
sHaueHndl a). Mx Go3eBcKHH XapaxkTep OTpaKaeTcs TaKXKe B CHM-
METpHH COCTOSAHMH (Hanpumep, |a, B> =[P, a>). B § 7 nacrosuei
rj1aBbl OyJeT NOKa3aHo, YTO NPU HCIOJb30BAHHH OOBLIUHLIX MpPaBUJ
KBAHTOBOME XaHUUYECKOTO OINHCAHUS CHCTEM MHOTUX 0603€-4acTHI[ MBI
NPUXOAUM K Habopy COCTOSIHHH H OnepaTopoB, COBNAAAIOMIHX MO
BHIY C MOJYYEHHBIMH 3]eCh. DTO JOKa3biBaeT MPaBUJIbHOCTb ONHCA-
HUs1 OCLHJJIATOPA KaK CHCTEMBH MHOrHX 603€-4acTHI.

3ax0oHYHM 3TOT naparpad KaueCTBeHHLIM OOGCYXKAEHHEM BJIHMAHUS
AHrapMOHHMYECKOrO BO3MYLIEHHS HAa cHCTeMy ocuuaiastopos. [lpen-
[I0JIOKHM, 4TO BO3MYUIEHHE COAEPIKHUT 4JEeHB BUAA

(23, Dinddgn 02 Tiws 4001

IR,

) ®oHOHEI Gosiee BCEro MOXOXKH HA YACTHIMI (T. €. NEPEHOCAT HMNYJLC H 3HEp-
THIO), KOIJa CHCTeMa OCUHUJJIATOPOB MpeicTaBiser coboff moje, Kak 310 Gyxer
NOKa33aHo B ¢heayloueM naparpage.
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§ 6. KeaHtosaHue nons

Ky6uueckue u/eHbl, BbipaXKeHHblE Yepe3 ONEPATOPbl pPOXJEHUA
¥ VHHYTOXKEHHS, HMEIOT BHJ

azagay, agagay, ..., QgQpty,

OTKYAa CJelyeT, YTO OHH BCerJa MEHAIOT YHCJI0 (GOHOHOB (Hanpu-
Mep, TNepBbifi 4JeH poKAaeT Tpu HOBHIX (oHoHa). CJepoBaTenbHO,
€c/Jd Mbl BO3bMEM CHCTEMY C OlpeleseHHbIM YHCJIOM (POHOHOB H pac-
CMOTPHM ee JBHKeHHe BO BpeMeHHM NpPH 3aJ]aHHOM TaMHJbTOHHAHE

I (1)> = e~ g (0> = ¢ (0> —itH [ ¥ (0)> + O (1),

TO BCKOpE 06Hapy}KHM HU3MeHeHHe 4YHCJa 4YacTHl. KBaﬂpaTuquze
YyJleHbl TaKxKe MEHAIOT YHCJ/0 4YacTHIl, 3a HCKJKYeHHeM WIEHOB BHAa

AgaRayAs, AZARAYAs, « .y

KOTOPHIE COXPAHSAIOT YHCJO YaCTHLU, HO MNpPOSABJAIOTCH KaK B3aHMO-
nedcTBHe MEXKAY HHMH; CJeloBaTe/bHO, YacTHILBl YK€ He sBJSI0TCA
He3aBucuMbiME. OnucanHe B3auMOJeHCTBHSA MeXIy YacTHIAMH OyJeT
6osiee Mo poOHO PacCMOTPEHO HHUKeE.

3adaua. TlokasaTth, 4TO OmnepaToOp YHCJ/a YaCTHI, ONpelesieHHbId
paBeHCcTBOM (6.62), KOMMyTHpYeT C NpOH3Bel€HHEM ONepaTOpOB
pOZKAEHUS H YHHYTOXKEHHS B TOM H TOJILKO TOM ¢Jly4ae, KOTr1a YHCJI0
onepatopoB at B npousBejeHUH PAaBHO YHCJYy ONEPATOPOB 4.

§ 6

KeaHntOoBOHUE nons

MnTepecHblM NPHUMEPOM CHCTEMbI ¢ GRCKOHEUHBIM YHCJIOM CTelle-
Heii cBoGonbl fiBjfAeTcA nose. B KauecTBe NpHMEpPOB MoJeH MOMKHO
Ha3BaTh 3BYKOBLIE BOJHBI, KojeGaHusa MeMOpaH, cBeT H T. A. Pac-
CMOTPIIM AeHCTBHTEIbHOE CKa/spHoe ¥ noJe ¢ (X), ABHKeHHe ¥ KOTO-
pOro OMHCHLIBAGTCS JarpPaHKHaHOM :

L. D=5 @ xp0§0—3] @ x {@xKx—x"0 ®) 0 (x), (6.69)

U [IpoBefieHHoe HHXKe PaccMOTpeHHe MOMKHO OGOCULHTH Ha CIyual MHOrOKOM-
{IOHEHTHOro NOJf NyTeM BBeleHHs] COOTBETCTBYIOMIHX HHICKCOB.

2 B kJjaccHYecKoM cjydae @ (X) 3aBHCHT OT BPeMEHH [, HO (TaK Xe, Kak
# B§ 4 ans g;) Mb He OyleM yKaswiBaTh 3Toro ssHO. Kpome Toro, B mpeacras-
Jgenud penuurepa omepaTop ¢(X) He 3aBHCHT OT BDEMEHH.

9 [IpeanonaraeTcsi, uTo CHCTeMa sBJAETCS TPAHC/ASLHOLHO HHBADHAHTHOM, TakK
yTo K 3aBHCHMT TOJBKO OT pasHoCTH X -- %' ’
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I'n. 6. OnepaTtopsbl POXAEHUA M YHUUTONKEHMSA

rie K(x—x')=K (x’—x). Kunaccuueckue ypaBHeHHS IBHXKeHHSH,
noJjyyaeMble BapbHpOBaHHEM ¢ (X), HMEIOT BH]

o SL oL o 14 ’ AN

T ww= 60+ [ X K (x—x)g(x')=0.  (6.70)
CpapuuM ypaBHeHHs (6.69) u (6.70) ¢ COOTBETCTBYIOIHMH YpaB-

HEHUSIMH JJS CHCTEMBl T[aDMOHHUYECKHX OCHHJJISTOPOB, ONHCAH~

Holl B § 4:

| ‘ 1 S -
LZ;ZQ?‘@ZU:'/"][‘?P q"+2,~"U"fq’.f0'
i i, 7

Ortclofa BHAHO, YTO Mbl JIeHCTBHTENbHO MOMXKEM DACCMATPHBATH MOJe
(no kpalinell mMepe opMaTbHO) KAK CHCTEMY FapPMOHHYECKHX OCIIHJI-
JIATOPOB, NPH 3TOM ¢ COOTBETCTBYeT CHMBOJY ,g“ H X—HHJEKCY I.
Toraa ¢(X) MOXHO paccMaTpUBaTb KaK OTAEJAbHYIO KOODIAMHATY
CHCTEeMBl /ISl Ka}JIOro X.

B kauecTBe mpHMepa NpeArnoJOXHM, UTO

K (x—x') =~—¢c"7y%§® (x —x'). (6.71)

Torpa ypaBrHeHue (6.69) nocne HeCKOJBKHX HHTEMPUPOBAHHH 10
YacTaM npnﬂnmaeT BUJ

L=21 Sd“'x (X) ¢ (X)—C2Vp (X)- Vo (%)] (6.72)

u ypaBHeHHe (6.70) npeBpallaerca B oObIYHOE BOJHOBOE YypaBHEHHE
1 -

V3¢ (X) == § (x) =0. (6.73)

Ecan npeanonoxutb, 4To ¢ (X)—o6ofllleHHass KOOpAHHATa CH-
CTEMBI A8 KAXKJ0ro X, TO CONpPsXKeHHBIH ¢ (X) 0606leHHbIH UMY Ibe

paBeH
SL

do (x)
raMI{ﬂbTOHHaH CHCTEMBEI HpH 3TOM HpHHI/IMaET BU]J

H={ asxI1 (x)  (x) —L =

0 (x) = = ¢ (x). (6.74)

——gdaxH (x) I (x §d3de3x’K(x—x) (x) @ (x). (6.75)

Uro6el NpoOBECTH KBAaHTOBAHWE CHCTEMBI, OyJAeM cuuTaTh @ (X)
IT (x) 5pMHMTOBEIMH OIlE€pPATOPaMH, YJOBJETBOPSIOUIMMH KOMMYTALHOH-
HBIM COOTHOIICHUSAM:

(¢ (x), @ (x)]=[II(x), I(x")]=0, (6.76)
[o(x), T (x)] =ih& (x —x'), (6.77)
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§ 6. KBaHtosanne nons

U [IPEANOJOXKHM, YTO TFaMHJbTOHHAH CHCTEMBbI ONpeJensieTcsi Bhipa-
keHueM (6.75) ¢ TOYHOCTBIO 10O CKaJApHOH IOCTOSIHHOH, KOTOpas
BHIGHpaeTcsl TaK, 4To6bl 3HEPTHS OCHOBHOTO COCTOSHHA OBlIa paBHA
HYJI1O.

BripasuM Teneph Bce BeJHUNHE Yepe3 «HOPMaJibHbIE MOAH». Ch-
Tyanus TPH 3TOM OKAa3HBaeTCs HECKOJbKO OTJIHYHOH OT paccMorT-
penHo# B § 4, NOCKOABKY 3/1€Ch YAOOHO HCIOJb30BATh «KOMILICKCHLIE)
(T. €. HE3PMHTOBBLI) HOPMaJbHble KOOPIHHATHI.

[TockobKY cHCTeMa fiBJAAETCH TPAHCASLUHUOHHO HHBApHAHTHOM,
TO MOXKHO OXHAATb, uTo GoJjee YIOOHBIM OyIeT uUMIY/AbCHOE Mpel-
CTaBJeHHe MoJeBbIX onepatopoB. IlosToMmy onpexe/nm

¢ (k) = § dsxg (x) etk %, (6.78)
(k)= {ax 1T (x) ek x. (6.79)
O6paTtHoe npeoGpa3oBaHue HMEET Bup?Y
4k ~ ;
® () = { s ® () e (6.80)

aHaJOTHUHKIH BUA HMeeT Bhpaskenue aas I (x). ITockoabKy @ (x)
u II (X) —35pMHUTOBHI OllepaToOpbl, HMEEM

¢t (K)=¢(—k), I+ (k) =T (—k). (6.81)
M3 cootnowenust (6.76) u (6.77) moayuaem
[¢ (k). @ (k)] = [T (k), TT(k)]=0, (6.82)
[0 (k), TT (k)] = ifi (27)° & (k +K'). (6.83)
Beejgem BeanHunHy
= { asxK (x) e x. (6.84)
M3 coornowennit K (x) =K (— x)=K*(x) caexyeT, uto
0? (k) = 0? (k)* = 0* (— k). (6.85)
HepenncmBaﬂ raMubTOHHAH (6.75) B HOBBIX Omnepartopax, IoJjydaeM
H=% W [ (—K) T (k) + 0% (k) @ (— k) ¢ (k)] =
=5 § G [T (0 T (0) + 02 (k) ¢+ <k><b<k>]- (6.86)

1) B pasbHefieM HaM HeONHOKDAaTHO NOHAZOGATCA CAGNYIOMMe HHTErpaJibi
a3k k.

Sd"xe‘“‘"‘:(Q:rl:)3 83 (k), @ e

X = 9% (x).
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n. 6. Onepartopsbl POKAEHHA H YHUUTOKEHHR

[Tpeanonoxum, uyro o?(k) >0, Tak 4YTO ramMHJbTOHHAH ABJAETCA
N0JI0KUTEAbHO omNpeneneHHblM. [CaenoBarenabno, o (k)-—aefcTBu-
TeJbHAst BeJHuYHHa, H Mbl BeiGHpaeM o (k) > 0.]

B npumepe, A1 KOTOPOro cHpaBeluBbl ypaBHeHHsa (6.71)—
(6.73), umeeM o (k) =c|k].

OnpejenuM Tenepb ONEpPaTOPhl POXKIAEHHA H YHHYTOXKEHHA [cp.
Bhipakenus (6.47)—(6.50)]

1 - i :
k) = —== k k Ik |, 6.87
a(k)=7= [Voa()cp()+Vm ()} (6.87)
k)= [Vo®) ¢ (—k)— ———T(—k)], (6.88
a* (k) Vzﬁ[l/coucp( )= e T >-] (6.88)
HJIU

$ =1/ sy [a (0 +a* (—K), (6.89)
ﬂ(k):—fl/@;&[a(k)—w (—k)]. (6.90)
KomMmMyTailHOHHBIE COOTHOLIEHHA B COOTBeTCTBHH ¢ (6.82) n (6.83)

HMEWT BUI
la(k), a(k’)]=[a*(k), a* (k)] =0, (6.91)
[a(k), a* (k")] = (2n)*6 (k —k'). (6.92)

Buipaxkas raMuJbTOHHAH (1 4epe3 omepaTopbl @ H a‘ M BBIMOJHASA,
rje 3TO HEoO6XOAUMO, 3aMeHy nepemeHHoH k — —k, nosayugaem

H= %ﬁm(k) [a* (k) a (k)4 a (k) a* (k)]

N710C MOCTOAHHBIH u/JeH, KOTOPHIH BBOJAMTCA A5 TOro, 4TOOHl 3Hep-
THs BAaKYYMHOrO COCTOSIHMA Oblia paBHa Hymo. C ydyeToM 3TOro
yjJeHa raMHJLTOHHAH HMEET BHI

st%ﬁ(o(k) a* (k) a (K). (6.93)

[OT™MeTHM, 4TO YNOMsHYTLIF [OCTOAHHBIH 4jeH ecTb GecKOHeYHas
BeJinyHHa —1/, Sd3kﬁm(k)63(0)‘] Haxkonen, sanHllleM HCXOaHbIE

noneBLie ONEparopbl Yepe3 ONepaTopbl POXIACHHSI H YHHUTOMKEHHS,
noab3ysich BeipaxeHuamu (6.80), (6.89) u (6.90):

p0= ) ek ar oy emeon), (6.94)
Mx) =\ 2K M[—ia(k)efk-*+ia+(k)e-fk-XJ. (6.95)
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§ 6. Ksantoeanue nons

Qopmyan (6.91)—(6.95) npeacraBasior coGoii  HauboJee Baklible
pesyJbTaThl, NOJyYamliHecss NPU KBAHTOBAHHH MOJS.

KomMyTauuoHHbie cooTHomeHua (6.92) MoryTt nokasatbest CTpaH-
HBIMH B TOM cMbic/i€, yTo KommyTaTop [a(k), a* (k)] paBen Gecko-
HeuHOH Be/HuHHe (a He eiuHuue). [TosToMy pesyabTaThl, MOJAydYeH-
upie B § 1, He MOryT GbITb HellOCPEACTBEHHO [1PHMEHEHH! K ONIEPATOPAM
a (k). TlpenmosnoxkuM, OZHAKO, YTO Mbl TMOJb3YEMCSl MeHEe CHHTY-
JsIpDHBIM TNpelcTaBJeHHeM. BruifepeM jJsi 3TOro MOJHYIO OPTOHOP-
MUDOBAHHYIO CHCTeMY YHKUHH 1, (k), Tae HHIEKC o MPHHHMAET
IHCKDETHBIC 3HAYEHUA:

S (27[)3 ’lmba q‘ﬁ( )_' 6(1[51 (696)
2be (k) s (k') = (20)* & (k—k'), (6.97)
[v2
H onpejeumM
2%k
a0~ { g Wi () a (k). (6.98)
Torpa
[ay, af] = 8qp, (6.99)
TaK 4YTO MBI MOXEM BOCNOJIb30BATbCH MpPeAbIAYIIHMH pe3yJbTaTaMH
M IOCTPOUTH |, ... g ...»>. HO 3TH cOCTOSIHHA MOTYT U He GBITh
COGCTBEHHBIMH COCTOSIHUSIMH ramuJbTonnaHa H. CocTosiHuA ke
|k>=a* (k)|0>, [k, k'>=a* (k)a* (k') |0>

H T. A. ABJAIOTCH COOCTBEHHBIMH COCTOSIHHSIMH TaMHJbTOHHauna H,
XOTsl HX W HeJb3sli HOPMHPOBATb.

KakoMy BHJY (OHOHOB COOTBETCTBYIOT 3TH HEHOPMHPYembie CO-
crosHnA? Cocrosinne |[k)> saBJseTcA (DOHOHOM C 3Heprue o (k) u,
KaK Mbl MOXKEM CKasaTb, ¢ HUMIYJbCOM fik. UTo6bl nmokasarhb crpa-
BeJJIMBOCTb MOCJAEIHEro YyTBEpKIeHHs, PacCCMOTPHM OIepaTop

P— S(? v fika* (k) a (K), (6.100)
KOTOPbIH YyJAOBJIETBOPAET KOMMYTAallHOHHBIM COOTHOILIEHHSIM
[P, a* (k)] =hka* (k), [P, a(k)] =—Fka(k), (6.101)

TaK 4TO ’
Plk, k, ...>=(fk, +Fik,...) |k, ky ...>.  (6.102)

Hanee, u3 Bupaxkenuil (6.94) u (6.101) noayuaem

[P, ¢ (x)] =iAVe(X). (6.103)
HpH 3TOM MOXKHO MOKa3aTb, 4YTO
e Plik g (x) e=a Pk = @ (x - a); (6.104)
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[n. 6. Onepatopbl POXAEHUA U YHHUTOWKEHUA

Taxum obpasoM, onepatop P mopoxkaaer TpaHCJAALHH, T. €. ABJAAETCA
ONEepaTopoM HMIYJIbCA.

B § 7 u 8 mbl paccMoTpuM Oosiee MoapoGHO CBA3b MexkA1y olle-
paTopaMH H COCTOSHHAMH, KOTODLIE OHH TOPOXKJAIOT H YHHUTOXKAIOT,
i TOKa)eM, KakuM o6pa3oM ApyrHe onepartopbl, HallpUMep TaMH.b-
TOHWAH, MOryT OBbITb BBIpa)Ke€Hbl YEpe3 ONepaTopnl pOoXKIeHHA H
VHUYTOXKEHHA B JI06OM 6asHce COCTOSIHHE.

3amewanue. B pensiTHBUCTCKOH KBAaHTOBOH MeXaHHKe IIpH KBaH-
TOBaHHMH 1[0Js1 CBOGOAHBIX YacCTHI, C 3Hepruef m(k):l/k“—l—m“’

(i==c=1) 0ObLIUHO HCIOMBL3YIOTCA APYTHE YCJAOBUS HOPMHPOBKH
It ipaBHJIa CyMMHPOBAHHA AJS COCTOAAHHH B MMIIYJbCHOM MpOCTpaH-
ctBe. Bo Bcex COOTHOWIEHHSIX MNOABAAIOTCA BbIpPaXKeHHWS BUja

Sd3k,/(2n)3 20 (k) 1 (2m)* 2w (k) 8% (k—Kk”’), KOTOpble peaATHBUCTCKH
yHBapuaHTHel. Hapsay ¢ 3THM H3MeHeHHEM HOPDMHDOBKH HCHOJb-
3YI0TCSl «PEJISITMBHCTCKHE» ONepaTopsl a(k) paBHble MPeXHHM oOlle-

patopam a (k), ymHoxenubiM Ha } 20 (K). [Tpu 3Tom popmy.isl (6.92)—
(6.94) NpHHHUMAIOT BHJ

[a(k), a* (k)] = (2n) 20 (k) 6% (k—K’),

HZS(—QR)_S_;%(TJ“’(k)aJ'(k)a(k),

a3k ,
— fk.x + ~fk-x
x) X(Qn)%(k) [a (k) ek x a* (k) e=tex].
B HekoTOpHIX CiaydasiX MHOMHTENBL (27)% TaKiKe 3alHChIBAETCH I10-
apyromy. Mel He 6ygeM [01b30BATECS PENSATHBHCTCKHUMH YC/JAOBHAMHU
HOPMWPOBKH H NIpUBOAHUM HX 3J€Ch TOJBKO AJs1 TOro, 4TOOB qurta-
T€J/Ib, BCTPETHB HX B }.IpyI‘Oﬁ KHHTre, MOr Obl COMOCTABHTL C HalllUMH.

§ 7
Cuctema
TOXOECTBEHHbIX
4yacTuy,

B npeabiaymux naparpagaX Mbel paccCMaTpHBAaJH KBAaHTOBLIE CO-
CTOSIHUS CHCTEMB! OCILUJIJIATOPOB KaK COCTOSIHUA C Pa3/HYHBIM 9HC/IOM
YacTHl, KOTOpble Mbl Ha3blBadH (oHoxamu. ONpeneseHHble COCTOA-
HHS OblIH HAEHTH(HIHPOBAHBl KaK OJHOMOHOHHBIE COCTOSHHA, a
ADYFHE COCTOSIHHA —KAaK COCTOSIHHS, cojepKauive 6GoJjee OIHOro
thonoHa.

B sTtom naparpade Gyner Hcrnosb3oBaH Apyro#t mogxox. Me mau-
HeM ¢ O6CY:KJeHUS TNPOCTPAHCTBA COCTOAHHH omdeasHoix 603e- UM
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§ 7. Cnuctema TOKAECTBEHHbLIX HACTHL

¢epMH-4aCTHL H NMOCTPOHM MHOTOYACTHYHBLIE COCTOAHHSA, [10Jb3YACh
CTaHAAPTHBIMH MeTojamH. B ciayuyae 603e-4acTHL MBI INOAYYHM CHC-
TeMy COCTOSIHHH M OmepaTopoB, KOTOpAs MaTeMaTHYECKH 5KBUBAJEH-
THA HalJeHHOH paHee JJs CHCTeMBl OCHHAJAATOPOB. TeM cambim Oy-
JIeT MOKa3aHo, YTO MHTepHpeTalusl OCHUAASATOPHBIX COCTOSTHHH Kak
MHOTOQOHOHHBIX COCTOSIHHH corJlacyeTcst ¢ OObIYHBIM ONHCAHHEM MHO-
rouacTuyHo# cucteMbl. IlonyTHo OyzeT pasBHT (POpMagH3M KBAHTO-
panus AAs pepMH-UacTHIl, COCTOSIHHS KOTOPHIX HeNMOXOXH Ha Co-
CTOSIHHA CHCTEMbl TapMOHHYECKHX OCLHUJJISTOPOB.

Byxem paccmarpuBaTe ciydau 0o3e- U (epMU-4aCTHI OJHOBpE-
MEHHO, pasJuuas HX C MOMOILBIO uyncaa {, KOTopoe NPHHHMaeT
3HAYEHUA

;:{ --1 ans Gose-yacTHi, (6.105)

—1 1aa depmu-uacTHL.

ByaeMm mouas30BaThCA Takke cumsosdoM [P (rme P—umcio mepecra-
HOBOK) A/15 o603HadeHus 1 B cayyae Gose-yacTui ¥ (— 1) —B cayuae
tepMH-dyacTHL. PaccMOTpUM cHayana pasJHYHMBIE yacTulbl. Ecuau
[P;>, ..., | P> —OAHOUACTHYHbIE COCTOSIHHS, TO

P> =[P> P> o[> (6.106)

OTMHCBLIBAET #-YACTHYHOE COCTOAIHHME, B KOTOPOM {-f YacTHUA Haxo-
JUTCA B COCTOSIHHH [P;>. BHyTpenHee (ckaJspHoe) IpOH3BEAeHHE
COCTOSTHUE | @> =@ > | Q> ... | @,> H P> onmpegensieTcs caelyoLinm
o6pasoM:

<PIP> = (P 1 <Py e <@ ) (9> [0 | P>) =
=<y [ V1> <P | WD o+ <Py [ P> (6.107)

['unb6epTOBO NPOCTPAHCTBO, ONHUCHIBAIOIIEE CHCTEMY 7 YACTHI, [O-
pokjaaeTcss B ITOM Cayyae TeH3opaMmu #-ro paHra suga (6.106).
CocTosiHHE, B KOTOPOM i-f uyacTHLA JIOKaJH30BaHa B TOYKE X;,
umeeT BUA | x> | X,>. . .[X,>. Korga kaxaas KoopauHara X; npoGeraer
BCe TOYKH [POCTPAHCTBA, BO3HUKAWUlasg IPH 3ITOM COBOKYIIHOCTE
COCTOAHUH 06pa3zyeT MOJHBIH OPTOHOPMUPOBAHHBLIA Habop AAf n-ua-
CTHYHOTO NIpocTpadHcTBa (6e3 yueTa CIMHA W APYTHX MepeMeHHBIX)

(<X1] A <xnl> (|y1> e |yn>) :63 (XI‘—YI) A 63 (xn—Yn)v (6108)
Cax, o §as, (x> o 1x0) (<] <x D=1 (6.109)

HOJIbSyﬂCb 3THM 6a3I/ICOM, MOX#HO 3anHuCaThb #A-YaCTHYHBLIE COCTOAHUA
B KOOpPAHHATHOM IPEJACTaBJIEHUH

P (Xpy oees Xo) =KX | oo X )P, (6.110)
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Fn. 6. Oneparopsl POMAEHHA M YHHHTOXEHHA

Hdas cocrosuus P> (6.106), yunTsiBas (6.107), moayuum

P(Xy, eees X)) = (X)L P (), (6.111)
rre Py (X;) = <x; 9>
PaccMoTpuM Tenepb caydall HepasJHYHMBIX TOMKJAECTBEHHBIX
yactull. I1peamoJsoxKuM, 4TO YaCTHUB MOJYHHAOTCA 6ose- Wi ¢ep-
MM-CTATHCTHKE; 5TO O03HA4aeT, 4YTO Mbl JOJKHbBl COOTBETCTBEHHO
CHMMETPH3HPOBAaTL HJH aHTHCHMMETPH3MPOBaTh coctoaHua (6.106).
OnpenesanM 1Jsi 3TOTO0 COCTOAHHE

[P X[ Pe> X X P> = V—ECPIWP(1>>IIPP @)+« | PP (>, (6.112)

rie P npousBoAMT BCe NepecTaHOBKH rn aprymentoB. Yacro 6Gyner
yno6Hee mucath |Py, Py ..., Vp> BMECTO [P > X[ h,> X ... X [P,

[TpocTpaHcTBO  AN-4aCTUYHBIX COCTOSIHHH MOPOXKJAETCS  BCEMH
JpousBefenusiMu® Buaa (6.112). 3aMerum, uto cocTosHue [ P> X ... X
X|¢,> TOJHOCTBIO CHMMETPHYHO B cjydae 603e-4acTHLl H  TOJ-
HOCTBIO aHTHCHUMMETDHYHO B cjaydae (epMH-9acTHL, Kak H J0.XHO

ORITh.
Mpumep. Tlycts |ad> u |b>—aBa ONHOYACTHYHBIX COCTOSIHHS.
Ecau {= 41 (6o3ze-gacTuusl), TO

|a>x|b>=|a, b>=—r=(|a>|b>+[b>] a3),

[a>x|a>=|a, a>=V2]a>|a>.
Ecan &= —1 ((pepMu-qaCTuubI), TO

|a, a>=0.

B mnochegHeM ciaydae Mel MoJydaeM, uTo fBe (epMi-4acTHUB He
MOFYT HAXOMHTBCA B OJHOM H TOM e COCTOSSHHH, KaK H c/el10Bd-
J0 OKHAATh.

UeMy paBHO CKalsipHOe NPOHU3BEJEHHE ABYX TAKHMX N-4aCTHUHBIX
cocTosinuii? OTBETOM CJYKHUT cJepyouias teopema )

<Pyl h>e . <@ >
CPry eeer Py eoey d=1. . . . o . L (6.113)
PulPrd>. . K, | >

1) 2Ty TeopeMy MOXHO CPaBHHTb C H3BECTHOR (GODMYJIOH YMHOMEHHS BEKTO-
POB B TpeXMepHOM MPOCTPaHCTBE

laxb]-lexd] =

a.ca-d
b.cb-d|’
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§ 7. Cucrema ToXMAeCTBEHHbLIX HACTMUL

rae gJs 6o ManuubIA:(A,-/) PAa3MEpPHOCTBIO 1 X1
|4 ICEZQPAIP(U- o Anp(ny, (6.114)
P

T. e. |A|_ saBasiercsd jerepmuHantoMm Mmatpumst A4, a | 4|, npen-
cTapJjsieT co6ofl BeJHYHHY, KOTOPYIHO 4YacTO Ha3blBalOT HepMAHeH-
mom AM

HdokaszaTtenpctBoO:

P | R |
= ,% 2 2 EPL2 (KPpy |« + L Ppim ) (B> -+ o[ Woum>) =
P Q

|
= 2 2 EPLPp | Yoy« + < PPy | Wam> =
P Q
1 O
= 20 D2 EPLOKO, [Bap 1> - <P | Pap s> =
P Q

(3Zech MBI MpOM3BeNH MepeCTaHOBKY MHOXHTe/ell B COOTBETCTBHH
c P

I O -1
=*LZCQP <Py [ ap=1)>+ « <P Pop-1(m)> =
n! =S

(mockoiibKy (P =FP7 u [P =00P7Y)

1
=WZZCR <Py [WR@Y « + Py | PR (D ==
7 R

(monaras R= QP
= 3R [ YRy - L@ | VR (> = (P [P e
R

yTo H Tpe6GoBalOChH NOKAa3aThb.
PaccMOTpHM Teneph MOJHBEIH OPTOHOPMHPOBAHHBIH HAboOp COCTO-

auuit 11>, 12>, ...}
<a| P> =Bap, Sloy<al=1. (6.115)
(o2

[TosiHbifi HaGop #n-yacTHYHBIX COCTOSIHHH oOmnpegeJsieTcss TOTAa CO-
CTOSHHSAMH |0, O, ..., &>, TAE @ <A, < ...<<®, B cayyae
CTaTHCTHKH bBose m a, <a, <...< a, B ciyyae cratuctuku Pepmu.
OTH COCTOSIHHS OPTOrOHAJbLHBI APYr APYTY, HO He BCerga HOpMH-
posanbl. Mbl npensiaraeM uurtaTesio, 10ab3yfick Teopemod (6.113),

D TepmHH ,fepMaHeH1® Aas Beauyusbl | A |4 3a nmocneanee BpemMs yxe BO-
WieJ B OTEHeCTBEHHYIO JHlepaTypy.—ITpum. ped.
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Tn. 6. OnepaTtopbl POXAEHUS M YHHUTOXK EHMA

noxKasaTtb, 4TO B KauecTBe [10JIHOTO OPTOHOPMHPOBAHHOro Habopa
COCTOSIHHII MOMKHO B3HThb

1

—_—y, vy > (0. ..<Z,) 115 6030HOB,
anlnz.'...
o, voy > (0 <...<a,) Axd $HepMHOHOB,
Ie YHcaa flg NMOKasbIBAIOT, CKOJBKO pas ¢ BCTpeyaeTcss B Mocje-
NOBATEeNAbHOCTH Oy, ..., G, (A1 epMH-uacTHU #e =0 nau 1).

B oboux ciayvyafx yCJOBHUS MOJHOTH MOTYT OBITh 3alHCaHbl B
ciaenyiouleil yro6uon gopme:

353

1 Al
j E!"E E (G, wvvyr Oy, ouuy =1, (6.116)
oy an

B sTo# 3anmucH 006sacTb H3MEHEHHA KaKAOH NepeMeHHOH o) He
OrpaHnueHa, MOSIBIEHHE K€ HECKOJbKHX ONMHAKOBBIX COCTOSHHI
yUHUTLIBAaeTCSl MHOXKHTesJeM I/n! m HOpMMpOBKOH. B ciayuae ¢epmu-
YaCTHLl YJIEHH C OJHHAKOBBIMH ¢;, KOHEUHO, DPaBHH Hymo. EnuHuna
B mpaBo#i wactu (6.116) o3HauaeT eIMHHUHLIH omeparop B TpoO-
cTpaHcTBe (NOMXKHBIM 06pa3oM CHMMETPH30BAHHBIX) #-YaCTHUHBIX
cocroannii. CoorHomenne (6.116) MOXHO NpoBepHTBb, NEUCTBYS one-
paTopoM JIeBOH uacTH paBeHcTBa Ha cocTosnme [Py, ..., B> u
ucnobsys (6.113), (6.114).

Cnyyaii n=0, B03MOXHO, Tpe6yeT HEKOTOPHIX MOSCHEHHUH.
CocTosIHHA, B KOTOPHIX OTCYTCTBYIOT YAaCTHUM {,HYJb-4aCTHUHbIE"
COCTOSIHHs), ONMHCBHIBAIOTCA TEH30PAMH HYJEBOrO paHra, HJH CKa-
JASPHBIMH BeJMYMHAMHU (KOMIUIEKCHBIMH 4Hnc/laMH). OHH o6pasyior
OJIHOMEpHOe TPOCTPAHCTBO, BCE 3JEMEHTH KOTOPOTO MPOMOPIIHO-
HaJbHE eJHHHUE, DTO ,eIHHHUHOE cOCTOSTHHE" MBI OyaeM o603BayaTth
|vac) (ummu wuHorga |0>) M HasbiBaTh ,BaKyyMHBIM COCTOSTHHEM.
Takum ofpasoMm, ,HYy/b-4acTHYHBEIE® COCTOSIHHSI MOPOXKAAIOTCA COC-
TosTHHEM | vac).

Mbl mocTpoMsMH A8 KamAOro # THIALOEPTOBO IMPOCTPAHCTBO,
ONHCHIBAIOIEe CHCTEMY A 4acTHL, U MOJYYHJIM B pesysabTare Oec-
KOHEYHYIO II0C/Ie10BaTeNbHOCTb /-4aCTHYBBIX NpPOCTpancTB. Bo mHO-
X TpPOIECcax YHCAO YacTHI HE COXPAHsSeTCst: YaCTHUBL! MOTYT
CO3/aBaThbCAl U YHMUYTOXKAThCA. [lJs omucaHus TakKHX IIPOLECCoB
Heo6X0AHUMO THJABGEPTOBO IPOCTPAHCTBO, COAEpKallee COCTOSAHHA C
nepeMeHHBM YHC/IOM dYacThl., Takoe NPOCTPAaHCTBO MBI TOJYUHM,
ecJqM TPOCTO CKOMGHHHPYEM BCE f-4acTHYHHIE MPOCTPAHCTBA B OAHO
GoJIbllioe TIPOCTPAHCTBO, KOTOPOE MBI MOXEM HasBaTb MHO20YOCHIU4-
Hoim tpocmpancmeom. [1IpoU3BOJABHOE COCTOSIHHE B MHOrO4acTHYHOM
NpPOCTPAHCTBE HMeEET BHJ

| > = [ PO> 4 | YLD 4= | > - [ P> 4. . L, (6.117)

rae | mpexcTasdseT cofo# 7-uaCcTHUHOE COCTOSTHHE.
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§ 7. CHcTema TOXMAECTBEHHbIX YacTUL

CocTofiHHA ¢ pa3HBIM YHCJIOM YacTHI OlNpeleJieHEl HaMH TaKHM
0o6pa3oMm, yTO OHH OPTOrOHAJbHB! JAPYr APYry, NOSTOMY €cJu |@>
ecTb ApPYyro¢ MHOroYacTHYHOe COCTOSIHHE, 3alHCAHHOe B BuJe, aHa-
Jgoruydom (6.117), T0

<@ P> = <@ [ PO 4- oD P> L, . (6.118)
Ecau {|a>} —mnoaHstil opTOHOPMHpOBAHHEIA HAGOp COCTOSHHUIL,
IJ151 KOTOpHIX BhINOJHAITCA yeaoBua (6.115), To, noabsysce (6.113),
(6.115) u (6.118), MBI MOXKeM 3amucaTb YCJOBHS OPTOTOHAaJbHOCTH
B 06061L1€ HHOM BHIE
oy +o+ Oap,

gy vney @y Brs vros B> =8y e o o e e e e e (6.119)
apfy e 6°‘an [

Hs (6.116) uMeeM Takxe YCJOBHS NOJHOTHI

e~}

1 -

2oar 2 e e @<, e, al=1 (6.120)
n=0 Qg e O

3ech €IMHUIA B NPaBOH YacTH O3HayaeT €IMHUYHBIA omepaTop Nis

BCEr0 MHOTOYacTHYHOTO MPOCTPaHCTBA.

B kauecTBe mpuMepa pacCMOTPHM COCTOSIHHS B KOODAHHAaTHOM
npeacraBiendu. CuTyanusi, B KOTOpOH B KaxkaoH TOukKe X;, ..., X,
HaxXOAMTCH 1O OJHOH uYacTHIE, OMNHUChIBaeTcsi (HEHOPMHPYEMBIM)
COCTOSIHMEM |X;, ..., X,>. B 3TOoM cayuyae coorHowenus (6.119) u
(6.120) mpuHHUMAIOT BHJ

(X, —yy). .. O (X, —Yy,)
Xyy ey Xl Viy ooy Yoo =0,ml. « o o v o oo o |, (6.12])
6° (xn_yl)- .80 (xn_yn) C,

=1
Zn—,Sdﬁxl...Sdaxnlxl, ceey 04X, .., X, =10 (6.122)
n=0

Hcnonesys cooTHowenue (6.122), MBI MOXKEM pPa3jOXHTb IIPOHU3-
BOJIbHOE MHOPOYacTHYHOE COCTOSIHHE |P> MO 3THM COCTOSHHAM:

> 1
|¢>:25Sdsxl...gdaxn;xl, ceer XDV (X, ..., X,). (6.123)
n=0

3necs
PO (Xyy veny X)) =<Ky, voey X [P (6.124)

ABJISI€TCS aMIIMTYAOH BKJaja n-4aCTHYHOTO COCTOsHHA (CoAepiKa-
mero no OAHOH uacTHIe B KaxkJI0H Touke x;) B cocTofHHe |¢P>
(ecan oHo Hopmupyemo). OTmeruM, uto P (Xy, ..., X,) ABJAAETCA
CHUMMETPHYHOH WM aHTHCHMMETPHUYHOH (YHKIHeH B COOTBETCTBHH
€O cTaTHCTHKOH wacTui. OTMETHM TaxXe, YTO eCad |¢) sBASCTCH
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Tn. 6. OnepaTopkl POXAEHUS U YHUUTONKEHUSA

f1-4aCTHYHbIM COCTOSIHHEM, 3alHCaHHBIM B BuIe |, ..., P,>, [IE
Kaxjoe |P;> ecTb OJHOYACTHYHOE COCTOfiHHE, TO
P (X, ..., X,)=0, ecan msEn,
Py (X)) oo Py (Xp)

P (Xyy vees Xp) =], e (6.125)

Pr (Xy) - ov V(%) |
rae ; (X;) = <X; [ P> Cootnomienue (6.125) caexyer u3 (6.124) n
(6.113). B cayuae craTucTuku ®epmu 5TOT AeTePMHHAHT Ha3bIBaETCH
,,CA9TEPOBCKHM JeTepMHHAHTOM".

TMepefinem Tenepb K ONpelesieHHIO ONePaTOPOB POXKIEHHS H YHHY-
TOKEHHs. DTH OINEpaTopbl UrpalT BaKHYIO poJab MO ABYM NPHYH-
HaM: BO-NEPBLIX, MOCTPOHB MHOIOYACTHYHbIE COCTOSHHS, Mbl MOJY-
YUJH BO3MOYKHOCTb OMUCHIBATH M3MEHEHHEe YHCJ/a YacCTHUIl B CHCTeMe,
M TOSTOMY Ham HYy»HBl ONEPaTOPhI, KOTOpBIe MOTJIH Obi [POH3BO-
JIHTb 3TO H3MEHEeHHe, W, BO-BTOPbIX, KaK OKasplBaeTc#d, psji onepa-
TOPOB, HanpHMep MOJHAs SHEPrds, OYeHb MPOCTO BbIPAXKaeTcs ue-
pes onepaTophl POXKACHHS K YHHUTOMKEHHS.

PaccMOTpHM NPOU3BOJbHOE OfHOYACTHYHOE cocTosHHe |@>. On-
pefesiuM Takoil JHHelHbll omeparop at (@), KOTOpPBIH yIOB/IETBO-
psieT ypaBHEHHIO

at (@)Y, .. P>=]9, Py, ...y YD (6.126)

JJIf TIPOU3BOJNBHOIO f-4acTHYHOro coctoAnus |, ..., P,>. B cay-
yae n=0 nogpasymeBaercsi, uto a* (¢)|vacy>=|¢>. Byrem HasbI-
BaTb a* (¢) onepamopom poowcOerus AN COCTOSIHUS [¢> M CONpS-
XKeHUBIH eMy ornepaTop a(@)-—onepamopom YHULIMONEHU.

Omnepartop poxJeHnns npeofpasyer, OYEBHIHO, N1-4aCTHYHOE COC-
TosiHue B (n - 1)-uacTHuHOe cocTOsiHHEe. Jlerko MoKasarb, YTO Ole-
paToOp YHHUTOKEHHsl MEePEeBOAHT /1-4aCTHUHOE COCTOsiHHE B (7 —1)-
yacTHYHOe HJaH, ecau n =0, YHHUTOXKAeT BAKyyMHOE COCTOSIHHE.
Yro6bl HaliTH pe3ynabTaT ReHCTBHS ONepatopa a (@) Ha n-uacTHYHOE
cocToanue |{,...},>, YMHONKHM €ro cjeBa Ha POH3BOJbHOE (n—1)-
YaCTHYHOE COCTOSTHHE <Yi. . Ym—1l:

Gha v oe Anea (@ (@) By oo P> =
=<y P laT (@)% e Hne Dt =
=P, ---‘PnICPy Xl'--Xn-1>*=
<P P> <Py [ KD+« <Py K=t *

<‘PnI(P> <1‘pn|X1>' < <Y, I Kn=12 15

{ . <Py > P hn=> [V F

< (HeT Py)
“Semael
= <\Pn X1>‘ 4 '<‘lpn )(m-l> ‘;)
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§ 7. Cucrtema TOMAECTBEHHBIX Yactuy,

W, pa3jaaras Ha MHHODHI,

=ki EEL Pl 9% <y e (1em By) e B T A>T =
=1

:kz e [ P> <Yy v e Xn—ll'qh oo (mer ) ol P
=1

TTockoarvky cocTosfinHe <Y;...%Y,-;! TPOH3BOJBLHO, OKOHYATEILHO
nosayyaem

n

a(@)lwl---wn>=k§] 1@ P> [ Wy v e e (e W) - L. P>, (6.127)
=t
Taxum ob6pa3oM, ormepaTop YHHUYTOXKEHHA YyjansieT [0 OJIHOMY H3
COCTOSHHH |V¥;>, ocraBass cyMMy (n-—1)-4aCTHYHBLIX COCTOSHHI.
B cayuae 6o3e-yactun ({=1) Bce uJeHbl OJOKHTEbLHE, B TO BpeMs
KaKk B caydae o¢epmH-yacTull ({=—1) YsgeHb CyMMHl 3HaKoIepe-
MEeHHBI.

YpaBHenus (6.126) u (6.127) onuceiBaioT JeficTBHE ONepaTOpOB
pPOXKIEHHS W YHHUTOXKEHHS Ha MHOTOYacTHUHOe cocTosinue. M3 ypag-
HeHHus (6.126) caenyer paBeHCTBO

a* (¢,)a” (9,) =La* (@,) a* (9y),
[a* (@), a” (9,)]-t =0, (6.128)

rie [A, Bl.y=AB—(BA, t1. e. [4, B]. ({=+1) npeicraBaser
coGoir kommyTtatop u [A, B}, ({=—1)—aHTHKOMMYyTATOP.
Y paBHeHHe, 3DMUTOBO CONpsAMeHHOe ypaBHeHHio (6.128), uMeeT

caeyIOuMA BHA:
' [a(®y), a(®,)]-r=0. (6.129)

TakuM o6pa3oM, omepaTopbl POXKIEHHA KOMMYTHpYIOT anas Gose-
YACTHIL U AHTHKOMMYTHPYIOT A/ (epMH-49aCTHI; aHaJOTHYHO BEAyT
ceba onepaTopbl YHHUYTOXEHHS.

Paccmorpum teneps [a(g,), a* (@,)]-z. CBoauTcs aM 5TO BbIpa-
JKeHHe (HJaH Joboe noJofHoe eMy) K 4eMy-HHOyAb GoJiee IPOCTOMY?
BriuncauM cHauaaa

a((Pl) a* ((P2)l1p1" .. 1]J">=a((p1)|cp2, Pyowe ¢n>=<@ll¢2>,¢1' P>t
SO > [ ur Wy e (rer W) o > (6.130)
k=1

HJH

H 3aTteM
a* (;)a (1) , Yoo P0= 2 et <P, , 'lIJk>a+((P2)l'llJ, o (meT )L P >=
k=1
= YEQ P> | oy By oo (mer ) oL P> (6.131)
k=1
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Tn. 6. Onepatopbl POKASHUA H YHHUTOKEHUR
Ywmuoxas ypasHeHue (6.131) Ha § u BbIUHTas €ro M3 (6.130), mo-

JydaeM .
la (), a* (92)]-g=<P1| P> (6.132)

Coorunowenus (6.128), (6.129) u (6.132) siBAsit0TCST OCHOBHBIMH KOM-
MyTalHOHHEIMH COOTHOWIEHUAMH AJIsl ONEPaTOpOB POXKJIEHHS H YHHY-
TOXEHHS.

COOTHOIIEHUS, KOTOPLIE MBI TOJBbKO YTO NOJYYHJH, OOBIYHO Bhi-
BOASITCA AJA OPTOHOPMHPOBaHHOrO GasHca, MO3TOMY Mbl PAaCCMOTPHM
ceftuac sToT cayuait. Ilycte {[ad}={|1>, |2>, ...} obpasyiotT noa-
Hblil OPTOHOPMUPOBaHHBL HAaO0OP OAHOYACTHUHBIX COCTOsIHHUIL. OObIaHO
3allHCBIBAIOT Qg =a (o). Torpa, yuuTbiBas, uTo <a| Py = 8qp, NOAY-
yaeM [ay, af)-g=0ap. Paccmorpum Tteneps cayuyau Gose- depmu-
YacTull 1O OTAEJBHOCTH.

Cayuail Gose-uacTHl. Bpenem
1,2 002,00
anlnzl... ’

rIe 4ucJa0 Ng NMOKAa3HBaeT, CKOJbKO pa3 o MNOABJSETCH B KeT-Bex-
Tope B npaBoil uactd. CleloBaTelbHO, |nf,...> (Kampoe fg=0,
1, 2, 3, ...) o6pa3yeT OpTOHODMHPOBaHHbIH 0GasHC 151 BCETO MHO-
royacTHyHoro mpocrpascrsa. W3 dopmy.a (6.133), (6.126) u (6.127),
noJyuaeM

ag|nn,. . Na.. S=Vhg4+1|nn,. . na+1...>, (6.134)

| D= (6.133)

Q| Myfly « o olge s> =V g | My o cna—1.... (6.135)
KoMMyTaUHOHHBIE COOTHOLIEHHSI HMEIOT BHI
lac, ap]=[a&, af]=0,  [aa, af]=Oap. (6.136)

Ypasuenust (6.134)—(6.136) maenTuunsl ypaBHeHusaM (6.60), (6.61),
(6.51) u (6.52) ana onepaTtopoB POXKAEHHS H YHHUTOXKEHHS JJIA
CHCTeMBI TapMOHHYECKHX oOcuMJsiTopoB. Onepatop uuc/aa 4acTul B
COCTOSIHHH | HMEET BHJ

NQL — aaaa.

O6o3navenust (6.133) (B npeicTaBJeHHH ,4HCEJ 3aNOJIHEHHA™),
BOOGILE TOBOPS, HE sIBJAsIIOTCA Haubosee yIOOHBIMH. [lefiCTBHTEIbHO,
Goee eCTeCTBEHHO MO-IIPEXKHEMY MPHMEHATh 00O3HaYeHusl, NPHHS-
Thie B 5TOM mnaparpade, T. €, OGO3HAYeHHS [Oy, Gy, ..., O,>. ITH
ofGo3naueHns obcyxnajuck B § 5 B cBA3M ¢ ¢Qononamu. OTMeTHM
npu 5ToM, 4yro cooTHomeHus (6.126) m (6.127), sanucaHHble A5
COCTOSIHHH BHJA |0, ..., O,>, CTAHOBSATCH HIEHTHYHLIMH COOTHOLIE-
HusM (6.67) u (6.68). CnepoBare/bHO, ONEPATOPHl POXKICHUSA U yHHY-
TOXMEHHSI /S CHCTEMbl 603€-4acTHI[ HMEIOT TOT K€ BHJI, 4TO H J/Isi
(OHOHHOH CHCTEMEL.
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§ 7. CucteMa TOMAECTBEHHLIX UYACTHY

Cayuaii ¢epmu-uyactuu. [Tosb3ysich 06O3HAYEHHAME | &y, ..., &>,
noJjyuaeM
ag ey, ooy A=, Gy e, G (6.137)
H
n
Ay Oy vvuy > =k21(—1)k'1 Gaak]ocl, ey Opgy gty v oy QDo
(6.138)

Mel MOXKeM TakKe BOCHOJb30BAThCS MPENCTaBJIEHHEM UHCEJ 3amoJ-
HeHHS
[ty oo > =]y, ...,

rae o, < o, <..., H 9HCIO A, MOKAa3bIBaeT, CKOJLKO pas o BCTpe-
yaeTcss B 3TOH moc/aenoBareabHOCTH (1, =0 uau 1). Ecau n, =0,
TO OMeparTop aj H3MeHseT ero Ha l, a cllepaTop @, HCKJIOYAET 3TO
cocrosuue. Ecau n, =1, 10 a, uaMensier ero Ha 0, a a} uckJiouaer
3T0 cocTosiHHe. [IoABASETCA TaKKe MHOXKHTeNb =1, 3HAK KOTOPOro
3aBHCHT OT TOro, KakHe elle COCTOSIHHS 3aloJIHEHBI. Jlerye Bcero
NpOCTO 3anoMHHUTbL GopMyJsl (6.137), (6.138).

3ametuM, 4to [a(@)]*=[a* (¢)]*=0 a1s M060ro 0AHOUACTHYHOTO
COCTOAHHA | (>. DTO yTBepKIEHHe CJelyeT U3 COOTHOUEHHH (6.128)
n(6.129) (rze {=—1 u ¢,==¢,=@); OHO 3KBHBAJEHTHO YTBepPXK-
JIeHHIO, 4YTO JBa (epMHOHA He MOTYT HAXOIHUTLCH B OJHOM H TOM
e COCTOSIHHH, T. €. |, ¢>=0.

Coornowennst (6.137) u (6.138) MOXKHO BBIBECTH TaKKe HEMO-
CPeACTBEHHO H3 aHTHKOMMYTAIlHOHHBIX COOTHOLIEHHI

[aa, apl+ =[aZ, al. =0, [aq, af]. = 0Oup, (6.139)

Kak 3To OblJIO cjelaHO B MpeablayuieM naparpade mis onepa-
TOPOB @, 1J1S1 CHCTEMBl TADMOHHYECKHX OCLUHJJIATOPOB. Ho B cayuae
(epMH-4acTHIL Yy Hac HeT KakoOH-AHGO ampHOPHOH NMPHYHHBI MOCTY-
JUpoBaTh cooTHowleHHs (6.139). (HamoMuum, 4TO A8 OCLHJJIATO-
POB COOTBETCTBYIOIIHE KOMMYTAILHOHHBIE COOTHOIIEHHS MOJYYaloTcst
B pe3yJ/bTaTe NPOLELYpbl KBAHTOBAHHS KAHOHHYECKH COTPSXKEHHBIX
nepeMeHHbIX.) CKOpee MOMHO CYHTAaTh, YTO COOTHOUleHHS (6.139)
BLITEKAIOT H3 MOCTYy/1aTa 00 aHTHCHMMETPUYHOCTH BOJMHOBOH (yHKIHH
JIs1 (bepMHOHOB.

Bepnemcs K ofiemy ciaydyaio, KOTOPOMY COOTBETCTBYIOT (hOpPMY.JIbl
(6.126)—(6.132). OnHo 13 NpenMylLecTB CTOJb oble# GOPMBI COCTOUT
B TOM, YTO Mbl HE IIPHBS3aHBl K KaKoMy-1H6O CleHaJbHOMY BbI-
6opy Gasuca cocToaHUH. [IpeAnosoknM, YTO MHl ITOJAb3yeMcs 6a3ncoM
COGCTBEHHEIX COCTOSHHH B HMOYJBCHOM IIPOCTPAHCTBE, T.€. 6a3UCOM
Ip>. Tak Kak <p|p’>=(2n)® & (p—p’), HMeeM

[a (p), a* (pll)]— E= (2“)3 6 (P—‘P:), (6140)
[a (p), a(p)]-¢z=[a* (p), a* (p")]-x=0.
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I'n. 6. OnepaTopsl POXMAEHUA ¥ YHUUTOMEHUS

W3 BakyyMHOro COCTOSIHHS MOXHO CKOHCTDYHPOBaTb APYyIHE COCTOs-
HUSA, M0Jb3YsCh COOTHOIIEHHEM

Py, ooy P>=0a*(p) ... a" (p,)| vacd. (6.141)

Ecan Mbl mosb3yemcsi 6a3sucoM COGCTBEHHBIX COCTOSIHHH |XD

B KOODJAHHAaTHOM IpEJCTaBJEHHH, TO, YUHTHBasg, 4TO <X|{X'>=
=0% (x—X'), noJyuyaem

[a(x), a* (x")]-p=0%(x—X"), (6.142)

Xy, .o X =a%(x)...a"(x,)]vac)>. (6.143)

Ecin Mbl moab3yemcss 6asucoM COGCTBEHHBIX COCTOSIHHE omepaTopa
BHEprud AJsi atoMma Bojopopa |nim), 10 [a(nlm), a* (n'l'm’)]-;=
=001 O 1 T. I

Kag MeHSIOTCS Omeparophl POXKAEHHS W YHHUTOXKEHHS, KOrjaa
IPOHCXOANT H3MeHeHHe Gasuca? Ha 3ToT Bompoc JErko OTBETHTh,
YUHTHIBAS, UTO €CJIH

> = b>+pled, (6.144)
TO
a* (x)=oaa* (Y)+pa* (9), (6.145)

a(x)=o*a () +p*a(e).

DTo 03HayaeT, YTO ONEPATOPBl POXKJAEHHS MpeofpasyOTCA TaK xe,
KaK KeT-BeKTOpHl, a OMepaTophl YHHUYTOXKEHHs—Kak Opa-BeKTOphI
(mockosibkKy (x| =a*<p|+p*<¢@]|). Coornouwenne (6.145) Moxuo
HerocpeJCTBeHHO 0O00IUTL Ha CJayyall (GeCKOHEYHOro psijfa W HHTer-
paJbHOrO INpejAcTaBjeHusi. Tenepb, HanpuMmep, €CJAH Mbl HepelgeM
OT KOOPAHHATHOIO K HMIYJbLCHOMY MpeJCTaBJIeHHIO, T. €. 3aMuileM

|p>:Sd3x|x><x|p>=Sd3x|x>e"l’"‘, 6 145
ds dp —ioox (6.146)
lx>=§(—m%ip><pIX>=§Wfp>e iox,
TO MNOJYYHM CJEAYIOLLYIO CBf3b MEXJAY ONepaTopaMu pOXKAEHHA:
at (p)= S d®xa* (x)e'r X,
d3
a* (x) = | G at (p) e,

Hro6bl CBAi3aTb OMEpPaTOpPhl YHHUTOXKEHUsA a(p) U a(X), AocCTa-
TOYHO NPOCTO B3fATb COOTHOLUEHHS, S3PMUTOBO CONpPSMKEHHEIE COOT-
Hotienusam (6.147). Ilogo6ueiM ke 06pasoM cJjeayeT NMOCTYIATh NpH
Ji060M 1pyroM H3MeHeHHu Gasuca?,

(6.147)

L' Pexomenayem uHTaTe/i0, HHTEPECYIOMEMYCS HEKOTOPHIMH IPYTHMH acleKTaMH
TEOPHH BTOPHUHOrO KBAHTOBaHHS (HampHMep, npocTpaHcTBoM POKa) 03HAKOMHTLCS
¢ ra. 6 Kuure |2].—/[lpum. ped.
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§ 8. NamunsToHMAH M Apyrne onepaTops

3ada4a. TlpeanoNoKHM, YTO MBI HMeeM HOJIHBIA OPTOHOPMHPOBaH-
HBI HAGOp COCTOAHHH |@>, U NYCTb <X | &) = Uy (X) CyTb ,BOJIHO-
Bole GyHKUHH 3THX cocrosHHA. HanucaTb (GopMyJbl, BbhIpaxaro-
uihe oneparopu a* (X)  a(x) 4epe3 OHepaTopH ag H Aq, H (op-
MYyJibl O6paTHBIX Npeofpas3oBaHuil.

$ 8
FramunbTOHUAH
U gpyrue oneparTopb!

B npeapinymeM naparpade Mbl PasBHJIH METOJ ONHCAHHS CHCTEM
W3 MHOTHX 603e- WJIH (epMH-4aCTHU H OINPEIE/HIH OlEePATOPhI POXK-
JEHHS M YHHUTOMKEeHHs 1Jisi MHOTOYACTHYHBIX cocTOosiHHHA. ITokarkem
Terepb, YTO 3TH OHEPaTOPH HCIOJAL3YIOTCA W AJsA APYTHX UefteH,
[HOMHMO DOXKJAEHHS H YHHUYTOXKEHHf COCTOSHHH YacTHUIL.

[Mpeanionoxum, uto A" sB/JseTcCH ONMepaToOpoM, KOTOPHIA JedcT-
ByeT TO/IbKO Ha OJHOYACTHUHble COCTOAHHA. MBI XOTHM HaHTH TakoH
onepatop A, KoTOpbIi MpejacTaB/sieT cofoil cymmy onepatopos A™
o BceM dacTuuam. JIpyTHMH cJ0BaMH, Aad MmoGOro A-4acTHYHOTO

COCTOAHUA
Fp> =1V, oooy P> =10 X . XD (6.148)

MBI HIeM onepatop A [P>, yAOBAETBOPAIOIMMA ypaBHEHHIO

A[p> =AW X |h,> X oo X[, A [P > X AP P> X X
con O X P> X XAD Y, (6.149)

UToBbl NOHATL CMBICJ 3TOTO YPABHEHHSA, NPEJIIONOKHM, UTO Kax10e
COCTOsIHHE | ;> sBAsieTcs COGCTBEHHBIM COCTOsHHEM omeparopa A®
¢ coOcTBeHHBbIM 3HaueHneM ;. Toraa (6.149) osmauaer, yto

Alp>=(a,+ ... +a,) [ P>. (6.150)

Hanpuwmep, ecan AW npencraBiaser coGofi 0fHOYACTHYHBIA ramuib-
TouuaH, To A ecTb NoJHasA 3HEPTHA CHCTEeMH yacTHl (6e3 ydyera HX
B3auMOJENCTBHA, KOTOpoe Oyler paccMorpeHo Huke). Ecau A®
SIBJISIETCS] ONEpaTopoOM HMIyJbca OTAEJNbHOH YacTHUH, To A ecTb
NoJHBIH uMnyabe. Ecnin AW = 1% (eAMHHYHBIA onepaTtop A OLHO-
YaCTHYHBIX cocTosinHi), To A ecTb omepaTop ync/da dactuil N.

Unrtepecylomuii Hac omnepatop A Jerko Haiith. Pacecmorpim
cHauaja 4YacTHHI cayuall, xoraa AV =|a><{p|. B srom cayuae
ypaBHernue (6.149) npunumaer BHA

ALy =B o> e Vo ooy > BV [Py 0 vvs WD+ -
Bl |y Yoy ey 2>, (6.151)
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Fn. 6. Onepatopsl POXKAEHUA W YHHUTOXKEHWUSA

Bepuemcs Teneps K ypaBHeHHIO (6.131) U 3aMeTHM, 4YTO €CJIH @, =&
H @, =f, TO ypaBHeHHE HMEET BHJ

¥ (a)a(ﬁ)l¢>=,§lck-l<ﬁlwk>|alwl, ey (et g, e, B>, (6.152)

Ho B cuay cBOHCTBA CHMMETPHH £-4aCTHYHOTO COCTOSHHSI HMeeM
Ck_lla» 1"’1! L) (HeT ’lpk)r v wn>=|¢1’ e wk'l’ &, ;lpk‘*'l" te w">'

Hcnonbayst 310 cooTHolleHHe B (6.152) M cpaBHHBas ero ¢ ypaBHe-
Huem (6.151), noayuaem

A=a* (@)aB), ecan AY=|ad><P}|. (6.153)

®opmyay (6.153) MOXKHO HENOCPEACTBEHHO OOCOCWIMTL Ha CJyyah
N POH3BOJLHOTO OZHOYACTHYHOrO orneparopa. Bribepem npousBo/IbHbIH
6a3uc 0]HOYACTHYHOrO COCTOSIHHA |a> H 3allHIleM

A0 = o> < | AV[p><p|= T AB[o> Bl (6.154)
o, B o, B
Toraa u3 (6.153), ucnoab3ya JHHEHHOCTL Pa3/OoKEHHs, IMOJyyaeM
A= 2 Aga* @a () (6.155)
B kauecTBe mnepBoro npumepa paccMoTpuM AW =19, tak 410

onepatop A paBeH onepatopy uHcaa yacTuu N. Ilosbsysack pasauy-
HbIMU 0asucamMu, MMOJydaeM

1u>=§o;|a><a|=gdsxlx><xl=g%lp><pl, (6.156)
OTKyJa Cpasy Ke cjaefyeT
N:}O;a;aa_gdsxw (x) a (x) = S(2n)3 a* (p)a(p). (6.157)
Tenepb paccMOTpHM omepaTop HMmyJbca. Tak kak
po— [ ZEplp><p|= [ @x |0 v <x], (6.158)
AJis [OJHOTO HMIyJbca HMeeM

P={ g par (Ma(p)=[dxa* (7 Val.  (6.159)

[CpaBuuTe mnepBoe u3 3THX BhipaxkeHHd i P ¢ Bblpaxenuem
(6.100)]. Hakonen, paccMOTpHM raMHJILTOHHAH OJHOH YaCTHIbI

HO=2 1V (), (6.160)
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§ 8. TaMMNBLTOHMAH M APYrMe onepatopsbl

raje X-—onepatrop KOOpAHHATBHI. B KOOpAHHATHOM NpPEACTaBJ/JICHHH
K| H®[x'> = — 5 7%6° (x—X') -V (x) 8* (x—X'), (6.161)
TakK 4TO
’ 1 2 ’ 14 ’
H={dx [ ax [—2—mv 8% (x—x') +V (x) 6% (x—x )] a* (x)a(x') =
= [@xa* (v [—QVT;+V (x)] a(x).  (6.162)
B uMnyabcHoMm Hpe,ZLCTaBJIeHPIH D
<PIHD|p'> =L (2128 (p—p') + [ dxe= 7V () s =

=2 (2m)* 8 (p— ") +V (p—p), (6.163)
rje
V()= doxv (x) e-tax, (6.164)

CJIe,ZLOBaTeJIbHO,
p d d3p’ 5 , ,
H = j (2n)32m at(p)a(p)+ S(Qni;g,g@n%V(p—p Yat (p)a(p’) =
= (2L @am+ g | k7 (@a* (p+a)a®). (6.165)

Ynen V(q)a* (p-+-q)a(p) onHCbIBAET YHHYTOMKEHHE YACTHIBL C KM-
nyJabCOM P H POX/EHUE €€ C HMIYJ/JAbCOM P--q; aMIUIUTyJAa 3TOrO
npouecca pasHa V(q). Ecau Bocnoab3oBaThea 6a3HcoM COOCTBEH-
HBIX COCTOSIHHH |@)> ramujsToHHana HW, 7. e,

<ol HY| B> = Eqbqp, (6.166)
TO
H =2 E.ata,. (6.167)
[

Takoe ke npeacTaBJeHHE Mbl NMOJYYHJAH AJA (QOHOHOB C Ey = Fog.

Bce 3t npencraBiienuss AAs H MOXKHO BBIBECTH OJHO H3 JpYy-
rOro, MOJIb3YsCh NpPHUBEICHHBIMH B KoHUe § 7 dopmyJsiaMH, CBA3bI-
BatlomuMu at (X) u a*(p) u T. 4. OAHAKO YacTo OblBaeT npoile
NOJYYHTh 3STU BBIPAXKEHHS HENOCPEACTBEHHO H3 OJHOYACTHYHBIX
raMHJbTOHHAHOB, KaK 3TO Mbl 37eCb H CJesaaJi.

1) Bropo#t wieH mnoJyuaercsi 37ech IIDH BLIYHCJACHHH MaTDHYHOILO 3/ieMeHTa
no cocrosiuusaM <p| ¥ |p’> or oneparopa

V(Xp) = S 43%V (%) | %> <x 1.

205



Fn. 6. Onepatopbl PoXAEeHUS U YHHUTOXKEHWA

[TnoTHOCTL YaCTHL (T. €. HX UYHC/0 B eIHHHLE 00beMa) B TOUKeE X
omnpeje/sieTcsi ONepaTopoM

p(Xx)=a* (x)a(x) (6.168)

(KOTOpBIA COOTBETCTBYET OJHOYAaCTHUYHOMY omepartopy |x)><x|). Cue-
JoBaTeJbHO, omeparop uHcsaa dacTdl (6.157) moxeT OBbITL 3amu-
caH B BuJE

N = d*p (x),
a wieH ¢ NoTeHUHaJbHOH 3Hepruell B (6.162)—B BuAe
V = S dasxv (x) p (x).

[TocnenHee BhIpaXieHHe ABJAETCA HHTETPA/bHBIM IIpeACTaBAEHHEM
NoTeHUHa/bHOH 3SHEpPruM ¢ BECOM B BHJe ollepaTopa INJOTHOCTH
4acTHIL.

o cuX nop MBl pacCMaTpHBAJH CHCTEMY HeB3aUMOOeliCmey oL
YaCTHI, MPH 3TOM Ha KaXKJAYIO YaCTHIy MOLJO AeHCTBOBATh BHellHee
noJe, HO HUKaKHe [Be 4acTHLBl He BJHAAM APYr Ha apyra. [Ipex-
NOJIOKHM, OJHAKO, 4TO MEeXAY JIOOBIMH IBYMSI YaCTHIAMH B TOYKax
X; M X; MMeeTCs [ONOJHHTEIbHOe B3aHMOLEHCTBHE, OMHCHIBaEMOe
norennnasoM V& (x;, x;) (KoTopblil onpesiesier 1By X4acTHUHbIE CHJIBI).
Bynem cunrars, uTo V& (x;, x;)=V®(x,, x;). CooTBercTByoOMmHit
3TOMYy B3aHMOJEHCTBHIO ONepaTop B MPOCTPAHCTBE JABYXYACTHYHHIX
COCTOSIHHH HMeeT BUJI

ver= 4 ( d gdsylx, VO (x, y)<x, ¥, (6.169)
KaK 3TO MOXHO NPOBEPHUTH, AEHCTBYS WM Ha JBYX4aCTHUHOE COCTOS-
HUe |X,, X,>. Tenepp MBI XOTHM ONpeAe/JHTb BO BCeM MHOI0YacTHY-
HOM TNpOCTPAHCTBE TakoH oneparop V, 4ToGHI

Vix, ..., x,,);i;jwz)(xi’ X)Xy con, X0 =

=%E VO (xs, X)) | X 2 ouy X5 (6.170)

it

Hcxons us Bupaxenns (6.169) u sameuast, yro onepartop a* (x)a* (y)
co3jaeT COCTOfIHHE |X, y>, B TO BpeMs Kax onepatop a(y)a(x) vHuy-
TOXaeT TO KE COCTOSIHHE, MBI MOXeM MPeANoJOKHThb, YTO

V=3 [@x{dyar war ) Vo yamaw. 6.171)

B npaBu/bHOCTH 3TOro pesyJ.bTaTa MOXKHO y6enuThbes, AefcTBys
oneparopom V Ha |x,, ..., X,>. JIBaxas npumensis gopmyay (6.127),
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§ 8. FamMneTOHMAH U Apyrue oneparops!

[moJiyyaem

alyya(x)|x, ... x,>= 2, CrR10% (X —Xp) | Xq. . o (ner Xp) . . . XD =

n
;21; “18% (x —X,) 2 N0 (Y—X)) | X o (uer Xp, X)) o0 XD,
- o
TJe

(v ecan j<k
T'fk_{gf, ecan > k.
Hanee, umeem

ar(x)a*(y)a(y)a(x)|x, ..., x> =

= 2 CFmin 0% (x—X,) 82 (y—X)) [ X, ¥, X, + oy (seT X, X)), o0 0, X, 0=
= ,%k Er=in 8% (X —X,) 8% (Y—X)) | Xp, X oo, (HeT Xy, X)), oo, X0 =

§k63 (X—X;) 8 (Y—X)) [Xpy ooty X0
H

YMHOxas Tenepb 3TO BhipaxkeHue Ha !/, V® (X, y) U HHTErpHpys mno
X U y, HaXoAuM, uTo omnepartop V, onpene/eHHHH BblpaceHHeM
(6.171), meficTBUTENBHO YZOBJIETBOpPsET ypaBHeHHIO (6.170).

YunteiBasg ¢opmyay (6.168) u cresaHHble Mocsae Hee 3aMeuaHHS,
MOXHO O0XUJAAaThb, YTO B3aUMOACHCTBHE MEXAY ABYMfA YacTHLLAMH
TakKe MOXKeT ObITb BBIPAXEHO Yepe3 ONepaTtop IJIOTHOCTH 4icJa
4acTHL:

=’;‘§ d”"gd"yV“’ (x, ) o (x)0 (y). (6.172)

Onnako oneparop V' He paBeH B TouHocTH V. UToGH! BHIIBUThL pas-
JIMYHE MEXIY HHMH, 3alHiieM

p(X)p (y)=a* (x)a(x)a” (y)a(y)=

=La* (x)a* (y) a(x) a(y)+ 6* (x—y)a* (x)a(y)=

=a* (x)a* (y)a(y)a(x)+ 6 (x—y)a* (x)a(x),
TaK 4TO

v'=v+-12-gd3xv<2> (X, X) p (X). (6.173)
CnenoBarenbHo, omnepatop V' colep:KHUT NONOJNHUTENbHLIH uJlen,
KOTOPLIH MOXHO HHTEPIPETHPOBATh KaK COGCTBEHHYIO SHEPIHIO; OH
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Fn. 6. Oneparopb! POXAEHWUS W YHHHTOXKEHHS

JaeT BKJaj, Aaxe ecJad HMeeTcs TOJIbKO ojHa vacTtHua. McThHHHOoe
B3anMojedicTBie V OTJIHYHO OT HyJsl TOJBKO B TOM CJydae, ec.aH
uMeeTcs: nBe HaH Gojee dacTHU. Hac HHTepecyeT TOJbKO B3aHMO-
JNeHACTBHe MEXKAY YaCTHLAMH, TOCKOJAbKY J00ast COGCTBEHHAA SHeprus
(ecm oHa cyulecTBYeT B IPHpPOJE) MOxKeT ObITb BKJ/IOYEHA B FaMH/lb-
TonnaH (6.162). Kpome Toro, Ans MHOrHX NoTeHUHaJ0B (HampHMep,
IJs1 KYJOHOBCKOro mnoreHuuasga) V' okasviBaeTcsi GeckOHEUHON Be-
JUUUHON, nosToMy V' Hesb3s paccMaTpHBAaTh KakK HCTHHHBIA one-
parop SHEpPruH.

Ecnu Mbl sanumeM onepatop V B UMNyJLCHOM MpEACTABJEHHH,
noabsyace (6.171) u (6.147), ¥ npeanosoXxuM, 4To

Ve (x, yy=V x—y)=V(y—x), (6.174)
TO TMOJYYHM IpeJCTaB/IeHHE

1 dq [ & ( d%

V=5\ G ) @r ) G’ @a* p+a)a* (' —aa(p)a(p). (6.175)

dynknus V(q) 3mech onpeneasieTcs pasenctsom  (6.164). Tlpw
BhBOae (GopMyJabl  (6.175) MBI BOCMOJb30BAJHCH COOTHOIIEHHEM

V(q)=V (—q), kotopoe creayer us V (x)=V (—x). OT™MeTnmM, uTo
dﬁ -
Vipy, pp:gﬁ‘/(q)!p&q, P.—q>,

OTKYyJa clejyer, uTo oneparop V yBeJHUHBaeT UMNyJbC OJHOH ya-
CTHIIBI M YyMeHbIlaeT HMMyJabC APYroil Ha BeAHYHHY (, TMPHYEM
aMILTHTYJa 3TOTO npoluecca paBHa V (q). Arot npouecc usobpakaercs

QHI'. 6.1.

Hunarpamma,
H3obpaxaiomas neiictsue
oneparopa V (q).
Onepatop V ypenuyusaer
HMIOYJbLC OJIHOfl yacTHIbl Ha
BeJHUHHY q H YMeHbIIaer
HMNIYJbC APYTO# Ha Ty xe
BEITHYHHY.

nuarpammoli Ha ¢ur. 6.1. IlolHbBIT nMnyanc coxpaHseTcs, Kak H
cJIeJlyeT OKHJAATh, MOCKOJAbKY B COOTBETCTBHH ¢ (6.174) B3aMMmogeii-
CTBHE MEXK/IY ABYMS 4acTHLAMH HHBAPHAaHTHO OTHOCHTEJbLHO TpaH-
CASILUMA.

OnucanHbie 37ech TaMHJBTOHUAH H B3aMMOJECHCTBHE COXPAHANOT
N0JIHOE YHCJO YacTHll (CM. 3ajady B KoHue § 5).
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§ 9. OcHoBHO® cOCTOsHME ANA (hepPMM-CHMCTEMbl

§ 9
OcHoBHOe cocTosiHUe
ans cepmMuU-cMcTemsl

B srom naparpade MBI pPaccCMOTPHM (PEPMHOHEI, AJA KOTODBIX
MOXKHO HCII0/ib30BaTk pesyasTatel § 7 u 8 npu {=—1. [lpeano.o-
JKHM, UTO HaM H3BECTHBl COOCTBEHHbIE COCTOSTHHA H COOCTBEHHBIE
3HaYeHHsl OZHOYACTHYHOTO raMuiabToHHaHa HM:

HY ja>=Eqla>  (a=1, 2, 3, ...). (6.176)

Torna MHOTOYACTHUHBIH raMHJAbTOHHAH B HPEH66PE)KEHHH B3aHMO-
JeNCTBHEM YaCTHIL MMeeT BHJ

H = Eqata,. (6.177)
o

Jlio6oe cocrosiHue MOXKeT ObITh [MOCTPOEHO H3 BAKYYMHOIO COCTOSIHIIS
€ TIOMOIbIO ONEPATOPOB POMKIEHHS:

[y ooy @> =0 ... a5 |vac). (6.178)

OGe cTOPOHBI DaBeHCTBA OTJHYHBI OT HY/1A TOJLKO B TOM cJaydae,
KOrjla Bce o; PasJiHYHBL.

Hacto ObiBaer HeyJgoOHO HPH PAacCMOTPEHHH BceX IPOLECCOB
HCXOAHTHL H3 BAKYYMHOTO COCTOSIHHs, Kak B ¢GopMyJae (6.178).
Ha nmpakTuke MBI MOXKEM pPacCMaTpHBaThb COCTOSIHHS, KOTOPHE OT-
JHYAIOTCSI OT HEKOTOPOro ,,0CHOBHOTO* COCTOSIHHSA TOJIbKO HaanuyHeM
HJIM OTCYTCTBIIEM HECKOJbKHX dacTHL. IlpeamoJiokuM, 4TO UMeeTCs
G wuvactuu. [IpumeM, uTO 3HePreTHYeCKHe YPOBHH YINOPAZOYEHBH
TakuM o6pasom, 4To

E<E,<E, < ....

Torzna cocTosinue ¢ HaHHH3IIEH 3HEpPrHeH HMeeT BHJ
lgnd>=|1, ..., G>=af ... af|vac, (6.179)

3HEPTUA ITOrO COCTOSHUSA, KOTOPOe Mbl OyJIeM Ha3biBaTb OCHOBHbIM
cocrosiniteMm (ground state), paBua

Epw=E, + ... +E; (6.180)
dns BcAKOro japyroro cocTossHHA (G yacTHI HEKOTOphle YPOBHH
cpeqit 1, ..., G Gyayr cBOGOOHEI, & HEKOTOpble §oJiee BBICOKHE

VPOBHH GYAYT 3aHATHL. Y R06OHO HCMOJb30BAThb OCHOBHOE COCTOSIHHE
|gnd> Kak Hauajg0 OTCYeTa, ONMMCHIBAs yRaJeHHe 4acTHIBl C OJHOTO
u3 ypopHell 1, ..., G Kak poxjaeHHe ,IbIpkH®. YacTHubl e Ha
ypoBusax G-+1, G+2, ... no-npexuemy OyIyT Ha3wBaThCH ,ud-
cTunamu“. Ecyu npu Bo3GYXKIAEGHHH YacTHLUA MEPEXOAHT C YpPOBHS
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Tn. 6. Onepatopbl POMACHHUA M YHUUYTOMEHHS

a Ha ypoBeHb B(a<CG<CB), To MBI 6y1eM rOBOPHTb, YTO POJHJACDH
JAbIpKa ¢ 3Hepruedl — E, W vacTHlla c sneprueit Ep. MaTeMaTu4ecku
MOHSTHE ABIPOK MOXKHO COPMYJIHPOBATh CAeAyloUHM o6pasoM. On-
peneauM onepaTophbl

be=af 11 a<lG. (6.181)

YuuTbIBasi aHTHKOMMYTalHOHHbIe cooTHOWeHHa (6.139), ana coctos-
Huit a, &' > G u B, P’ << G noayyaem

lae, aar]s=[aa, bp)s=[bp, bp)+ =0,
[aw, at.]+="0uar [bp, DF ]+ =0Opp, (6.182)
[aw, U], =0.

CiefoBaTeslbHO, omepaTopbl ag (@ > G) u b} (e << G) BenyT cebs Kak

onepaTopsl poKAeHWs. Mbl MOxeM 3amucaTb Tenepb COCTOSHHA
B BHUJE
[0y ey Oy By oves By gnd> =0} ... a3 b}, ... b3, |gnd>,
(6.183)

rae a; > G, P, < G. Takoe cocTofnHe Mbl OyjeM Ha3biBaTb COCTOA-
HIeM C /M YacTHUAMH M n abipkamu. [Ipu 3TOM OCHOBHOE COCTOSIHHE
HrpaeT poJdb BaKyyMHOTO COCTOSIHHA, T. €.

ay |gnd> = bg | gnd>=0. (6.184)
IamuabTondan (6.177) MoxeT ObITb 3anmHcaH B BHIE
H= 2 Eaa;aa+ 2 Eocbocbgc:
a< G

a>G
= X Enaia,+ 2 Eq(—biby 1) =
a>G ag G
=Epey + 2 Eqataqa— 2 Eobibe, (6.185)
a>G ag G

TAK uTO 3HEPTHUss AbIPKH B COCTOSIHMM @ paBHa — Eg. Jlpyrumm
cnoBaviu, 175 POXK/IEHHs AbIPKH Heo6xoauma sHeprus — E,. One-
patop 4YHcJa YacTHIL HMeeT BHA

N=2ata,=
e
= 2 atan+ X (—biba+1)=

a>G <
=G 3 ata, — 2 bib,, (6.186)
a>G as G
TAK 4TO JbipKa JaeT BKJaj, paBubili —1. Huclo wacTuu M JAbIPOK
BHE OCHOBHOro cocrosuus [T. e. udcao m--n B (6.183)] ompene-
JUIETCSI ONEepPAaToOpOM
N' = 3 aja, -+ 2 bibs, (6.187)
a< G

a>G
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§ 10. FamunbTOHKMAH 3NeKTPOH-POHOHHOM CUCTEMbI

B KOTOpPOM KaxJad JblpKa AaeT BKJaj +1, 4 OCHOBHO€ COCTOSIHHE

BKJjlaja He JaeT.
[IpeanosioxHM Tenepb, YTO Ha CHCTEMY [JeHCTBYeT BHeLIHee BO3-

Myuwienue, onpeje/jisieMoe IMOTeHIHAaJa0M
U= 2 Ulatas, (6.188)
a, p

TAe MpEANoNardercsi, uTo OAHOUACTHuHbi# notenuman UG, momer
6bITb HejHaroHaJbHbLIM. Torpa

U— Z Uhazag+ ; Ug agbl + 2 Uggboag— 2 aﬁ 8be +
a

a<G ag G
PG B>G B<G
> UL, (6.189)

ag G

IlepBblii 1 yeTBepTLIH 4J/EHHl B 3TOM BBIPA:KEHHH H3MEHSIOT 3SHEPTHIO
COOTBETCTBEHHO YaCTHI H JLIPOK, a NATHIH ujleH H3MeHseT 3HepPrHio
OCHOBHOTO COCTOsiHHS. Bropoill uijeH poxaaer mnapbl yacTuua —
JAblpKa, a TpeTHH ujeH yHuuTOoKaeT uX. OTMETHM, YTO YHCAO yac-
tu N, onpenenenHoe BeipaxeHiieM (6.186), coxpaHsercs, B To
BpeMA Kak 4HcJao N', onpelenenHoe BuipaxeHnueM (6.187), ne coxpa-
HseTCs.

[Ipenno/oxuM jgaJee, uTo MexAY YaCTHIAMH CYLIECTBYET B3aHMO-
JefiCTBHe, OIHCHIBaeMOe JBYXYacTHYHBIM [TOTEHUHAJOM, paccMoOT-
peHHBIM B § 8:

V=2 V& .saiatasa,. (6.190)

a, i, v,

Tax xe kak B ¢opmyne (6.189), MoxHO BbIpasuts V uepes onepa-
TOpbl Gg (0 > G) H by (< () u 3aTeM, NOJAb3YSICb AHTHKOMMYTa-
LUHOHHBIMH COOTHowleHHsAMH (6.182), 3amucarb V B Takoil dopme,
yTOOBl B Ka)KJOM 4YjeHe Bce ONepaTopbl POXKAEHHS CTOSJIH CJeBa
OT BCeX ONePaTOPOB YyHHUTOKeHUs. UYJeHbl, 3alluCaHHbLIE B TaKOM
BHJEe, Ha3LIBalOTCH ,HOPMAJbHBIMH NpOH3BeleHHsAMUY. B peayibrare
MOJIYYHTCA HEKOTOpOe YHCJO YJeHOB, COAEPMAIIUX YeThpe Ornepa-
TOpa; OCTa/JbHblE YJeHBl MOTYT OHITb NPHNOHCAHHL K omepatopy (
HJIH 106aBJI€HBl K SHEPTHH OCHOBHOrO COCTOSIHHMA E .

§ 10
[ aMUNbTOHUAH
3NeKTPOH-(POHOHHOWM
CUCTEMBI

Teneps B KauecTBe TNpliMepa NpHUMeHeHHsA ¢opMaansMa onepa-
TOPOB DOXJAEHHS M YHHYTOXKEHHS PacCMOTPHM B3aUMOJEHCTBHE
MeXJy 3JeKTPOHAMH M KoJeGaHUsIMH DeIleTKH B Kpucra/e., Mmenuo
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rn. 6. Onepatopbl POMAEHUA M YHHUUTOMEHHUA

5T0 B3aUMOJCHCTBHE (TaK ke KaK M Ha/jHuHe NpHMecell H AeeKToB
B KpHCTalse) OOYCJIOBIHBAET KOHEYHYIO MNPOBOAMMOCTb Merassa
B GosbluHHCTBE cayyaeB. (Be3 yuera 3toro B3aHMOIEHCTBHUS 3JeK-
TPOH, NOTABUIMH B HE3aNOJHEHHYIO 30HY, COIJIACHO 30HHOH TEOPHH
MeTa/J0B, AOJKEH JBUrarecd 6€3 TpeHHd, Tak 4TO MPOBOJHMOCTb
Gyaer GecKOHeUHO GOJbIIOI.) ITokakeM, KaK BBIBOJUTCH [aMHJBLTO-
HHAH ¥ KakK OH Bblpa)kaeTcs uepe3 ONepaToOpbl POXKIACHHUA H YHH-
4TOXKEHH.

Jlns Haualda pPacCMOTPHM 3JEKTPOH B pellieTke 0e3 yueTa KoJe-
Gaunil. Ilonoxenuss sjgep onuchiBaloTcad BekTopom N=n,a, +
—+ 11,8, 152, (TAE 1y, 1, N,—lUeable Yucia). [loTenuuan V (x), koTo-
pblii MEfiCTBYeT Ha 3JIEKTPOH B peLUeTKe, ABJAETCA MePHOLHYECKHM
H HMeeT BHJ

V, (%) =§v0 (x—N). (6.191)

I'aMHJIbTOHHAH CHCTEMBbl HEB3aHMOACHCTBYWOIIHX 3JIEKTPOHOB B pe-
werke, corjgacHo § 8 3ToH TrJaBBl, 3aMHCHIBACTCH CJACAYIOLHM
o6pasom:
h2
—_— + 2

Han_Sd3xa (x) [—WV 4V, (x)] a (). (6.192)
[Ipenrno/0KHM Telepb, YTO MBI PElIH/IH 3Ty HacTh 3alaud M 3HaEM
OJHOUACTHUHBIE COOCTBEHHBIE COCTOSAHHA | M COOCTBEHHbIE 3Haue-
nus E,. O6osHauasd <x|o)> uepes g (x), noaydaem

h2
[— Im Vit Vl (X)] Qo (X) = E,Qq (X). (6-193)
Torna SﬂeKTpOHHbIﬁ raMuJbLTOHHAH MO2KHO 3anucaTb B BHJE
H:—m ZZEaa;aa' (6194)
X
Tax kak
[x> =2 | <a| x> = 2| o> ¢ (X),
[04 X
TO
at (x) =2 2403 (%) (6.195)
X
H aHaJOI'H4HO
at= S d3xa* (X) Py (X). (6.196)

Uro6bl MOAYYHTb COOTHOIUGHHA MeXJAY ONepaTopaMu YHHUTOXEHH,
JOCTAaTOYHO [MpPOCTO B3ATb YPaBHEHHS, 3PMHTOBO COINPXKEHHBIC
c (6.195) u (6.196).
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§ 10. FamMuNLTOHMAH dNEKTPOH-POHOHHOA CUCTeMbI

Ecau, xak # B § 9, OTCUHTLIBATD BCE COCTOSIHHS OT OCHOBHOIO
COCTOSIHHSA (HasbiBaeMoro ,cdepoit depmu), KoTopoe OGLYHO 3aM0J-
HeHo, To B o0o3HaueHHSAX § 9 MOXKHO HAIHCAThb

Han:EOCH+ 2 Eaa&aa— 2 Eab;ba' (6197)
o>C a< G

B nanbueiiiiem Mbl GyneM npeHeOperaTb SHEpPrued OCHOBHOrO CO-
CTOSIHHSI, TaK YTO 3JEKTPOHHBIH TaMHJIbTOHHAH cBojutca K M,

= 2 Eqata,— 2 Egbibe. (6.198)
a>G as G

3aMeTuM, 4TO B TepMHHAX ONEPATOPOB 3JEKTPOHOB H ABIPOK COOT-
HomeHue (6.195) u conpskeHHOe eMy IIDHHHMMAIOT BHJ

Z ates (x) + Z bo®a (X)

6.199
a(x)= 2 Ao (X) + ZJ b3®g (X). ( )

PaccMoTpum Teneps KosebaHusa pelleTKH. BBeneM AJs Kaxaoro N
cMenjeHHe Zy COOTBETCTBYIOLLErO fApPa H3 PaBHOBECHOTO I0JOXKe-
Hua N. BexTopbol Zy 006pasyloT COBOKYIIHOCTL KOOPJAMHAT [Jf
CHCTEMBl TapMOHHYECKHX OCHHJAAATOPOB. [lpoueaypa oOTbICKaHHs
HOpPMAJbHBLIX KoJeGaHHH U KBAHTOBAHHA 3TOH CHCTEMbl aHAJOrHYHA
KBAHTOBAHUIO MoJig B §6 ¢ TOH JUHb pa3HUileH, 4TO HMHTErpasjgbHoe
npeo6pasoBanne @Pypne 3ameHsercs pasjoxkeHHeM B psajabl Pypee,
npuyeM ,uMnysbc* k QoHOHOB MeHsieTcsl B OrpaHUYEHHOH obaacTH.
HopManbuble KOODAHHATHL ¢k, o CBA33HBI CO CMeLleHHAMH Zy COOT-
HOIIEHHAMH CJIEJYIOUero Buja (/1A IMPOCTOTH CUHTAEM, YTO HHJIEKC
L npoberaer 3Hauenud or 1 mo 3, KaK B cJAyuyae OJHOTO aToMa
Ha 3JeMEHTapHYyI sueflKy KpucTasasa):

Qk,a k. »
= =Ze kNey 4-Zn,
Vv 3

3
B 9k, a
(k-N_1X. @
Iy = S 2n)3>‘ €k, of V—V .
K

OGnacTh HHTErpUpoOBaHMS 31€Ch ONpeJensiercsi BeAHYuHOH K =
={k|—n<ka<n;, i=1,2 3}, V=|a xa,-a,]—obveM se-
MEHTAapHOH AYeHKH KpHcTajanla (HAalOMHHM, YTO BEKTOpHl a; oIpe-
IeJISIOT IeDUOJHYHOCTL pelleTKH) H ey, o (@=1, 2, 3) obpasyior
OPTOHODPMKPOBAHHLIA Gasuc B TPeXMEPHOM NPOCTPAHCTBE A Kaxk-
noro k (1. €. ey g-ex p=04), KOTOpHE BHLIGHPAIOTCH TaK, YTOGHI
Mona (k, a) Oblia HOpMaJabHOH MOJOH.
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I'n. 6. Onepatopbl POXKAEHHA W YHHUTOIKEHHMS

B KkagecTBe ynpaxKHeHHs MpeijaraeM YHTATeNIO NPOBEPHTL CO-
riacoBaHHocTh npeoGpasosanud (6.200). Ilpu sTOM ya06HO MOJb-
30BaTbCH COOTHOLLEHHEM

&K NN
VS(%) ¢ O, we

KOTOpOe Jerde BCero JokKasaTb, NPOH3BOAA 3aMEHY IepPeMEeHHbIX
r;=K-a;. Bekrop N—N’ npu 3TomM MOXeT ObiThb 3amucaH B BHje

3
2
m;a;,
i=1

rie m;—ueable uucaa, tak uto K-(N—N’)=m.r u gxobuaH npe-
ofpa3oBaHusl paBeH

Cootnomenus (6.200) mo cyumecTBy SBJAKTCA UYACTHBIM CJYyuYaeM
cootnomenuit (1.28) un (1.29). ConoctaBuM 0Go3Haue€HUs, HCIOAB3O-

Bauuble B rJa. I u 6:

1

1%

Trasa 1 T'ra6a 6
ax, r
k —_—
Q- (k) e
ag, (k) ®-KOMIIOHEHTA €k, r
Z, x c.-KoMmoHeHTa Zy
Z %

n

VcaoBus HOpMHPOBKH, NpuHsaTtble B (6.200), ymroGHB TeM, 4TO
B IIpele/bHOM CJydae, KOrjJa peleTKy MOMKHO paccMaTpuBaTh Kak
KOHTHHYYM (T. e. a;,—0), o6aacTe K pacuiupsiercsi A0 BCero npo-
CTpPaHCTBa UMIYJbCOB; TOrjaa, nosaras X =N, mojyuaem

v}N:_.Sdax i VGNN'—»Ga(x——x’). (6.201)

CieoBaTe1bHO, MBI IPHUXOJHM K YCJIOBHAM HODMHPOBKH MN0Js ¢ (X),
Wcnoap3oBanuemM B § 6, rae

VgZN—»(p(x).

Cienys npoueiype, onucaHHo# B § 6, nosydaem cJaenywouiee
BoIpaKeHHe AJs Zy depe3 OMeparopbl POXKIAEHHS H YHHYTOXKEHHA:

d3k %
ZN:IS;W%: Mo (k, @) <
x [A (k, a)etk-Ney 5+ A+ (k, a)e-*Ney o, (6.202)
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§ 10. FammnbTOHMAH 3INEKTPOH-POHOHHON CHMCTEMBI

rie omepatopl A 1 A% cBfA3aHbl KOMMYTAUHOHHBIM COOTHOLIEHHEM
[A(k, a), A*(k’, a')] = (2n)3 &% (k—K') 8,4r; (6.203)

M —macca KoaeGmomuxca atomoB H o (K, a)—uactora cooTsert-
CTBYIOUIEH ~OAbl. [aMH/JBTOHHAH CHCTEMBI OCUMJISTOPOB (C TOUHO-
CTbIO 10 IOCTOSIHHOT'O 4JIeHa) HMEeEeT BHJ

Heooy = %Zﬁm(k, a) A+ (k, a) A (k, a). (6.204)
K a

(Met nosibgyeMca o6osnauenneM A 11s (GOHOHHHIX OmepaTopos v,
4TOOBl HE MyTaTb HMX C ONepParopaMM pOMKIEHHUS W YHHUTOKEHHS
IJIs1 3J1eKTPOHOB.)

3anucaB raMH/IbTOHHAHB! /IS 3JEKTPOHOB M (POHOHOB (COCTOS-
HUH, OMHCHIBAIOMIKNX KOoJeGaHHA pelleTKH), 06paTHUMCS Ternepb K H3y-
YEHHIO B3aUMOAEHCTBHs Mexay HHMH. I[loTeHumanbHas sHeprus
3JIEKTPOHA B HEBO3MYLIEHHOH pellleTKe ollpejessieTcsl BhIParKeHHEM
(6.191). Ecau sagpo B ysie N cMmeuwiaercs Ha BeJuuuHy Zy, TO
NOTEHIHAJbHAS 3HEPTHs H3MeHseTcsl W CTAHOBHTCH paBHOM

V, (x)+ AV, (x)=§V0(x——N—~ZN), (6.205)

T€ MBI MPEATONOXNHJN, YTO KaxABi aTOM B KpHCTa/ljle ABAAETCH
AECTKHUM, T. €. IPH CMeLIeHHH aToMa co3jaBaeMblii UM morteHunan V,
IpOCTO CMellaeTcs Ha BeldWuuHY Zy (Ha CaMoOM jeJie He BCe 3JeK-
TPOHHBIE OGOJOYKH, OKpyXKawllue SAPO, CIABUTATCA OJUHAKOBO,
TaK 4YTO [OTeHIHa/] He TOJbKO CMelllaeTcsi, HO M MeHsSeT CBOIO
tdopmy; Mbl OyiaeM, OIHAKO, lpeHeGPeraTtb 3THM OGCTOATENLCTBOM). 2
[Torenunan V, (x) yxe 6bl1 yuren B H,,. 3anucuiBas

Vo(x—N—Zy) &V, (x—N)—Zy -V, (x—N),
fnoJjgydaeMm a/a4d SHEpPruu B33HMOﬂeﬁCTBHH (T. €. OJd JA0NOJHUTe b-
HOH SHEPTrHH CHCTEMBI, BOSHI’IK3101U,€ﬁ IIpH CMELIEeHHH peLHeTKH)

AV, (x)=_§zN-vvo (x—N). (6.206)

J__[JIH MHOI‘OSJIeKTpOHHOﬁ CHCTEMBl FaMUJAbLTOHUAH B3aHMOJAEHCTBUSA
HMeeT BHJI

Hyo = § d*x AV, (x) a* (x) @ (x) = aZﬁ Vapaias, (6.207)

—_
D' 3amerum, uro onepatop A+ (k, @) (a TakXe M COCTOsHHe, KOTOpoe OH

NOPOKAAET) HMEET Pa3MePHOCTs (MIHHa)/?, Kak H COOTBETCTBYIONIHE oneparophl
Apyrux 4acTuu B HMOYJNBCHOM NpeICTABJICHHH.

2 Yuer BIMAHHS 1HX 3PPEKTOB Ha 9MEKTPOH-QOHONHHOE B3aMMOJEHCTBHE CM.
8 (1], ra. V.—1IIpum. ped.
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Fn. 6. Onepatops! pOXMAeHHS M YHHUTOMX €HHUR

rjae
Vap = § doxg (%) AV, (x) 95 (X) =
=2 Zn- [ dx @l (0 TV, (x—N) pp (x).  (6.208)
O,KHaKO Tenephb Vaﬁ ABJIAEGTCA TaKxKe onepaTopOM IO OTHOIUEHUK

K (POHOHHBIM COCTOSIHHSIM, MOCKOAbKY Zy—omeparop. [loab3ysch
pasnoxenneM (6.202), mosayuyaem

ChS [Cap (ks @) A% (K, @)+ Cla(k, @) A (K, @)], (6.209)

Var= ) oy
K

rge

2% . .
Cap (k, @)= ——l/mek, a Ze‘k' N Sd“x ¢ (x) X

W, (x—N) pp (x).  (6.210)

CiexoBaTelibHO,

Hﬁa:S T;i_;l)%z 2 [Cup (k, a) A* (k, @)~
“ nr 4 Clu(k, @) Ak, o) azag.  (6.211)
I[Toannlfi raMHJAbTOHHAH CHCTEMBI UMEeT BHJ
H=H 4 Hou+ H,,. (6.212)
Sameqarue. CocTosiHUA Hallell cHCTeMbl 3aMHCBHIBAIOTCS B BHIE
[y, veny Sy Ky @y oeny Ky @0

(n 3neKTPOHOB H m (HOHOHOB) HJH, €CH BOCIO/BL30BATHCH ABIPOY-
HBIM MPEACTABJCHHEM,

[0y veey Gy Prs vves Bat Ko @i ooy Kpy 050

(n 3MeKTPOHOB, m ABIPOK H p (POHOHOB). Pesyibratr AeicTBHA oOne-
patopa A* (k, @) Ha Takoe COCTOfIHHE MOXHO IPEACTABUTL B BHIE

A*(k, a)]sneKTpOHbI, IBIPKY, kl, a,, ___>:|k, @, 37€KTDPOHBI, ABIPKH kv gy
HOCJIEIIHEE COCTOSIHHE B CBOHO OUe€penb MOxkeT OBITb 3allMCaHO B BHjE

IsﬂeKTpOHu, awipku, k, a, k;, a, ...,

M3 3Toro ompejeseHHsi CJelyeT, 4TO Bce (OHOHHBIE ONepaTophl
KOMMYTHDYIOT CO BCEMH ONEpaTopamMH 3JeKTPOHOB (M JBIPOK).
{B ofmeM cayuae OOBIYHO TOBOPAT, UTO ONEPATOPHI POKICHHA H
YHHUTOXKEHHS] Pa3JUYHBIX THIIOB 4aCTHI KOMMYTHPYIOT MEXIY cobofi,
ecH TOJMbKO O6Ge 4YaCTHUBl He MNpeicTaBasioT co0oil  ¢epMHOHLI.
B nocaemneM cayuae yAoOGRO CUHTaTh, YTO ONEPATOPhl HX AHTHKOM-
MYTHPYIOT; TOTJa 3TH NpaBHJa OKasblBAIOTCSA COTJIaCOBAHHBIMHU, eC/IH

216



§ 11. SneKTpoH-pOTOHHOE B3aUMOfENCTBHEe

NPHHATb, YTO BCe (PepPMH-YACTHILI ABJAAIOTCA PAa3JTHYHBIMH COCTO-
AHHAMH OJIHOH 4acCTHIBI, KaK 3TO JeJaloT Ji1 MPOTOHA M HeHTpoHa.)

Ecau Mbr 3anumem (6.211) yepes omepaTopbl 3/J€KTPOHOB H Jbi-
POK, TO moJyduM B 4 pasza 6oJiee JJIHHHOe BLIPaXKeHHe, COjepiKa-
LI€€ 4Y/IEHBbl CJEAYIOUIEr0 BHJA:

A*a*ta, A*a*bt, Atba, A*bb™,
Aata, Aatbt, Aba, Abb*.

OTH uJIeHBbl ONHCLIBAIOT Mepexoj 3JEKTPOHA WJM ALIPKH H3 OJHOTO
COCTOSIHIST B JPYrce HJAH pOXJAEHHE (UJIH YHHUTOXKEHIE) Tapol
3JIEKTPOH-IbIPKA. B Kaxaom rnpouecce NPOHCXOAHT H3JIYYEHHE HJII
norJsoulesyue ¢GoHOHA.

B npealiecTByomeM H3JOXEHUH NpPeANoaaraioch, 4yTo Ha s/ie-
MEHTApHYI0 fYefiKy KpHCTa/Ja TNPHXOAMTCA TOJBKO II0 OJHOMY
atoMy. OzaHaxko QopmyJbl COXPaHSAIOT CBOH BHA H B CJiyuae, KOraa
Ha 3J7eMeHTapHYIO A4YeifiKy NPUXOAHTCA OoJsbllee YHCJO (ckaxeMm, A)
aTOMOB; €JMHCTBEHHOE H3MEHEeHHE OKOHYATeJLHOTO pe3y/bTara
COCTOHT B YBEJHYEHHH yHcaa (POHOHHBIX MOJA AIS KawJIOrO COCTOS -
nusi k (a npobGeraer 3HauseHuss or 1 go 3A). 3ajaua moxeT cTaTb
0oJiee NPOCTOH, €CJH OKAaMeTCsl, YTO HEeKOTOpble (OHOHHLIE MOALI
He CBSI3aHbI C 3JEKTPOHAMH, T.€. YTO OHH He BJHAIOT HA MOTEHIHAM,
JEUCTBYIOHA Ha 3/JEKTPOHB; 3TH MOALI HE 3aBHCAT OT APYTLHX, II
HX MOXHO He paccMaTpuBaThb. Takol caydall peanusyercsi B mpo-
Gaeme noaapoHa (ra. 8), rae A1 Kaxaoro kK BKJIag JaeT TOJbKO
onHa GOHOHHAA Moja.

§ 1l

AnekTpoH-hoTOHHOE
B3aMMOLENCTBHE

IlpeanoJ/ioxum, 4TO Ha KPUCTal, paccMOTpeHHbH B § 10, nagaer
cBer. Kako#l Bua Oyzer tenepb UMeTh TaMUJLTOHHAH 3TOH CHCTEMBI?
K ramuapronuany H, sanucanHoMmy B § 10, MBI ZO/KHB J0GaBHTD
uned H,, COOTBETCTBYIOUIHH CBOGOJAHOMY 3/JE€KTPOMAarHUTHOMY I10JIO
(HHIEKC y OTHOCHTCA K (oTOHaM), U ujeH H,,, ONHCHIBalouuii B3aa-
UMOJEeHCTBHE MeAY 3JEKTPOHaMH H GOTOHAMH.

a5 cBoGogHOro 3J€KTPOMArHUTHOrO IOJsi MJOTHOCTL Jarpau-
KHaHa B KJ4acCHYECKOM cJyyae paBHA

[A2—c* (VX A)] =

(
) 3
=T[A2_c22 (VANA—VANA) |, (6.213)

(L, j=1

217



In. 6. OnepaTtopbl POXKAEHUA U YHHUTOIKEHHUA

rac A (X) yJOBJeTBOpsieT JONOJHUTENbHBIM YCJIOBHSAMY
V-A=0. (6.214)
Y paBHeHHsi ABHKEHHS, NMOJYYaIOUHeCs NPH MOMOWH 3TOTO JarpaH-
JKHaHa, HMeT BHJ
¢ [VA—V (V-A)] —A =¢? [v_.;—_g?] A=0. (6.215)

BuinoJiHsis npolleaypy KBaHTOBaHUs, ONUCAHHYIO B § 6 3T0# ruabhl,
nonyyaeM o (k)=c|k|=ck u

2 —
d*k "R . ,
AX)= ) GaF ;::l V o5 [C(k, r)e®x+C* (k, rye= ] e, .
(6.216)
3aeck ey, ((r=1, 2)—Ba eAHHHYHLIX BEKTOpa, NMEPIEHAHKYIAPHBIX

Apyr apyry u Bektopy k, u C* (k, r)—omnepaTop poxJeHHsA (POTOHA
¢ uMmnyJbcoM ik M moaspusaiueil ey

[C(k, r), C* (K, r')] = (20)*8* (k—k') &, . (6.217)

[amuabTOHHAH 3JIEKTPOMaruHuTHOroO noJisi HMeeT BHJI

2
dsk
Hy={ s ;::1 hek C* (k, r)C (k, r). (6.218)

Uro6Ll HaiiTH 3JeKTpOH-(GOTOHHOE B3aUMOAEHCTBHE, 3aMeHHM
onepatop® P Ha P+eA (X) (3apaa 3/7eKTPOHa paBeH —e) B OJHO-
YaCTHYHOM TaMHJLTOHHaHe

@=2 v,
TaK 4YTO INOJYYHM
Y+ Hg=CLA Ly gy L (P ALAP) L AL (6.219)
3anucuiBas
AX)={ dx A x)] x> <x), (6.219")
[0J1yyaeM
HE = —S 4% A (x)-j 0 (x) —}-%Sde A (x)] x> <x|,  (6.220)

L Tlpeanonaraercsi, YyTO CKalspHBIE noTeHuHan pasen Hymo. Mel nomsayemcs
paUKOHANTH3HPOBAHHOR CHCTEMOH efunwul, HO TonaraeM gy= 1. CreposaTesnno,
B Hawell chcreme exunun e?/dnfic = 1/137 u y-E=p, yXB=(1/c?)(j--0E:d)
H T. A

2 P u X —onepaTopbl KOOPAHHATH H HMIYJbCa 3JeKTPOHA, a onepaTop A(x)
JeiicTByeT Ha (GoTOHHBle cocTosHHA, Tak uto A (X) [cM. (6.219")] meficTByeT ogHo-
BpPeMEHHO Ha (OTOHHBIE H JEKTPOHHBIC COCTOSHHSA.
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§ 11. SnekTpoH-poTOHHOE B3aMmopaeNcTBHE

riae
V(X) = — o= (P x> <X |4 | x> <x | P) =

=y o)l — x> (FexD). (6.221)

3ameruM, 4TO omeparop j%(X) paBeH 3apsaAy —e, YMHOMKEHHOMY

Ha OlepaTrop IIOTHOCTH MOoToKa BepositHocTH. CpejHee 3HauyeHHe
€ro B HEKOTOPOM O/JHO3JEKTPOHHOM COCTOSIHHH |Y)> paBHO

GBI (X) 1 = — 2 [ () % (x)—* (%) V4p ()]

PaccmarpuBas BuipaxkeHHe (6.220), HaxoQHM, YTO TaMHJILTOHHAH
B3aHMOAEHCTBHA (POTOHOB C CHCTEMOH MPOH3BOJBHOTO HHCJA 3J€K-
TPOHOB HMeeT BUI

Hep= —Sd“x A (x)-j (%) —}—;%Sdf’x A (x)a* (x) a(x), (6.222)

rjae

j(x) = ——;%i [Va* (x)a(x) —a* (x) Va(x)] (6.223)

—OIepaTop IVIOTHOCTH 3JIEKTPHUECKOro TOKA.

B Buipaxenuun (6.222) Besnunna A (X) cama fIBJASeTCH OlepaTo-
poOM 781 KaKA0ro X, OnpelejeHHbIM BbipaxeHueM (6.216). Ecau
noacraBHTh (6.216) B (6.222) ¥ BuIpasuTh Takxke a* (x) uepes ome-
paTopsl aj, corjacHo (6.195), ToO MBI IOIyYHM BBbIpAXKE€HHE, Colep-
JKalllee 4JieHbl BHAA

C* (k, ryakag, C(k, ryatag, C(k, r)C(k', r')adas,
Ck, r)C* k', r')atag

U T.1., KOTOPble MOXKHO HHTEpIPETHPOBAThH TaKUM xXe ofpa3owm,
KaK M COOTBETCTBYIOLIHE Y/eHbl B 3/JeKTPOH-(QOHOHHOM B3auMojeH-
CTBHH.

OmnepaTtop 3saexTpuyeckoro Toka (6.223) MOXKHO 3anucaTh B
UMITYIbCHOM MpeCTaBJeHHH

. d3p’ d?, ’ ’ ,
§0) = —e | ho | SRS PP at o) a(p) et —wesk, (6.224)

OT0 BhIpakeHHe MOHafOGHTCS HaM B cjelylowieM naparpade.
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[n. 6. Onepartopsl POXAEHUS M YHMUTOXKEHUS

§ 12
®deiHmMaHOBCKUE
OUArpammbl

I'paduyecknit MeTOA, OCHOBaHHBIH Ha HCIIOJIb30BAHIH, KaK TENEpb
NPHHATO Ha3BIBATh, ,(PeHMAHOBCKHX JHArpaMM*, OKasa/csi OUYeHb
TIOIe3HbIM TIPH OTBICKAHHH pEIIeHHH N0 TEOPHHM BO3MYWIEHHH 75
CJOXHBIX TAMHJBLTOHHAHOB. DTH AHarpaMMbl OCYIIECTBJSIOT CBOETO
poia ,6yXranTepcKuil YdYer" BCeX 4JIEHOB TEOPHH BO3MYIUIEHHH;
KPOMe TOTO, OHH INO3BOJIAIT BHYHCJIHTH BEJIHYHHY BKJaJa KaxA0ro
uieHa. ([lnarpaMMHBIH METOA HauGoJsiee 3G¢GeKTHBEH B peJATHBHCT-
CKOM cJydae, KOTOPbIHi Mbi 3jiech He paccMaTpuBaeM.) HToGbl noka-
3aTh, Kak pa0oraeT 3TOT MeTOJ, PacCMOTPUM raMHJbTOHHAH MJs
OTZEJbHOTO 3JIEKTPOHA, B3aUMOACHCTBYIOLIErO C 3JEKTPOMATrHHTHLIM
TI0JIEM:

H=H,+Hy,
rie

2
Hy=§ i L )am)+ [ o 3 kAt (ks DA, 1) (6:229)

H
Ba——Sdﬁxux)A(xHSds Z ot (x)a(x) (AX). (6.226)

3nech Mbl 0603HAUHJH ONEpPATOp poxkieHHs ¢oToHa yepes A* (k, r)
smecto C* (k, r)'

A(x)zgamdz 1/2ck (A, r)efx A% (k, r)e~ ] e
(6.227)

Oneparop Toka j(X) onpenensiercs BoipaxeHusaMu (6.223) u (6,224).
B stom maparpade NpHHATA CHCTeMa eIHHHL, B KOTOPOH 71 =1.
CocrosiHusi, KoTopble OYAyT paccMaTpHBAaTbCs, HMEIOT BHI

1P ki 75 e Ky 7 (6.228)

(onuH 3JeKTpoH U 71 (OTOHOB).
CorsacHo OGLIYHBIM MeToJlaM KBAHTOBOHM MeXaHHKH, aMILIHTYJa
nepexoza M, H3 HauaJbHOTO COCTOSIHHsA |i> B KOHEYHOE COCTOSTHHE

|f> MoxeT GbiThb BLIpaKe€Ha uYepe3 TaMUJbTOHHAH B3aHMOAEHCTBHS
(C TOYHOCTbIO [0 UJIEHOB BTOPOro MOPSAKA) caeaylomuM o0pasom:

(206 (p,—py) My = <F [ H| 1>+ 2, LB LIZD o 19y,
(6.229)
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§ 12. MeAHMAHOBCKHE AMArpPaMMbl
CeueHHe paccesiHHSI H CKOpOCTb Iepexoja IponopuUHOHaNbHbl KBaj-
paty abCoJIIOTHOTO 3HAYEHHA AMIJIHTYIHL:
Cxopocts nepexona ::ZIM/II (2m)26° (p —P,‘)G(E/—E,-)-
[Tpu mpakTHUeCKHX pacueTaXx OGBIYHO COCTOAHHA |i> u |f> BBIOH-
patorcsl B BHe (6.228), T.e. KaK COCTOSIHHSA UYacCTHL, C ONpeJeseH-
QUT. 6.2

(pk=p') - (p=p'tK)

Iuarpamver Pefiamana
a 0 115 omepatopa Hy.

HbIM HMMyJbcoM. [TosToMy ymo6HO Bhpasuth Hp, 4epes omepaTopel
A (k, r), noacraBasis (6.227) B BeipaxeHue (6.226), u Hcrosb3o-
BaTb npejcraBienne (6.224) mas oneparopa j(X):

Hn3:H1+H2’ (6230)
rue
— dp’ d’p @Bk Y p+p 1
=)y y@r Yoore an % " Viz
X [(21)%8% (p' —p—Kk) a* (p") a (p) A (k, r)+
-+ (231)363 (r’ +k—p)a* (") a(p) A+ (k, r)] (6.231)
U

dp A dp p &K p dk Z 1 e
H, J (21)*5‘(2@3 81(23':)3 @ny = 2m Y 2k Vzck G e

X [(2n)*6% (p" —p—K' — k)a* (P') (p) AK', r') Ak, r) -
~+(27)*6° (p" + k' —p— k)a+ (pa(p )A+(k', r') Ak, r)--
+ (20)°8* (p' +k—p—Kk')a* (p)a(p) A (K", r') A* (k, 1)+
+(2)*8° (p' + k' +k—p)at (p")a(p) A* (K, r') A* (k, 1)].

(6.232)

3aMeTHM, 4To MOJAHbIH HMOYJbC MPH PACCEAHHH COXpaHsAeTCs.
Kamnbm ujJeH B BbIDAKEHHAX (6.231) u (6.232) mnsobpaxaercs
AMAarpaMMO#, B KOTOpPOH mnpsaMas JHHHA 00O3HAaYaeT 3JIEKTPOH, a
BoJIHHCTaA JHHHSA —d@oToH. JuarpaMmel Aas onepatopa H, moxa-
3aupl Ha ¢ur. 6.2, M 6, aMOaMTyjga npouecca, H300PaXKEHHOTO
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[n. 6. OnepaTtopbl POMAEHUS W YHUHTOMEHHA

Ha Ka;Jaol H3 HHX, paBHa

p’—kp'ek 1
2m 'rl/'z_c;;'

Jnarpammel a8 onepatopa H, noxasaunl Ha ¢ur. 6.3, a—e; amnJiu-
Tyla AJsl KaxJOH M3 HHX COCTaBJ/seT

e? 1 1 e e
a— —F— —F—— Ckr- .
2m Y ock’ Y ok vtk

OTMeTHM, 4YTO AHarpaMMel Ha QHr. 6.3,6 U 6 COOTBETCTBYIOT ORHOMY
H TOMY ke npoteccy. [eficTBHTeNbHO, NOCJE HHTETPHPOBAHHS IO
HMITy1bCaM BTOPOH M TpeTHH uuaeHbl B (6.232) oxkaspiBaloTCsl paB-
HBIMH V; TO3TOMY AJS JI060ro Iporecca, COAepKallerc 3TH 4jeHbl,

e

OUT. 6.3.
PY
p If: r'
§k,r
(p+k+k'=p’)
a
kr
p k. r'
p
per-peH (pepi+ke#)
IMuarpammet Pelinmana
& ¥ 1715 oneparopa H.

HeoGXO0JHMO BHIUHCIHTH TOJLKO BKJaj AHAarpaMbl, u300pakeHHoOI,
cKaxeM, Ha ¢ur., 6.3, 0, U noJydYeHHBIH Pe3yanTaT YMHEOXKHTL Ha 1Ba.

b Mbl npeneGperaeM GeckoneuHofl co6eTBeRHOH sHepriedl SneKTPoHA, KoTopas
NosiBAAETCA NpH MepecTaHoBKe omeparopos A u A+ B TperbeM uneHe (6.232).
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§ 12. PeiAHMAHOBCKM2 AMATPAMMEBI

[TpeanosoxumM Tenepb, Y4TO HaM HeOOXOAHMO BLIYHCJIHTbL aMILJIH-
TYAy AJS ONpejleseHHOTO Npouecca, HalmpuMep A8 KOMITOHOBCKOTO
paccesiuus. Becb npouecc nokasan Ha o¢ur. 6.4. YroBel HafTH
aMnJauTyAy, HapucyeM Bce JuarpaMMbi, HMeIOllHe TaKHe Ke BXO-
AsiHe W BBIXOAfAIIHE JHHHH, Kak H Ha ¢ur. 6.4, noaesysicb mpH

QUI, 6.4.

Muarpammul Qefinmana
LJsT KOMIITOHOBCKOIO
paccesiHus.

sTOM Auarpammamu Ha ¢ur, 6.2 u 6.3. Takum o6pasom, Mbl MOaV-
4UM TpM AuWarpaMmbl, usobpa:kKeHHble Ha ¢ur. 6.5, a—s. Bkaain
gvarpaMM Ha ¢ur. 6,5, a 1 6 COOTBETCTBYIOT YJIeHY BTOPOTO NOpAAKA
B (6.229), rae B NpOMEKYTOYHOM COCTOSHWH |A)> HAXOQUTCH OIUH
371eKTpoH u H = H -} 0(e*). (Ilepecedenne (OTOHHHIX JHHHH Ha
¢dur. 6.5,6 He urpaer poaun.) HMcnoapsys (6.229) u (6.231) u ony-
ckass MHoxureap (27)8* (p,--k,—p,—k,) Aasg 3THX BKJIAg0OB B
aMITHTY Y, NOJyuaeM

e ptpitk e pitkit+p
Ve, om Ckn "¢
M@ =

Vm— 2m Ky, ’1) .

LN otk (6.255)
Un 1 2m

H

< e P2+P1_k2.e >< e Pl"kz‘f‘Pl_e )
Ock . 2m Ky, 1y Ok 2m kg, 12

M V 2k, - Vw:: - . (6.234)
.F7_1+0k __(L:L
2m ! 2m

KaxaoMy M3 ABYX MHOMKHTe/€H B YHCJIHTEJE MOXKHO COIOCTaBHTh
BepUINHYy, a 3HaMeHaTesaio-—¢yHKIHIO ,pacnpoCTpaHeHus (uJu
LIpONaraTop*) 3JeKTPOHAa B MPOMEXYTOUHOM COCTOSIHHH.

dur. 6.5,8 cooTBeTcCTBYET uJeHaM NepBoro nopsaxa B (6.229),
U3 KOTODPBIX BKJajJ AaeT TOJALKO H,. Y4HTbLIBas MHOMHUTeNb 2, COOT-
BeTCTBYIOULMH [IBYM BO3MOMHBIM cloco6aM peajH3alud 3T0r0 Npo-
necca B (6.232), nosyuaem

Me) = 92. e 1

_ﬁ"—:_——__———e ‘e . 6-235
2m VY ock, V ock, Ko 1" ey ( )
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In. 6. OnepaTtopbl POXKAEHUS U YHHUTOXKEHHUA

IToanas aMIJIHTY/a IpoLecca KOMITOHOBCKOTO pacCesiHHs paBHa
M= M@ 4- MO - M) 40 (e*). (6.236)

B Bupaxenusx (6.233) u (6.234)
p,+k =p,+k, u kj-ex, r, =k, €k, r,=0.

[TosToMY ec/IH HCXOAHBI 3,1eKTPoH nokourea (p, = 0), To o6e amn.u-
Tviae M@ u M® paBupel Hy.I0.

2, T

a g

®Ur. 6.5.
JuarpamMer QefiHMana ¢ TEMH K caMbiMH BXOISUIHMH H BbIXOJALLHMH
JUHHSIMH, KaK H Ha ¢ur. 6.4.

TTosyuenHsie pe3yJbTarsl CNpaBeAHBbl s (HOTOHOB HH3KHX
spepruii (ck, <€mc?). 117 BLICOKHX 3HEPrHil HEOGXOAHMO ObIIO Obl
110.1b30BaThCA PEJSATHBHCTCKOH TeopHeill, a TakMe YYHTBIBAThH Haili-
yHe CHiHa Yy 3JeKTpoHa.

JIUTEPATYPA

1.* Baaman ., dnextpous u ¢ororn, HJI, 1962, ra. 5.
2.% Illee6ep C., BpeleHue B PeJSTHBHCTCKYK KBaHTOBYIO Teopuio nosa, HJI, 1963,



7

CnuHosble BOMHbI

§ 1
CnuH-cnuHoBoe
B3aMMOgencTene

B stom naparpade MBl paccMOTPUM B3aUMOJCHCTBHE, KOTOPOE
OPHBOAMUT K CBfI3H CIIHHOB ABYX YacTHIL H HMeeT BHJI

H~S,-S,. (7.1)

B nocaepyounx mnaparpadax Mbl BBIICHHM, YTO NPOHCXOAHT NPH
yueTe 3TOTO B3aHMOZENCTBUA B pelleTke, COAep:KalieH GoJbILOe YHC-
JIO CIIHHOB.

BsaumogeiictBue Buaa (7.1) Moxer ObITb 0OYCJOBJEHO Ipexe
BCETO MaTHUTHBIM B3aHMOJCHCTBHEM JBYX MarHUTHBIX Auliojell. Baau-
MOAefICTBHE MeKAY ABYMA MaTHHTHBIMM JHIIOJSIMH M, H M,, paclo-
JIOXEHHBIMH Ha pPACCTOSIHMH T, HUMeeT BHJ

H= [”1,;“‘2—3 (’“'rfa(”?'”] — SN =H + H, (1.2)

rae H’—ujgeH B KBajpatHbix cKobkax. [Yaen H”, coaepxawmmii
6%(r), oOycJOB/JEH TeM YJEHOM B BbIPAXKEHHHM AJ MarHHTHOrO 0.
JAHI0J5, KOTOPbIl BO3HHMKAeT NPH BbiYHCAeHUH ¥ X ((uXr)/r?).]
[IpesnosoKHM, UTO HMEIOTCSA [Be YacTHLbI, BpallaiolHecs: BOK-
pyr apyr apyra (Kak B arome), H PacCMOTPHM MATPHYHBIH 3JeMCHT
H Mexay ABYyMA COCTOAHHAMH C OpPOMTaNbHBIMH MOMeHTaMH [ H ['.
Ecan pacematpuBate uien A’ Kak QyHKIHIO HanpasieHua (0, ¢)
BEeKTOpa r, TO OH fBJAdeTcs KOoMOHHalUel cdepHyeCKHX TapMOIHK
BTOPOTO TNOPsJKa, H IO3TOMY ero MaTpPHUYHBIH 3JeMeHT OTJIHYEH OT
Hyast To1bko s [[—2|<{'<{/+ 2. B vacTHocTH, pacuienseHue mep-
BOTO nopsjaka Aia S-cocrosiHus ([ =1{"=0) paBHo Hy/0. (JTO 3aMe-
yaHHe JSKBUBAJEHTHO YTBEPKACHHIO, YTO S-COCTOSIHHA ChepHueckH
CHMMETPHYHEI, W 3HaueHue f{’, ycpeJHeHHOe IO BCeM HaIMpPAaBJIEHHSIM,
paBHo Hymwo.) Oavako unedH H” paeT BKJajg TOJAbKO A1s S-COCTOf-
HUH, [OCKOJAbKY TOJBKO Ja1f HHX BOJHOBHE (YHKIHUH He paBHbI
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Fn., 7. CnuHoOBbLIE BONHLI

Hymo npu r=0 (BoJHOBaA (YHKLUHSA COCTOSAHHA C OPOHTAIbHLIM
MOMEeHTOM [ BONM3M Hadasja KOODAHHAT NpoNmopLHOHadbHa r!). Ta-
KM 06pa3oM, Aaa S-COCTOSIHHH B3aHMOJEHCTBHE MPOMOPLHOHAILHO
NPOU3BEJEHHIO M, -M,, KOTOPOe HpONOpLHOHalbHO S,-S,, Tak Kak
AJis YaCTHLB ¢ Macco# my;, 3apsaioM ¢; U g-hakTopoMm g,

=81 g Si (7.3)

cooTHollenue (7.3) GakTHUeCKH SABJsSETCA ONpejesaeHHeM g;].

KpoMe npsiMOrO MarHmTHOro B3aHMOAEHCTBHS, useH Buaa (7.1)
MOKeT NOABUTLCA M 3a CYeT B3aHUMOJEHCTBHS, SIBHO HE 3aBHCSILIETO
OT CnuHa, npu yuere npunuuna Ilayau. B xadectBe mpumepa pac-
CMOTPHM MOJIEKYJ1y Bojopoja; OyleM cuHuTaTb, 4TO sjApa €€ 3aK-
peneHbl, U npeHebperaTb cnuHaMu sifep. CocTOsIHUE JABYX 3JEKTPO-
HOB MOXeT ObITb 3aJlaHO HX KOOpPIUHATaMH X, H X, H 3HAUCHHSIMH
KOMIIOHEHT HX cIHHOB S, u S,. Ecau ¢, U ¥, ABAATCH COGCTBEH-
HBIMH (QYHKLHSIMH OllepaTopa 3HePTHH KaXKIOTO 3/JeKTpPOHAa, a COOT-
BETCTBYHOLIME 5HEPrHH paBHEl E, U E,, TO COCTOfIHHE ABYX S5J/EeKT-
poHOB 0e3 yueTa HX B3aUMOJEHCTBUSA

VPas (x17 xz) =1, (xl) Py (xz) (7-4)

Gyner uMeTb 3HeprHi0 E, 4 E,. Ilpu stoMm cocTosiHHe 1y, (X,, X,) =
=P, (X;) P, (X,) HMEET Ty K€ CaMYI 5HepTHIO.

Ecan Mbl 106aBHM B3aHMOJEHCTBHE MEXAY 3/JIeKTPOHaMH V (X, X,)=
=V (x,, X,), He 3aBUCALIEE OT CIIHHOB, TO COCTOSIHHE JBYX 3/IEKT-
poHOB OyJeT ONHCHBATLCH COOCTBEHHBIMH (YHKUMAMH BHAA

1
Vg = === (Vap + Voa)>
Vl 2 (7.5)
Ya= % (Yao—Poa)s

KOTOPLIM COOTBETCTBYIOT CJeNYIOLIHe 3HAYeHHS SHEPTHH:
Eg=E,+E,+1—J, (7.6)
Ey=E,+E,+1+/J.
3nechb
I = {2 Vipay d9%, d°%, = § Wha Voo d°x, &%,

7.7)

J=— S 'q’;b leba d3x1 d3x2 = S IIJZa leab daxl d3x2_ (

Kaxk orpaxxeHo B 0603HauYeHHAX, GYHKUUA Pg CAMMETPHYHA, a QYHK-
nus P, aHTHCHMMETDPHUHA OTHOCHTE/IbHO MNEPECTaHOBKH X; H X,.

Jo cHX Mop Mbl HE YUHThIBaJH CHOHHBEl 3/J€KTPOHOB H He INpH-

HUMaJu Bo BHHMappe npuHnun Ilayan. Mbl J0/KHBEL YMHOXHTB

HAlUH NPOCTPAHCTBEHHbIE BOJIHOBBHIE (DYHKIHH HA CIIHHODHI, KOTOPEIE
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§ 1. CnuH-cnMHOBO® B3aMmopaelicTaMe

OMHCHIBAIOT BO3MOKHBIE COCTOSIHUS CIIHHOB 3JE€KTPOHOB, [IPUYEM IIOJ-
Has BOJIHOBAs (PYHKUUNA AOMKHA ObiTb AHTUCHMMETPUYHONH MO OTHO-
LIeHHI K ONHOBPEMEHHOH mepecTaHOBKE KOOPAHHAT U CIIHHOB. Y4YTeM
Tenepb, 4TO AJsl ABYX YacTHI €O CINHHAMH '/, TMOJHBEI CIHH CHM-
MEeTPHYHOIO CHHHOBOTO COCTOSIHHSl paBeH e[HHulle, a aHTHCHMMET-
pPHYHOrO CcOCTOSiHUs—HYJM0 (cM. § 2). CiegopaTenbHO, TNOJHbBE
BOJIHOBBLIE (PYHKIHH HMEOT BHA

Vs =Vsx®, Va =1, (7.8)

rae ' —HeKOTOpoe CIHHOBOE COCTOsIHHE JABYX 3JEKTPOHOB € MOJ-
HBIM CIOHHOM §. (3aMeTHM, 4TO MHAeKCcH S U A mo-mpexkHemy OTHO-
CATCH TOJbKO K NPOCTPAaHCTBEHHOH CHMMeTpHH.) JpyruMu cioBami,
COGCTBEHHBIE COCTOSIHHS OMEpaTopa 3HEPrUH fABJSIOTCH TakKe coGCT-
BEeHHBIMH COCTOSIHHSIMH OMepaTopa IMOJHOro CHHHA 3JeKTPoHOB. [To-
3TOMY Mbl MOKEM 3alHcaTh SHEPrHIO C MOMOUILIO OmepaTtopa CHHHA
ciaenyromuM obpasoM. Ecau S—onepatop nosanoro cmuHa, 10 S-S
uMeeT cobcTBeHHble 3HayeHUa S(S+1)=0 u 2. DHeprus cocrosiHus
C MOJHBIM CIMHHOM S MOXKeT GbiTh 3amHcaHa B BHIE

S(S+1)
2

E=Esg+(Ej—Eg) ; (7.9)

Tak Kak OHa paBHa Egnpu S=0 u E, npu S=1. CrerosarensHo,
raMu/bTOHHAH B3aUMOJECTBUS /A CHCTEMHI ABY X 371€KTPOHOB MOXKET
OblTh 3amHcaH B BHJIE

H=Eg+(Es—Eg) 3> (7.10)
Haunee,
3
S'S=(Sl+sz)'(sl+Sz)=7+2(51'52): (7~”)
IIOCKOJBKY
1 1 3
Takum obpasowm,
3
H=Es+(Es;—Es) (5+5:S,)=
1
=g (Es+3E ) +(E4—Eg) S-S, =
= Byt Ey+- 1+ J +2J8,S,. (7.12)

JpyruMu cjaoBaMH, paciienjeHue 3HepreTHUeCKHX ypOBHEH OMUCHI-
BaeTCsi ONEPATOPOM
AH=2JS;-S,, (7.13)

KoTopbld uMeeT Bupn (7.1). Takum ofpasom, MBl B3A/14 He 3aBHCH-
liee OT CIIMHA B3aUMOJEHCTBHE (HAampuMmep, KYJOHOBCKOE B3aHMO-

227



Fn. 7. CrmHoBbIE BOAHBI

aeficTBHe) M npeo6pa3oBajgM e€ro Tak, UYTO OHO [IPHHAJOC BHA
CIIHH-CNIHHOBOro B3aumojaelicTBusi. OTMETHM, 4TO paclienJjeHiie npo-
NpOUHOHAJbHO BeJHYHHe ,06MeHHOro HHTerpaaa“ J (7.7), Koropas
3aBHCHT OT TOTO, HACKOJILKO CHJIBHO IIepeK PLIBAlOTCS BOJIHOBbIE GyHK-
UHH P, (X) H P, (X). 3aMeTHM TaKxe, 4To NpH BhBoAe GopMy.bl
(7.12) cymecTBeHHOE 3HaUeHHE HMeeT TOT $aKT, 4TO CITHHHI 3JIEKTPOHOB
paBHBHL '/,; A5 cMHHOB 6oJbllell BeJHYHHBI MBI OJYYHJIH Obl OJH-
HoM 1o S,-S,, ecau Obl npoBesH MoaoGHBIE PACUETHI.

BaaumogerictBue Buaa (7.13), onpepesnseMoe OOMEHHBIM HHTe-
rpasoM, OKasblBaeTcsl 3HAYUTeJbHO 60Jiee CHJBHBIM IO CPaBHEHHIO
¢ OOBIYHBIM MAarHUTHBIM AUINOJbHBIM B3aUMOJAEHCTBHEM.

§ 2
Anrebpa crnvHOBbIX
oneparopos [laynu

[Tpu M3yyeHHH YacTHUBI CO CIIHHOM '/, OGBIYHO HCMOJAbL3VIOTCS
(6naropapsi ux ynoOCTBY) cnuHOBHe MarTpuubl [layau

S T e A )

Toraa cnuu

§$=5o, (7.15)
rae

c=0.e,-+0,e,10,., (7.16)

W rje NPHHATO, uTo Hi==1 (B OGBIYHBIX eHHHLAX S = ho/2). B npea-
craBienun (7.14) noxpasyMeBaeTcs, 4YTO Mbl MO0Jb3yeMcs GazHcoM
COCTOSHHH, B KOTOPOM 2-KOMIIOHEHTa CnHHa JdaronaqbHa. Co-

CTOSIHHU A
la>=<é> H ||3>:<?> (7.17)

SABJISIIOTCSA COOTBETCTBEHHO COCTOSTHUSIMH CO CIIHHOM BBEPX (8221/2)

H cnuHoM BHHU3 (S,=-—1/,). M3 (7.14) nonyuaem
ocla>=IB> o |a>=i[p>  o,la>=|w,
olp>=lw, o lp=—ilw, olpp=—ipp. ¥
Anre6pa o-MaTpull onpeessieTcst CJAEAYIONIHMMH COOTHOLIEHHAMH:
0,0y =—0,0,=1i0, (7.19)

(Ipyrue COOTHOUIEHHS TOJYyuYaloTCsl NPH LHKJIHYECKOH mnepecTa-
HOBKe X, y, 2),
0,0, = 0,0, =0,0,= 1. (7.20)
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§ 2. Anrebpa cnmHOBLIX onepaTtopos [laynu

Hnaue cootnowenus (7.19) u (7.20) MOXHO 3anmHcaThb B caelyIOLEH
U3SAILHOH Qopme:
(a-0)(b-o)=a-b+iaxb-o, (7.21)

rge a; u b; cyTb c-uucja (MM Apyrve ONeparophl NPH yCJOBHH, YTO
OHH KOMMyTprlOT c o).

PaccMOTpHM Tenepb CHCTEMY H3 ABYX YacTHIL cO CMHOM '/, (1pe-
He6perasi TNpPOCTPAHCTBEHHBLIMH H JAPYTHMHM CTeneHsaMH CBOGOJbY).
B kauectBe 6a3uca COCTOSHHH Mbl MOXKEM BHIOpaTbh (QyHKIHH

laay,  fap>, B>, BB, (7.22)

rae, Hanpumep, laff> npencraBasieT coGoii COCTOSIHHE, B KOTODOM
y MepBOil YacTHUbl CNHH HampaBjeH BBepX, a y BTOPOi —BHH3.
Bezem Teneps onepatop o, JeACTBylOIMH Ha NepBBIA CIHH, H G,
JIeHCTByIOIMH Ha Bropod cnuH. Hanpumep,

clylaa>=i|ﬁa>,

0,y | o> =1|af>.
3ameTuM, 4TO 0,,0,;=0,0y;, TaK 4YTO MOMKHO CKa3aTb, UTO OMnepa-
TOPH, OTHOCSIIHECS K PasjIMuHbIM 4aCTHUAM, KOMMYTHPYIOT MeXIY
coboi.

Panee mbl paccmorpeau onepatop S,-S, =0,-6,/4 (KoTOpbUi Gy 1eM
obcykaaTh U B cjepyiomem mnaparpade). IlyreM npsiMpix pacyeroB
noJyuaem

0,-0,| aad =|aad,
o, o> = 2| fou>—]| ap>,
02IBa>:2|aﬁ>—!ﬁa>v
o, |BB>=[PP>.
3anucwiBas |aod =2|aay—|awd u noxobupM ke obpasom |ff>,
Cpasy NPHXOLHM K IOJE3HOMY COOTHOLIEHHIO
0,-0,=2ph?—1, (7.24)
rie pbv?—onepaTop, KOTOPhH OOMEHHBAeT CNMHHBI YaCTHIL, T. €.

phrlawy =|aa>,  pb*laf>=|fa>

(7.23)

HrT A
Bce CHMMETpHYHBIE COCTOSIHHSA

I, 1y =la, a> |1, 0>:lg&%ﬂ, |1, —1>=|pp> (7.25)
YIOBJETBOPAIOT paBeHCTBY p*|1, md=|1, m>, H, CiaeioBaTe/bHO,
6,-0,|1, m>=|1, md>(m=1, 0, —1). AHTHCHMMeTquHoe COCTOSIHHE

|0, 0>_L°‘B>—Vﬂz'ﬁ‘Z (7.26)
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n. 7. CnuHoBbIE BOMHBI

ynoBaeTBopsieT paBeHcTBY p'2*|0, 0> =—|0, 0>, u, cieaoBaTebHO,
6,-6,|0, 0>=—3]0, 0>. Takum ofpasom, COOCTBEHHBIE 3HAUCHHS
omepatopa 6,-0, paBHbl 1 u —3. Jlanee, [Js [OJHOro CIIHHA
HMeeM
1 1
S=50,1+ 50, (7.27)
H KBajpaT ero paBeH
3 1
$:S=5++50,0,. (7.28)
CrenoBareabHO,
S.S|{1,m>=2|1,m>», 8:§|0,0>=0,

TaK 4To cocrosiHue |1, m)> umeer cnuH 1, a cocrosiiHe |0, 0> —
cnuH 0, Kak 3T0 M OTPaK€HO B NPHHATBIX HaMH OOO3HAYEHHSX.
ToT (aKT, uTO CHMMETPHYHBIE COCTOSIHHMS HMeIOT cnuu 1, a aHTH-
CHMMeTpHUHbIE COCTOSIHHS — cMuH 0, HeMOCPEACTBEHHO CIeAyeT TaKxKe

H3 COOTHOUIeHHd
S.S—pbiil, (7.29)

KOTOpoe MOXHO BbiBecTH H3 (7.27) u (7.28).

$ 3
CnuHoBbie BOSHbI
B peLueTke

PaccMoTpuM pemlleTKy, B KaxaoH i-i Auefike KOTOPOH HaxoauTtcs
cnuH ¢;. B3auMoneiicTBHe Mexay CHHHAMH HOCHT OOMeHHBIH Xapak-
Tep, TaK 4YTO TaMHJIbTOHHAH CHCTEMBbI HMEET BHA

H:?‘T‘A,-,jai-a/. (7.30)

Byzem cunTaTh pelleTky KyOHuecKoH H KaxIbll y3esa pelleTku
onpeesuM ¢ nomoibio BekTopa N=a(n.e, +nye,--n.e,), rie a—
MOCTOsSIHHAsl pemIeTKH, a n;— leqable yucaa. Toraa

H= ZAN,N’O'N'GN’- (731)
N, N’/

QOueBHIHO, YTO B3aHUMOJEHCTBHE 3aBHCHUT JHUIb OT DAaCCTOAHHUSA
Mmexay cnunaMd N-—N’=M; ecaHn JONOJHHTEIbLHO NPENOJ0KHTD,
4YTO CYIECTBEHHYIO POJIb HIPAeT TONbKO B3auMojelicTBHe GaHKaHIIHX
cocejell, TO raMH/JLTOHHAH 3alHIIETCA CJICAYIOIHUM 00pa3oM:

H =NZ Al (ON"ON+ae; -On *ON+aey + OGN ONtae,)- (7.32)

Mosker oxaszaThCsi, UTO CYILECTBEHHO H B3aHMOJEHCTBHE C/EAYIOUIHX
cocejeli. OHO MoOxKeT UrpaTh Aaxke foJiee BaXKHYIO POJib, YeM B3aHMO-
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§ 3. CnuHOBLIE BONHbLI B peleTke

neficTBHe GaukaHIINX cocefledl, HO M B 9TOM CJyuae 3ajaua peuiaercs
TeM ’Ke CIocofOM, KaKOH Mbl HCIOJB3YeM [/s Halllefi MOJEJIH.

PaccmoTpumM Tenepb raMuibTOHHAH (7.32) B olHOMEpHOM clydae,
O6ofuenye Ha TpexMepHbIff cayuall He IpeacTaB/sdeT Tpyna. byaem
n3y4ats ¢GeppomMaruuTHHA cayualt, worga A; < 0. ['panuusbivu
3peKTaMH MOXKHO NpeHeGpeub, MpeAnoJiaras, 4TO CHCTEMA CIIHHOB
HMeeT BHJA 3aMKHyTOH meTau, T. e, AJsd pelleTKH H3 N y3Ji0B
On+1=0;. Takum o6pa3oMm, raMHJbTOHHAH TPUMET BHJ

H=— A0, 0us1, (7.33)

rie A=-— A,. 3uak Munyc nepegy A ykasad AJs TOro, 4ToObl NMOA-
YEepKHYThb, 4TO B cayuae deppoMarseTukoB — A < 0. B 3tom cay-
yae MHMHUMYM 3HEpPTHH JOCTHTaeTCs NMpH napaJuiejbHOH OpHEeHTaUHH
Bcex cnuHoB. Te penxue caydau, Koria — A > 0, o0ycJOBJA€HBI
NBOMHEIM oOMeHOM. lamoMHHM, UYTO MBI NOJb30BaJHCh O0O3Haue-
HHEeM « JJs CIHHA, HalNpaBJeHHOTO BBepx, W f} A1 cnuua, Ha-

[paB/JeHHOrO BHHU3, H BBEJNH CIHHOBBI OOGMEHHHI omeparop phr? =
=1/,(1 4+0,-0,), KOTOpHIH YyJOB/JETBOpPSET ypaBHEHHIM
plt| aad =] o,
1,2 .
p 2H3[3> [BB>, (7.34)
p- Iaﬁ>=lﬁa>s
ph® o> =|ap>.

Torza

N N
H=— A 2pmr+'—1)=NA—2A4 X pvr+i,  (7.35)
n=1 n=1
Uro6el pemuts ypaBHeHue [lpegnHrepa ¢ 3THM raMuibTOHHAHOM,
HEoOXOAMMO OINpene/]uTh COOGCTBEHHBIE COCTOSHHSI H CcOGCTBeHHbIE
3HaueHHs onepaTopa M. JIaa 3Toro 3aMeTHM npexJe BCero, 4ro,
coryacHo (7.34), oneparop H, peficTBysa Ha cocrosiHue ¢ GUKCHPO-
BaHHBIM YHCJ0M [3-COCTOSIHHH, MTPUBOJAUT K COCTOAHHIO CUCTEMBI C TEM
K€ CaMBIM YHCJOM CNHHOB B [f-cocrogHusax. OueBHAHO, UYTO Bce
COCTOSIHMA CHCTEMBI MOTYT OBbITh MpeicTaB/eHb B Buie JUHEHHEIX
KOMOHHaNU# cocToAHuH ¢ QUKCHPOBAHHBIM YHUCJOM [-cOCTOAHUH. DTO
JlaeT HaM MeTOJ] YacTHYHOH JHaroHaJu3aluy ramujabToHHaHa. He
NLITa"ACh NPOBECTH MNOJHYH JAuaroHanusanuio H, HaHgeM TOJBKO

COGCTBEHHbBIE COCTOSIHHSI C HH3KOH 3Hepruem.

ITpeanoJsaraercs, 4ro HaWHW3IIeH 3HeprHedl (HaubGoablleH Mo
abco/IoTHOH BeJMYHHe OTpHUATeNbHOIN 3Heprued) of/aanaer Takoe
COCTOSIHHe, KOrja Bce CHHHBI mapaJjnenbdel. Hanpumep, |ac...a)
ABJAETCHA TaKuUM cocTosinieM. B Gosee ofineM cJsyuae, KOrja Mt
rOBODHUM, 4TO CIHHEBI MapaJiieabHbl, TO HA CAaMOM jeJe HMeeM B BUAY,
YTO Be/JMYMHA TOJHOrO CIHHA HMEEeT MAaKCHMAaJbHO BO3MOXKHOEe 3Ha-
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Fn. 7. CnuHoBbIE BONHBLI

yeHHe. MOXKHO NOKasaTh, YTO TaKHe COCTOAHHS SBAAIOTCHA MCJ-
HOCTBIO CHMMETPHYHBIMH COCTOAHHAMH. ITONHOCTBIO CHMMETpPHYNbIE
COCTOSIHHS HMHBApHAaHTHBl MO OTHOLIEHHIO K JEHCTBHIO ornepartopa
prntl; clefoBaTesbHO, p™Ut! MOXHO 3aMEHHTh ENHHHUEH TipH
BLIYUCJEHHH 3HEPrHM STHX cocTosiHui. Takum 06pa3oM, MOXKHO
0:KMJaTh, YTO 3HEPrus OCHOBHOTO COCTO#HHS, BBIYHCJIEHHAs OTHO-
CHTEJbHO HOJHOCTbIO CHMMETPHYHBIX COCTOSIHHH:

N
Epen=NA—24 2 1=—NA,

n=1

siBJsieTcsl HaMHHU3IleH 3Hepruedi. [leficTBHTe/bHO, NOCKOJbLKY COGCT-
BEeHHBIE 3HAYEHHA onepatopa p™"*! paBubl -1, TO MHHHMaJbHO
BO3MOXKHOE 3HAyeHHe B3HEePTHs MOXeT JOCTHTHYTb TOJIbKO TOrAa,
KOria IJs Bcex n omepartop p™**! pMeeT MAaKCHMAaJbHO BO3MOXKHOE
cpefHee 3HAueHHe, T. €. KOrga p™"*! MOXHO 3aMeHHTb Ha +1.

3adata. KaxoBbl HauHu3lllee COCTOSITHHE H HAHHH3LIAA SHEPTrHs
B cayqae — A > 0?2

Uto6el cyHTaTh OCHOBHOE COCTOAHHE HAYyaJIOM OTcYeTa IHepreT-
YeCKOro CIeKTpa, BBeIeM OllpeAeeHHe

N
H =H+NA=—24 2 (pmr*1—1).
n=1

MOXKHO MPEeANOJONKHTb, 49TO GJHKAHIIMM K OCHOBHOMY fBJIAETCA
COCTOSIHHE, B KOTOPOM BCe CHHHBI MapajjelbHbl, KPOME OJHOrO.
Ho kaxo#i u3 HuUX B036yxxiaeH? OuyeBHAHO, YTO BCe COCTOSIHHA BHJa

[ > =|Bac ... o>, |P>=|aBa ... oD,

l\pn>:|af s aﬁa . O (B Ha A-M MeCTe) (736)

S5KBHBAJEHTHB H HH ONHO H3 HHX He fABJAeTcA CoOCTBEHHOI dyHK-
upell. PaccMOTPHM CyMEpPHO3UIHIO COCTOAHHE |, >:

(9> =X a,|P.>. (7.37)

Uro6el pewnth ypaBHeHue H'|{)>==FE|{>, paccMOTPUM pPaBeHCTBO
N N

2 (Ea) b =E|>=H'|$>=—24 ¥ a, 3 (pm"—1)[},>=
n= m=

N
=—94 n%]] a, [(p”’”“—l)—[—(p”‘l’”—l)] I‘\ln>:
N

=—24 X a, [| Vs> Vu->—2]0s> ].

n=1

L Cu. [2], etp. 211.—~ [pum. ped.
232



§ 3. CnuHoBble BONHLI B peweTke
HOCKOJbK\' COCTOAAHUA |1P> OpTOroHaJibHEI, Mbl MO2KeM IMPHPaBHATH
Koaqm“unemu MpH pasiHYHLIX |P,>; B pe3yJ/bTaTe NoJyyaenm
Ea,=—2A(a, 4, +a,_,—2a,). (7.38)

Yro6Hl peniuTh 3Ty COBOKYMHOCTb ypaBHeHHH /s Ko3(hdUIHeHTOB,
MOJMIOKHUM @, =€ U nogcraBuM B (7.38). Do paeT

E=—2A(eP—2 4 =) =44 (1—cos 8) = 8A sin® 5. (7.39)

[IpuHATHIE HaMH CPaHUYHBIE YCJAOBHS 3SKBHBAJEHTHLH NPEANoJOKe-
Hil0, 4T0 N y3/0B pelleTKH pacroJ/oxeHH B BHAe Kojbla, T. €.
(N 1)1 ysen sBasiercsd nepBeIM. I pYruMH CJIOBaMH,

ans1=a,, RWIH eSO =pd  pyag N0 =1,

Arto oszHauaeT, 4Tto & = (2n/N) [, rge [—1ueJsoe 4HCAO:

<<y, (7.40)
s (7.39) n (7.40) nmeem
E - 8Asin > —8Asin* 21 (7.41)

N 2

Jra ¢yukuua uzobpaxena Ha ¢ur. 7.1. Kax HeTpyAHO BHIETb,
Mbl HMEEeM 3HEpreTHYecKkyio 30HY, MpHYeM MHHHMYM HEPrHd pacno-
goxeH npH 8§=0. [Ipn 6 =0 nosyyaeM HOJHOCTbIO CHMMETDHYHOE

E
8A

- 0 1

OUT. 7.1.
3aBUCHMOCTb 3HEpPTHH OT napaMerpa b.

coCTOfHMe, KOTOpoe, Kak YkKe OblJIO NOKa3aHno, objnajaeT HauHHU3-
nlelt Bo3MoxHOH 3sHeprueit E=0. Hpyro#i cnoco6 nokasarb, 4TO
cocroaHue ¢ § =0 HMeeT Takyi0 XKe B5HePTrHi0, KaKk H COCTOAHHE
|ao ... a>, cocrouT B cJaeayiomeM. [IpeamosnoxuM, YTO KaxkAbIH
CNHH OTKJOHHJCA OT BePTHKAJbLHOTO MOJOMEHHS Ha OueHb MaJlbli
vroJa 0. DToMy COCTOSIHHIO COOTBETCTBYET (YHKIHA

|x>——-]<cos o+ sin g B)(cos%a+sin%ﬁ) TS
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Mn. 7. CnHHOBLIE BONHLI
IMockoabky yrou 0/2 mai, cos(8/2)~ 1 u sin(8/2) N1 (n=10/2).

Torna
[x>=1(a-+np) (@-+np ...)>.

[Tpene6peras ujgeHaMu m° U GoJiee BHICOKHMH CTENEHAMH 1), MOJY-
yaeM

[ =|oa...o>+n(|Pac ... ad>+|afa ... o>+ ...).

[locse BBIYMTAHHSA YJIEHA, COOTBETCTBYIOLIEIO OCHOBHOMY COCTOf-
Huo, umeeM |y'>=2n|VP,>, rae |P,> onpenessercs Bbipake-
n

nueM (7.36). ITockosbKy cocTosiHHE |¥> MOJIXKHO ObITh COOCTBEHHBIM
COCTOsSIHMEM oneparopa f{ ¢ TeM ke COOCTBEHHBLIM 3HAaYeHHEM 3Hep-
ruH, KaK H COCTOfiHME |o, &, ..., &>V, TO 3TO K€ CNpaBelJHBO H
s cocrosuuit |x'> u (Im)|x'>=]¥.>.

n

Ipu 6540 oOTKJOHEeHHA CHHHOB HaxoadaTcs He B (ase. Iro
yKasblBaeT Ha CYLIECTBOBAHHE BOJiH, 4TOObl MOKAa3aThb BOJIHOBYIO
npupoAy Bo3byxkiaeHuil Gojee sicHo, 3anuiueM GyHkunio ¢4 B apy-
roM BHJE.

B oaHoMepHOM cJsiydae ,BEKTOPOM®, ONPEIE/ISIOIHM y3€e/ perler-
KH, ABJAETCS BeJIMUHHA na, TJe a—INOCTOSIHHAs pellueTKH U n—
neJioe yucjao. MOXKHO NpejCcTaBUTb 4, B BHIE @, ==e‘d" = ¢ (an); 310
BbIpaXK€HHE OIHMCHIBAET IIJIOCKYI0 BOJHY C BOJHOBBIM UHCJOM K.
TakHe BOJIHbI HA3BIBAWOTCH ,CIIHHOBBIMH BoJHaMmu“?. Hrak,

6 2nl
E=4A(1—coska), k=—=5. (7.42)
Jlasi MaJblX SHaueHUH ka, UTO COOTBETCTBYeT IJIHMHHBIM BOJIHAM,
coska~1—Fk%*2 W NS 5HePruH B JJHHHOBOJHOBOM INDPHUOJHXKe-
HUH HMeeM
E ~ 2Aa*k*. (7.43)

OGobueHne Ha TPeXMepHBIA ciayuall He mpejcTasJjsieT TpyAa. B Ha-
HHHSIIEM COCTOSHHH BCE CIHHBI TakK»e apaJJjesbHbl. Brlunras
SHEPrHi0 OCHOBHOTO COCTOfIHHS, IOJIydaeMm

H' =— %AM(UN'UN+M —1)
N,
H aHaJIOrH4YHO OJHOMEpDHOMY CJyuato

[y =FekNe |, E=— A (@ 1),

1) Ecan B3auMOfeHCTBHE C BHELIHHM MOJIEM OTCYTCTBYET, TO SHEPTHs CHCTEMBbI
He MeHfeTCH, KOrja BCe CNMHBI HOBOPAYMBAIOTCA HA OIHH H TOT e YrOJ.

2 TeopHi0 CIHHOBHIX BOJH B NMapaMarHEeTHKax YHTaTe/lb MOXKET HaWTH B KHHU-
re [2], tn. 6, a KBAHTOBYIO TEOPHIO MarHETH3Ma Ha OCHOBaHHH MeTOJa (yHKUME
Fpuia—s kuure [3].— [{pum. ped. . ,
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§ 4. Ksaaunnaccuueckas MHTepnpertauns CrnMHOBBLIX BOMH
B cayuae BsaumogeficTBHs OJHKHHX coceflef (A1 KyOHYeCKOro
KpHcTaaa)
E =—24 {(eKa8—1) 4 (e~ 1Kate 1) 4 (eKs0—1) - .. .} o=

=84 {szkxa 1sin® =%~ Kya --sin? Kqa } . (7.44)

JJ1a AJUHHBIX BOJIH
E~242K* = f;—: : (7.45)
rae

—2?"——244(1

UrtoBel HaliTH CJEAYIOMYI0 3HEPTeTHUYECKYIO 30HY, HeoGXOLMMO
paccMOTpeTh cJyuall, Korja Bce CHHHBI, 38 HCKJIOYEHHEM JLBYX,
napaqanaenbisl. Ho cHauyajga Mbl HECKOJBKO OTKJOHUMCH OT 3TOH
TeMb! M OOCYJHM KBasHKJAACCHUECKYI0 MHTEpPNpETalHI0 CIKHHOBBIX
posn. QueHb yacTo 3ajauyd, I'le PacCMaTPHBAIOTCS TOJBKO CIHHHI,
JONYCK AT KBa3UKJACCHUECKYIO HHTepIpeTanuio. PacCcMOTpuM ChH-
HOBLIE BO/IHBI C 3TOH TOYKH 3PEHHA.

g 4
KBasuknaccuyeckas
MHTEpnpeTauus
CAMHOBBLIX BOMH

BanumeM raMHJIbTOHHAH
N N
H=-—2A4 21 (pr+l—1)=—A4 21 (0,-0,,,—1). (7.48)
YpaBuenue JABHKEHHS [efizenfepra ams n-ro CHHa HMeET BUX
7, :%(Ho,,—o,,H). (7.47)
(2

[Tpeo6pasyeM 3TO ypaBHEHHE, IIOJAb3YACh KOMMYTAaNHOHHBIMH COOT-
HOLIEHHAMH

0,0, —0,0,=2(0, H T. L. (7.48)
[Monyuaem
(0,-0,) 0y, — 0y, (0,-0,) = (0,01, + 0,0y, + 0,201,) 0104 (0 0) =
=2i(0,,0,, — 01,0,y) = 20 (0, X0,),. (7.49)
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fn. 7. CaMHoBeble BONHLI

Hcnoabsys (7.49) 8 ypaBHeHuH (7.47), MOxeM HaNHCaTb
o, =24 (6,X 0,y —6,_1 XC,). (7.50)
ByjaeMm paccmaTpHBaTh 3TO ypaBHEHHE KakK KJACCHYECKOe ypas-
HEHHE ABIXEHHA /18 BEKTOpPa O,. JTO YypaBHEHHE HEJHHEHHO, HO
€ro MOXHO JIMHEapH30BaTb B TOM CJy4Yae, eCJH CYHTATb, YTO BEJH-
yuHa 0,, Ganska K eaunuue. [Ipn sTOM BO3MOXKHa Cleaywoulas
anmpoKCUMaIua:
ﬁon,xz2A(20n'y-—0,,+1,y~—0,,_1‘y), (7.51)
ﬁcn,yz_QA (20n,x—0n+l.x—0n—1,x)'
MOKHO 0XHJATh, YTO BEKTOP O, AOJKEH BpallaThCs BOKPYT OCH Z,
[I0STOMY peleHHE AOKHO HMETb CJENYyHOUHI BHA:
O, . & csin of efrak
" ’ (7.52)

~ inak
0,y & € COSOE e,

rie a—rnocrogiHasa pemerkd. Hcnompsys (7.52), moaydaem JL1s

YacToThl BpallCHHS
fo =44 (1 —cos ak). (7.53)

§ 5

[Be cnuHOBbIE BOMHbI

Korna CIHHBl B IOJOXKEHHAX N, W A, HalpaB/eHbl BHHU3, BOJHO-
Basf QYHKIUSA @Qn, n, HMEET BHI

| @n,, ny> =0t afa...afe...a>, (7.54)
rie GYHKIHH P OTHOCATCH K Y3JaM f; H #,. [aMHIbTOHUAH CHCTEMEL

no-npexkuemy nmeer Bui (7.46), u ypasnenne llpeaunrepa sanu-
cbiBaeTcs cjaeaywounM oépasom:

H |1P(2)>:4A8(2) llp(2)>’ (755)
rae 4Ae® —sHeprua u
[P®> = X Gy, | Py, e (7.56)
nyg <ny

ToncraBum (7.56) B (7.55) H cpaBHUM KO3(QOUIHEHTH NPH QY HKIHHI
@n,, n,- [1pH 3TOM BO3MOXKHBI JBa CJy4asi. Korpa n,==n,+1 nau,
APYTHMH CJIOBaMH, KOTa JBa MepeBEepPHYTHIX CMHHA B y3JaX f; U 1,
He ABJASIOTCA OJMKAHLINMH COCEASIMH, Mbl HMEEM

2e an;, ny, = (@n,, n,— Qn,-1, n,) + (an,, n,—Qng+1, n,) +
-+ (an,. ny,— Qn,. nz-l) +(@ny, n,— Qny, ny+ ). (7.57)
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§ 5. lse cnuHoBhie BOMHSI

Ecau e n,=n, 41, T. e. a1Ba nepeBepHYTHIX cruHa pacnoJiokeHsl
psinoMm, To ypaBHenue (7.57) He BninogHsiercsi. Torpa umeem

2ean, ne1 =(An, ne1—0n=-1, n+1) +(Qn, n41=Qn, ni2)- (7.58)

Ilpexze yeM nckath TouHoe pellenue ypasHeHuil (7.57) u (7.58),
NOJTYyYHM HEKOTOpble MPHO/IMIKEHHbIe pe3yabraTsl. [I0cKOMbKY yeiio-
BHe n,=1,+ | peanusyercsa nauilb OnHH pa3 M3 N BO3MOKHOCTEH
(N —uncno ysnon peierxiu), To B GOJIbITHHCTBE CyYaeB BbIIOMHSETCA
ypaBHenue (7.57). CnesoBaTesnbHO, nepBoe rpy6oe mNpPHOTHKEHHE
AO/IKHO COOTBETCTBOBATH PELUCHHIO B BHIE JABYX HEB3aHMOJIEHCTBYIO-
LIHX BOJIH:

Qn,, n, = et’k,n,aeikznza. (759)

Ioacrasasisi (7.59) B (7.57), Haxoaum
e = (1 —cos k,a)+ (1 —cos k,a) =& (k) 4 ¢ (k,), (7.60)

€ 5HEPrus OAHOH CHHHOBOH BOJHLI C BOMHOBLIM YHCJAOM k, paBHa
4 Ae (k).

Ipi HH3KHX TemnepaTy pax Bo30yKAAIOTCS TOALKO HH3KOSHEPreTH-
4ECKHE MOMbI; CJel0BaTeNbHO, A1l OAHOM CIHHOBOH BOMHBI 3HEPrHs

JOJ2KHa HMETb Bl
E=F (u-_L
~ o (P« T 4da? >

H A48 JBYX CIHHOBBLIX BOJH
_ kY | K}
T ou Tou

Mo2KHO cOCTaBHTH BOMHOBBIE NAKETHI C IPYIIOBOH CKOPOCTBIO Jw/dk,
npuuem E=lo u dasosas CKOpoCcTb paBHa w/k. IlpoBenennvie pac-
CY2K/ICHHS BBISIBJISIIOT HEOObIYHOE CXOJCTBO CIIHHOBBLIX BOJH C KOJe-
GaHUAMM KPHCTA/AHYECKOH pemeTkH, HaM dounonamu. [lo auasgorun
C NOHATHAMH «(POHOH», «DOTOH» M T. A. Mbl HA30BEM CIIHH-BOJHOBOE
BO30YK1eHNe «MarHoHOM». [ToCKOJMBKY paccMOTperHas Bbillle mpHG-
JHXXEHHAA MOAe/J b CNHHOBOH CHCTEMbl COCTOHT H3 HE3aBHCHMBIX
603e-4aCTHL, MOXKHO BOCNO/Mb30BATLCH A/Is €€ OMHCAHHA BopMyJiami,
nonydeHneiMd panee. CpoGoanan sHeprusi F onucoiBaercs Bblpa-
KeliueM

d3k
(2n)y3

F:kBTSma—e—M (k) (7.61)

ITockobKy npH HH3KHX TemmepaTypax CYLIECTBeHHBIH BKJad AAIOT
TONbKO 3Heprud E (k) BOAM3HM [aHA 301Bl, MOXHO HCHOAb30BATH
npubINKEHHE -



Fn. 7. CnuHOBLIE BOMHBI

4nk? dk

ary (7.62)

F= kT S In (1 —e™*/28%5T)
0

Jlasi BHYTpPEHHEH 3HEPTHH HMeeM

U= y B2 Ankidk (7.63)
e
0

FR2REpT | T (2

Dra 3HEprUsi NPONOPIHOHAJNbHA TeMIepaType B CTENeHH P/,
U~Ts,

Cae/oBaTesibHO, TENJIOEMKOCTh INPONOPLHOHAJbHA TeMIEpaType
B CTeNeHH */,:
C ~ T,

10T pesyabTaT AJ8 CIHHOBBIX BOJH ObLI NoJydeH Bioxom.

XoTsi cHCTeMa COCTOHT M3 HeB3auMoJeHCTByloWHX 603€-4acTHll,
KoHjeHcauusi Dose—2IfniuTeliHa B Hell He NPOMCXOAMT, TaK KakK
YHCJI0 YacTHI[ He COXDaHseTcs.

3adawq. HMoayunTts BhIpaXeHHe AJAA SHEPTHH CHHHOBBIX BOJIH NPH
HaJIHYHH BHEIUHEro MarHuTHoro nojs. OnpeiesHTb MarHHTHYIO
BOCIIPHHMYHBOCTb.

[Be cnuHoBble BOMHbLI
(TouHoe pelueHue)

Bere [1] mosy4nsa cTporoe peuiesue AJsi ABYX CIHHOBLIX BOJIH
B JuHeliHoi cucreMe®. Korga B cucreme HMeOTCA /BE€ CIHHOBLIE
BOJIHBI, TO HX B3aHMOJeHCTBHE MOXHO OINHCATb KaK PaccesHHe JBYX
KBa3HyacTHI, KaK 3TO NokasaHo Ha ¢ur. 7.2. B npouecce pacces-
HUSI SHEPTHs H HMIYJbC COXPAHSAIOTCA H COOCTBEHHOE COCTOSHHE
ABJIsIeTCs Cyneprosruuedl najawued H pacxojaduleics BOJIH:

Qny, ny = OLet (kynya+ kynga) _'__ [3(3[ (kynya+hynpa) (764)
C sTOrO0 MOMEHTa 6y11eM cunutath a=1. MHbIMH CJIOBaMH, pajH
y1.106CTBa 6y1_IeM npeanoJararb, 4To JHO60O TOCTOsIHHAS pelieTKH

paBHa emuHHUe, JH60 MHOXKHTENb @ BKJIOYEH B ONpeje/eHue k.
Kak 6b0 npuHATO panee, n; <n,. OTHoweHHe KO3(QQULHEHTOB

1 Touynoe pewenne Dere u GoJsee noxpo6HOE H3JNOKEHHE TEOPHH CIIHHOBLIX
BOJIH uMTaTeab MoxeT Halith B pa6ote [2]. —I[Ipum. ped.
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§ 6. lse cnuHoBbie BONHLI (TOuHOE peweHue)

a/f cBA3aHO cO cABUTOM (ha3bl, BO3HUKAIOUIHM NpH pacCesiHUU, H
€ro CjielyeT ONpeAeNsATh M3 ypaBHEHHUS paccesiHus.,

Crosmui#t B JeBoit wactH cooTHouwenusi (7.64) xKosdduuuent
Qn,, n, LOJIKEH YIOBJETBOPATL ypaBHenusM (7.57) u (7.58). Cuauauna,
NOACTABJAN Qp,, n, B (7.57), oOHapyKuBaeM, 4TO

e® = (1—cosk,)+ (1 —cosk,). (7.65)
9To ypaBHeHue coBmazaer no ¢opme ¢ ypasuenuem (7.60), xors

TeNnepbL Mpejno/araercsi, 4yTo &, onpeienasieTcsi APYTHM ypaBHEHHEM,
OT/IHYAlOIHMCA OT MoayueHHoro B § 5.

Paccearue

QUT, 7.2.

[se cnusoBLle BOJIHBI, MJH pacceAinue ABYX
KBa3nyacTHIL.

[MoxcraBum tenepn (7.64) B ypasuenue (7.58). Ho npexne uem
3TO [JeJ1aTh, 3aMeTHM, 4TO (7.58) AB/ISETCS UYACTHHIM CJAYYaeM ypaB-
HeHusi (7.57), ecan onpepenntb KOSPPUUHEHT dn, , (KOTOPBIH 10
3TOr0 GBI MPOM3BOJICH) CJAEAVIOUHM 06pasoM:

2an,n+l:an,n+an+l,n+l- (766)

[Ipn sTrom moacranoeka (7.64) B (7.66) okasbiBaeTcs 5KBUBaJIEHTHOI
noacranoBke (7.64) B (7.58). M3 dopmyn (7.64) u (7.66) nosyuaem

2 (cet®s 4 Peths) = o0 4B+ ae? Futk) | Bof Gkitha),
Orciona cJaeayer, uto

o  Ipet Btk gtk oog [(ky - ky) 2] —ef 1=k 7.67)
BT 1ot Rtk gk T cog [(ky A k) /2] —e~ ¢ iR .
Ecau %k, n k,—IelcTBuTe bHLIE uHCaAd, TO
o k4 . by k, .o
=7 rae z=1{cos % — et (k= Re)/2,
Caenosareansho, |a/f|=1, u MoxkHO BBeCTH
&
F:e‘@, (7.68)
rie @/2—dasa KOMIJIEKCHOro 4mcJa 2:
Re 2 sin [(k1 —k5)/2] 17

¢ __ Rez g gt
ctgj T Imz T cos [(ky-#9)/2] —cos [(k; —kg)/2] 2 \Ctg 2 cig 2 )’
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rn. 7. CnMHOBBI® BOAHbI

HJIH
2ctg T—ctg bt —ctgta, (7.69)

PaccMOTpUM TakKe cJaydaH, KOrja R, H R,—KOMIJEKCHEIE 4HCJA.
Torma ennuuHa |o/B| yxe He paBHa efHHHUe, HO (a3y ¢ IO-Npex-
HEMY MOXKHO ONpeje/lNTh BbIpaxkeHueM (7.68) (Tenepb ¢—KOMII-
JEeKCHOe YHCJO0). ¥ paBHeHue (7.69) Takyke BLINOJHSETCSA, HO HMEET
Tenepk CMbICJ anre6paHu4ecKoro TOXKJAECTBa M €r0 TaKXKe MOXHO
N0JYYHTh aHAJUTUYECKHM MNPOJOJKEHHEM YypaBHEHH# Aaa aeHcTBH-
TEJAbHBIX .

[IpH pelieHHH 3ajauyl paccesHHA NPENNOJONKHM, 4TO R, U &,
neficteutenbvubl. Torga {a/ff|==1 u ¢asa ¢, geficTBuTe1bHAA B 9TOM
cJaydae, onpejedaser cABUT (a3bt npu paccesstHuH. OJHO U3 YACTHBIX
peuleHHH HMeeT BHJ

o == ele/2,
B — e-ior2, (7.70)
[ToactaBaaa (7.70) B (7.64), no.yuaem
ant'nzzei(kln‘+k2nz+ ¢/2)+ei (Reynty +kyny—~ /2 (7‘71)

Tpebys BHIIOJHEHUA YCJOBHUA MepPHOAHYHOCTH ¢ mnepHoaoM N,
HaxoJuM
Qn,, ny+N = An,, n,- (7.72)

(Tak kak n;+ N >n,, Mb He BHIIHCHIBAEM YCIAOBHA Qn, 4N, n, =
= Up, n,.) YCJ0BHE (7.72) ya0OB/eTBOpseTCS, KOrja, COraacHo (7.71),

Nk, =2am, + ¢,

Nk,=2nm,—q, (7.73)

rae m, H m,—ueasie 9ucaa. Caepyer OTMETUTh, UTO 31€Ch BEJHUIIHA
Nk, ne paBHa 2mm,, Kaxk 3TO OblJIO B cjayuae OAHOH CMUHOBON
BOJIHBI, @ OT/IH4aeTCs1 OT 3TOrO 3HAUYeHHST Ha HeGOJIbILYIO BEJHUHHY (.
[Moabaysacy dopmyaamu (7.69) u 7.73), MOXKHO HCKJIOYUTL &, H &
U ONpeleJUTh @ KakK OYHKUHIO m, H m,.

MoKHo nokasaTh, 4To 00J1aCTh AeHCTBHTEJbHBIX 3HAayYeHHH k£ He
ncuepnblBaeT Bcex Bo3moxkHocrell, HMccnepyem cayuail KoMnJjeKkcHBIX
BOJIHOBBIX UHCeJ, IoJaras

2

Rk, =u+iv,

kR, =u—Iiv. (7.74)

Coornowenus (7.70)—(7.73) B 3ToM cJjyyae NO-NPEKHEMY BBINOJ-
HsIIOTCH (XOTA (asza ¢ KOMILJEeKCHa). YuuTuBasa (7.74), cooTHOLIeHUR
(7.73) MOXHO mepenHcaTh uepe3 u H U

u =5 (my +m,), (7.75)
¢=n(m,—m,)+iNv. (7.76)
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§ 6. e cnnHoBbie BOMHLI (TOuHOE pelseHue)

W3 (7.75) cneayer, uro u—eficTBuTebHAs BeJuuHHa. [loacTasadas
(7.74) B (7.67) u (7.76) B (7.68), mosyyaeM CBSi3b MEXIY 4 U U:

cos u—e="?

gl (my=my)g— No
cos u--ev

Ecan 3abuxcupoBaTb Temepb ¢ MW NOJA0KUTH N — 0o, TO JeBas
4acTb YpaBHEHHS OOpPaTHTCA B HY.Jb; CJAeJ0BaTeNbHO, 114 60JbLINX
N noayuaem

e~? x~ cosu, (7.77)

T. €. v NpHOJHKEHHO $BJAsIeTCs JAeHCTBHTeNbHOH BeaiunHOH. (Mbl
npeanoJoxuad, yto Rev > 0, Ho nocaeaywomuii pesyabTaT coxpa-
HUTCs H Jaa Reu < 0.) Dueprus onpegensercs ¢opmygamu (7.65)
u (7.74); noae3yschb cooTHollueHHeM (7.77), HaXOIHM

£ =2—cos(u+iv)—cos(u—iv)=2(l —cosuchv)=
zsin"u:%(l—cosk), (7.78)
TAE Mbl BBEJH
h=2u="Fh,+k, (7.79)

Urobbl noayuuTs a,, »,, noactaBum (7.74) n (7.76) B (7.71).
B pesyabTaTe HaXOgHM (MeHAs HOPMUPOBKY)

; . N
Qn,, n, = €4 ¥ k2 ch (,'(—2——{— nl——n2>, (7.80)
UK

/
Gn,.n2=i€i(”'+”2’k/25hv(%—I—n,——m)
B 3aBUCHMOCTH OT TOTO, ABJASieTCHA M, -+ M, UYEeTHOH H.I11 HeueTHOH
BeMuHHoli. Kosbpbuuuent a,, ,, HMEET OCTPBI MakCHUMyM mpH
ny=n, (1M npun fA,=n,—N) 1 yMeHblIaeTca C pPOCTOM 7n,—1,
(HamOMHHM, 4TO NPHHATO YCJHOBHE 11, < #,).

[ToayuyeHHOe pellleHHe OMHChIBAaeT CBsA3aHHOe cocTosiHue. Kakosa
SHepris CBSI3H 3TOH KBasHdacTHUBLI? Ecau HMeloTcs jBe He3aBHCH-
Mble CIIHHOBBIE BOJIHBI, KaKlas C BOJHOBBIM UYHcJ0OM K, TO sHeprus
WX paBHa

e=2(1—cosK)=K'—"_ 4. .. (7.81)

ﬂﬂﬂ B}Ieprl/ll‘l KBa3H4aCcTHUubl ¢ BOJIHOBLIM 4YHCJOM 21(’, COrJacto
(7.78), umeem
q
=1 (1—cos2K) = K*—" ... (7.82)

Bripaxenue (7.82) naer Gosee HH3KYIO 3Hepruio, uem (7.81), Ho
pa3HoCTh 5HEePrHil paBHA oueHb MaJsoH BeaHuune K*/4. [Ipyrumu
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n. 7. CnuHosble BONHLI

CJIOBaMH, CBs3b OYeHb cJabasg, H 3aBHCHMOCTb ee OT K TakoBa,
YTO JJIHHHOBOJIHOBEIE CIIMHOBBIC BOJIHBL He JAIOT 3aMETHOTO BKJala.
IMo 3To# NpHYKHE annpoKCcHMauusa Bo30yKJIeHHH HeB3aHMOAeHCTBYIO-
LIHMH CINHHOBBLIMH BOJIHAMH ABJSIETCH XODPOIIUM MNPHOIHKEHHEM
B 00JIACTH HH3KHX TeMIeparyp.

s 7
PaccesHue gByx
CMUHOBbLIX BOIH

B 3tom u ciaexyiomem naparpadax Mbl pacCMOTPHM CHCTEMYy H3
IBYX CHHHOBBLIX BOJIH B HECKOJIbKO HHOM mJjane. B § 6 Oblin Hak-
JeHB COOCTBeHHBIE COCTOSIHHSI JJI TaMHJbTOHHAaHA, COAEPKalllero
JIBe CMHHOBEE BOJHBEL. 37ech Mbl OyXeM paccMaTpHBaTb HaHjeHHble
B § 5 NpoCTHe CIUHOBLIE BOJIHBI, KOTOpPblE HE SIBJISIIOTCSE COOCTBEH-
HBIMH COCTOSIHHAMM TaMHJbTOHMaHaA f, a ONHCBHIBAIOT Maphbl HeB3aH-
MOEHCTBYIOMI KX CNHHOBLIX BOTH. [lanee Mbl Bocnionb3yemcs Teopuel
BO3MYUIEHHs, YTOOBl BBIYHUC/HTb aMIJIMTYLY PacCesiHHA 3THX BOJH.

Q0ee BeIpaxKeHHe AJsi TaMHJIbTOHHAHA CIIMHOBLIX BOJIH B TpeX-
MEpHOM cJydae HMeeT BH]

He— 3 24u (" N-M—1), (7.83)

rae Am—noctosiHHasi. B ofHOMEpHOM cJjyyae IpH yueTe OOMEHHOTO
B3auMogeHcTBUA OaHkaHIINX coceled MOXKHO HalHCcaThb

H=—2AX(pnn+'—1), (7.84)

B srom naparpade Mbl pacCMOTPHM paccedAHHE JBYX CIIHHOBBLIX BOJIH
B OXHOMEpPHOM cCJyuae, XOTSl MOJOOHLIE XKe pAaCCYyKAEHHS MOXKHO
[IPOBECTH H B TPeXMeDHOM cCJyuae.

Kak Ham u3BecTHO, OCHOBHOe COCTOsIHHE TaMHJbTOHHaHa (7.84)
onuchiBaercs: GyHKUUEH

L =aw. .. .ad, (7.85)

rJe BCe CIIMHBI HampaBJ/eHb! BBepx. Koraa oIuMH M3 CIIHHOB Hampae-
Jied BHH3, To cobcTBenHoH QyHKIMeld raMu/bToHHaHa (7.84) aBasercs
QYHKUKA

o> =~ 2|, (7.86)
a coOCTBeHHasi 3HEpPrhs paBHa
E,=4A (1 —cosk). (7.87)
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§ 7. PaccesHMe aByx CNMHOBbIX BOMH
Koraa JABa CIIHHA HAaIpasJE€Hbl BHHU3, TO CII)YHKLU/IH

i . .
Ve, 1,0 = —F= ettataghtats | @ S (7.88)
Ve 2

ONUCHIBAET COCTOSIHHE, B KOTOPOM BO30YX/I€HbI JB€ CIIMHOBLIE BOJIHHI.
Onnako ¢yuxnus (7.88) He sBasgercs cobeTBeHHON ¢yHKUMEH ra-
MuAbTOHMAHA (7.84), Kak Mbl 3TO BHJEeJH paHblie, ¥ JBe CIHHOBLIE
BOJIHBI pacceuBawooTca Apyr Ha Apyre. Mccaeayem, kak BzauMogeicr-
BYIOT JBeé CIIHHOBBLIE BOJIHBI. I'lo onpejeJseHHlo [(p,,l,h):](p,,znl) f1B-
JISIeTCs1 COCTOSIHMEM, B KOTOPOM CIIMHEI B y3JaX M, U 1, HallpaBJeHhl
BHH3; NPH 3TOM |, ., >=0. HaM HyXHO BBIYHC.IHTH BBIpaXKEHHE

VN?H [ Yrp> = 2 erimetansH | @ >,

nyn,

Boiuncaum ¢GyHKUHO H ¢, ,,> B CAEIVIOMUX YeTHPEeX cayyasx:

1) n, ¥ n, pacno/JoXeHsl He pPAJOM, T.e€. n,s=n,, n,5=n,+1,
n,s=n,—1,

2) ny=n+1,

3) np=n,—1,

4) n,=n,. B aroM cayuae | Q> =0.
B cayuae 1 umeem
H ‘ (P"1”:> :_QA [( | (Pn1+lv ﬂz>—‘(pﬂxnz>)+ (! Pny-1, ’12>—l (P”1"z>) +

+ (| Prg 241> =] @2, D) + (| Py = > —[ @0, D)]. (7.89)
B cayuae 2
H l Pn, ne1>=—2A4 [(‘ Pn-1, n+1>_| P, n+1>) -+
+(l (Pn,n+2>_'|(Pn.n+1>)]-

Uro6sl 3T0 ypaBHEHHe N0 GOPMe COOTBETCTBOBAJO ypaBHeHH0 (7.89),
nepenHIIeM ero cJelyoluM o0pa3oM:

Hl(Pn,n+1>= —QA[""2|(Pn,n+l>+(I(Pn—l, n+1>""I(Pn, n+1>)+
(| Pn, ns2>—|9n ns1D)]—4A | @u ns1>,  (7.90)

rje uJieH B KBaAPaTHHIX CKOOKAaX COOTBETCTBYET TAKOMY Ke YJEHy
B (7.89) npu n,=n,+1. [lono6urM xe o6pazoM B cayuae 3
noJayJaem

H](Pn, 1> =—24 [—‘2|(Pn, n—1>+(] (Pn,n—2>_](Pn, n—l>)+
+(|(Pn+1,n—1>"‘l(Pn, n-l))]—4Al(Pn,n—1>- (791)
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n. 7. CnMHoOBbIE BOMHBI

B cayuae 4
Hi@n,n>:—2A U(Prz+1.rz>+I(Pn—l,n>+|cpn,n+l>+x¢n.n—l>]+

+4A4 H(Prz.n+l>+|q)n,n—-l>] =0. (7.92)

3jech nepspll YJE€H COOTBETCTBYET BHIPaxkeHHIO (7.89) mpu n, —n,.
Henonbsys  BbeipaxeHus (7.89)—(7.92) nas  BblUHCJ/JIeHHSA

V N2H |\pp,,>, TIONydaeM, 4TO NepBhie uiensl B (7.90)—(7.92) Bmecte
¢ (7.89) maor cymmy unenoB (7.89) no n, u n, 6e3 orpaHHueHHs
Ha 3HauyeHus n, U 1,. B pesymabrare umeem

VR H g, = — 24 D tamchon) | > (01— 1) + (= — 1) +-

nyn,

+(eik2_1)+(e—ik2_1)]_4AZ[ei[k1n+k2(n+l)J[(Pn‘ ni 1>+

o [Ryntk, (n—l)]’cpn,n_1>_ei(k,n+k2n)(an'n+l+(p,l'n«l)]:

=4A[(1—cosk) + (1 —cos k)] V Nopep, -V N*|x>.  (7.93)
,OcTaTok” | x> 3amucan B BHJE

I N?

D =—4A Zei (ot ko) 1 (glky L piky ] — gl ket hy)) G natd.
(7.94)

[Mepswi#i unen B BoipaxkeHud (7.93), kak BUAHO u3 (7.88), aBasercs
ABOtHOH cymmoli nmo n, B To Bpems Kak (7.94) npencras.aser co-
Goil oanHapuyw cymmy no n. CiaefoBartenbHo, BTopofl usen B (7.93)
MOJKHO paccMaTpUBaThb KakK BLIPa)KeHHe, ONHUCHIBAlollee paccesHls
JBYX CINIHOBBLIX BOJH, KOTOPLIC ONPEAeqasioTCs TMEePBEIM  4JCHOM
B (7.93).

3ameruM, 4to, Korfa f{ jAeHCTByeT Ha |k, >, BO3HHKAET HOBOE
COCTOfIHHE, HO 3TO HOBOE COCTOSIHHE HO-TIPEeKHEMY fIBJSAETCH KOM-
OGHHalLHed COCTOSIHHH ¢ ABYMSl NEPEBePHYTBIMH ClHHAMH. J{pyrumu
CJ/IOBaMH, KOrfa CTaJKHBalOTCA JBe CIHHOBLIE BOJHBEl, TO MHOC/E
CTOJKHOBEHHA Mbl ONATH HMeeM JBe CIHHOBbIE BOJIHBI.

C nomourplo (7.87) moxHo 3anucars (7.93) B Buge

H |V, > = (Er, + Er,) | W, >+ %D, (7.95)
rje
Ix): — 4’1_ ZE[ (k‘+k’)”§l(Pn,n+1> ) (7-96)
Y a2 p
H
E =eths gt ] —gl (ky k), (7.97)
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§ 8. HeopTOroHansHOCTs CNUH-BOJTHOBbLIX COCTOAHWMH

$ 8
HeopTtoronansHocTb
CMWH-BONHOBbIX

COCTOSAHMH

Corsacuo oOurell TeopuH pacCesiHUs, ceueHHe paccesiHufg onpe-
JeadaeTrcd Bpra)KEHHEM
Yuc/10 KOHEYHBIX COCTOSIHHH .
, (7.98)
AE
rae v—CKOPOCTh CTaJIKHUBaIOIMUXCA YacTHO. HOJIb3yHCb Teopneﬁ
BO3MYIICHHH, HaXOAHM

2n
UU:T!M]’[IZ X

, HinHni
M, =H Z —t .. 7.99
Ji fe Ei— En+ , ( )
Nk
rae Hj—wmarpuunbiii 3JeMEHT TaMHJIbTOHHAHA BO3MYIICHHS MEXIy
HayaJlbHBIM H KOHEUHHLIM COCTOsiHHsMH. B Hacrosimem mnaparpade

Mbl OFPAaHMUYHMCH pPACCMOTPEHHEM TOJBKO MepBoro uiena B (7.99).
Hac unTepecyer paccesiHHe H3 HaualbHOTO COCTOAHHA |Vpr,x, >
B KOHEYHOE COCTOsIHHEe |YPr,, 1,>, NIPH KOTOPOM

Ek,+Ek2:EL1+EL2. (7.100)

Ypasuenue (7.99) Heab3s HCIOJb30BaTb B TOM BHJIE, KaK OHO
HAlHCaHO, IIOCKOJBKY COCTOSIHHA |, k,> HE OPTOrOHAJbHbBI APYT
ApYry. DT0 MOXKHO MOKaszaTh cjeiyromum o6pasoM. Beiauc/nm cxa-
JSIpHOe I1pOHM3Be/eHHEe HAyaJbHOrO H KOHEYHOro COCTOSHHH, [01b-
3ysick BbIpaxeHHeM (7.88):

N . 1 i (kyny+kyn,=Lyn, =L,n.
e, L,[‘l"kg, £, :mz 2 e (kumy+hyny=Lyng =L, 2)< n;n;)q)nln,>'

nyng fy g
(7.100)
Cor.1aCHO onpeieneHHio |, ,.>, HMeeM
1, xoriga ny==n,=n,="n,
HJIH ny=~n,==n,="r,,
<(‘Drt’n' (Pn n>: 0 L (7102)
1 [ Vs BO BCEX OCTaJbHBIX CJAYYafiX,

BKJIOUAs CaAyYal ny==n,=n,=n,.
CnejpoBare/IbHO, Mbl MOXeM HanHcaTb

1 .
<¢L,. th’q;k“k=>_—._ mz {e[ [(kg—Lyg) ny+(Ry—Ly) ngl _{_e‘ [(Ry=La)ng+(ks~Ly) ’19]}__
nyfg
— LY durktimtan, (7.103)
n
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Fn. 7. Crnnossie sonHb

B nepeoit cymme B (7.103) Ha 3HaueHus £, U n1, HE HaJIOKEHO
HHKaKMX OTPaHMYeHHH, NO3TOMY

{
% T Uil mt L) o] — t
{

Nyhig
Ecan 6u1 B coorHomeHun (7.103) He ObLio BTOpOTo 4wieHa, TO
OHO YKa3biBao Obl Ha OPTOrOHANBHOCTL COCTOAHHH 1y, . Ecan
e k,, k, ne paBuwl L,, L,, TO

(k1+k2)_‘_(L1+L2) =”O“, (7105)

rae ,,0¢ o3Hayaer /0foe Iesoe 4YHCI0, YMHOXeHHoe Ha 2m. XoTs
neppag cymMma B (7.103) ofpamaercsi B HYyJb, NMOCJAeAHHH ujeH
Zaet BKaAaj, paBubti —2/N. CienoBaresbHO, cOCTOAHNS |, , > He
AABJSIIOTCS1 CTPOTO OPTOTOHAJNBHBIMH JAPYT APYTY.

HTo0b BRIYHC/IHTE aMIIHTYJY pacCestHHs, PacCMOTPHM MepBhlit
ynen B (7.99), n0ab3ysach raMHJIbTOHHAHOM BO3MYLIEHUA

HIZH—(Ek1+Ek,)‘ (7.106)

1, xoraa ky=L, u ky=1L,,
0 (7.104)
B OCTa/bHBIX CJAyYasix.

Taxum oGpasom,

My =<y, 1, | [H—(Ep, + E)] [ $r,, 2,0 =<y, 1,1 >, (7.107)
rje 6bl10 HCNONBb30BAHO ypaBuenue (7.95). YunteiBas (7.96) u (7.88),
HaxoauM

4A . .
Mf,- — 3 Z Z gl hitke) np—i (Lyng+Leng) § . [ Pr, prrD> =

nonyn,

_ _%%Zei (athy=Ly=Lo)n (g=ils | g=ils) E, (7.108)

MOCKOJBKY
I, Koraa n,=n, n,=n-+1
Py [ Py 1> = HNH m=n+1, n,=n,
0 B ocTajbHBIX CayYasx.

Ilanee, B (7.108)

2 gl (ky+hy~Ly=Ly)n
n

N, xorpa k,+k,=L +L,+,0%
0 B ocCTalBHBIX caydasix.

CrefoBatenbno, noabsysce (7.97), meayudaem
Mﬁ:_%4(8—.;’/.1_{_e-iLz)(et'k,+efk,_l_ei(kn+kz)), (7.109)

rae k,+k,=L,+L,+,0 BeneacrBue CYLWECTBOBaHHS 3TOH CBSI3H
Mexay k u L, a Takxke cBssu (7.100), MaTpPHUHBIA 3J€MEHT My,
CUMMETpHUYeH 1o £ u L.
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§ 9. OnepartopHLif meToa

Pasnaras M, no maabiM k;, MOXKHO BHIETb, 4TO
| M [P ~ (k- ky)*

CrejioBaTe/IbHO, NMpPH MaJbiX k; CEYeHHe PacCesHUsT MaJo.

§ 9
OnepaTopHblit MeTop,

[aMHIbTOHHAH CMHHOBLIX BOJIH MOXHO BbIpa3HTh uYepes ornepa-
TOPbl POKAEHHS U YHHUTONKEHHS,

[Mosb3ysic CNUHOBLIMH ONEPaTOpPaMi O, H O,, ONDEIEJHM OIle-
paTopel 0, U O_

Ox+ioy Ox—Iioy,

Op=—5—, 0. = (7.110)

Bcnomunas, urto

01 0 —i |
%=1 0o i o=\; o/ (7.111)

01 (/0 0
0+=<O O> H =\ O>' (7.112)

Jlerko mokasaTtb, 4TO

noJayvyaeM

0+0,:—»+—2—02. (7.113)

Ecau |¢,> aBaseTca ,BaKyyMHBIM“ COCTOSIHHEM, B KOTOPOM Bce
CMHHBLI HanpabJeHbl BBEPX, TO COCTOSIHHE |@N>, B KOTOPOM CHMH
B ysjge N HanpasjgeH BHH3, MOXKHO 3anHcaTh B BHJE

I(PN>:UN‘I(P0>~ (7114)

CocrosinHe |@k>, OIlHCbIBaeMoe BbipaxkeHHeM (7.86) (o6oGiieHuoe
Ha TpexMepHHl cayuail), mMoxeT ObITb NPEACTABACHO B BUAE

1 .
l¢k>=<ﬁ2e‘k'”w—>l@0>:am<p0>, (7.115)
N

TIe Mbl OnMpejNe/nJH ONEpPpaTop pOXKAEeHHS MarHoHa paBEHCTBOM

1 ik-N
ay = Vﬁgel On-. (7.116)
ITpu 3TOM ONEPaTOp YHHYTOXKEHHS HMEET BHJ,
| ~ kN
ay= Vﬁge ON+- (7.117)
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n. 7. CuHoBbIE BOMHLI

Jdanee, ana ¢yuruuu [Py, «,>, onperenasemoffl BolpameHnueM (7.88),
B 3TOM IIpejCcTaBJeHHII HMeeM

[k, k> = ai,af, [ ¢, (7.118)

Urobel ybeautbcsl B CrNpaBelJHBOCTH 3ITOrO paBeHCTBA, BCIOM-
HUM, YTO
o_o_=0.

Coornowenne (7.117) MOXKHO pa3peliuTb OTHOCHTEALHO O 4 ¥ HalTH
O+ =1 Y ek Vg (7.119)
VN -

Famuiabtonnan (7.83) cogepxur unen pN: N+M| kortopuiii BbIpa-
HMaeTcs 4epes Oy-On,m HJAH 4ieHul BHAA

1ep2 l~2 2
007 4 0,0% - glol.

IlepBrie gBa ulena MoryT ObITb 3alUCaHbl Yepe3 NPOH3BEJeHHe
AByx omnepatopoB a. [locneinnii yieH COOTBETCTBYVET MPOH3BEIEHHIC
yeTelpeX ONEpaTopoB @ COTJNACHO cooTHouweHHW (7.113).

BoiicHMM Tenepb, YAOBJETBOPSAIOT JIH ONEPaTOPH @ KOMMYTa-
[IMOHHBIM COOTHOLIEHHAM BHJA

lay, af] =8k.. (7.120)

O

yreeT OyneT OTPHUATENbHLIM; H 3TO CBA33HO C TeM, 4T0 MYHKUHH
Px,k, HE OPTOrona/jbHbBl APYr Apyry. HeBrimoaHeHHe COOTHOLUIEHHH
(7.120) MoxHO nokasaTb, ucnoawdysd (7.116) u (7.117) coBmecTHO
¢ cooTHOWeHHeM [o,, 0_] =0,

) ] ) | )
i. +] - ~i{k-N,gfL:N —_— -{{k—L)-N .
la, af] = v 2 e tk-Nyg 2[0”1_’ ON;,.] = z g-tk-LyNgy, =

NN, N

:(Sk, L_}__/_IVTZe—f(k~L)-N(ONZ_I), (7.121)

N

-

TdK KakK

1
7y e N =8

N

k3-3a nosBnenita Broporo uyjaeHa B (7.121) coornomenue (7.120)
TOYHO He BEINOJHAETCH, XOTA BTOPOH UWIEH HUMeeT BeJHYHHY ho-
psaaka 1/N, ecan B cicTeMe YHCJIO YACTHIL CO CIIHHOM, [1€peBepHY-
THIM BHH3, HEBeJHKO.
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§ 10. PaccesHue cnuHoBbIX BOMH

$ 10
PaccesHne cnuHoBbLIX BOMH—
COMOCTABMNEHUE C OCLMMNATOPOM

Ha ¢wur. 7.3 nokasano B3auMoReHCTBHe ABYX CIIHHOBHIX BO.H
¢ umnyascamu K, u K,, KoTopbie nocje paccesHHS HMEIOT iM-
nyabcsl L, w L,. Marpuua paccedHns omnpenessiercsi BblpaxkeHHeM

My=—2A4 @M (] —=iMKi)(] —piMKy), (7.122)
M

Has manwix K,, K, matpnua M, ~ K,K, ~ K*. [l1a ceuenus pac-
cesiHHR HUMeeM npuOIHKEHHO

0~ | M~ K3, (7.123)

Mpu Temnepatype T nveeMm hK2/2u ~ kpT u K2~ T. U3 BBIDAKEHIL]!
(7.122) n (7.123) noanyuaem ¢ ~ T?% i oObluHBIX YacCTHII MMECM

L L, UL, 7.3,

Y L-K+Q

LZZKz‘Q

Paccesiine IBYX CIHHOBLIX
K, Xp BOJH.

Al

M, ~1, cnepoBartensno, 6 ~ | 0 Bipuanbublil Kozguunent b, ~ 7"/,
OJHaKo B cllyuae CIMHOBBIX BOJMH G ~ T%, Tak 4To

b, ~ T*:. (7.124)

HPEACTaBﬂﬂETCﬂ pasyMubiM [OPEANOJNIOXKHTb, YT0 B BHPHaJbHOM
pPas3yoXKeHHH HeoOX0ANMO CcHauaJja paccMOTPETL HEB3HHMOﬂ6ﬁCTB)"'}O-
llH€ CIIHHOBBIE BOJHBI, BO BTOPOM 4YJIEHE€ YUYE€CThb CTOJIKHOBEHHH ABVX
4acTHl, 3aTeéM TpeX YactHu H T. IH. D10 BechbMa npaaaonoaoéﬂoe
paccyxaeHHe MOXXHO IIPOBECTH CTPOro, €CJaH BOCNOJb30BAaTLCA AHAa-
Joruen MEXXIY CIIHHOBBIMH BOJHAaMU H BOSﬁy)K,lQHHHMH rapMmMoHuue-
CKOro OCUHJJIAATOpA.

AHajgorus 3akJiouaerca B TOM, 4TO CHOHHOBOMY COCTOAHIIO
C HanpasJieHHbIM BHII3 [-M CIIHHOM MB!I CTaBUM B COOTBETCTBHE CO-
CTOTHHE ocyuaramopos, B KOTOPOM i-A OCUNJIJIATOP HAXOJUTCA Ha
NEPBOM YpOBHE, a OCTaJbHble OCUIIAATOPLL COBCEM He B036}’)K[1€Hb{.
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n, 7. CNMHOBbIE BOMHbI

CrnenoBarenbHo, cocrosiide ocuuanstopos 00100 cooTBeTcTByeT
CIHHOBOMY cocTosinuio aafao u T. A. Bynem cyurats a} oneparo-
POM pOXKJEHHS sl OCUMJISATOPOB. MHBIMH c/IOBaMil, MBI CUHTaeM,
uTO Omeparop ok poxjaaer (GoHOH, cKaxeM, B N-M OCUHJIATOpE:

a;}:ﬁZa;e"“"N. (7.125)
! N

Haunee, peanbHbili raMHUJbTOHHAH H (AJS CRUHOBbIX BOJIH) JeHcTByer
CAEAYIOIHM 06pa3oM:
H {( (apoa) 7.126

aofPao .

(B2~ o). (7.126)
CxonctpyupyeM Tenepb raMuJbTOHHaH H sl OCUMJIATOPOB, Ieil-
CTBYIOUIEH aHaJOTHUHLIM OGpasoM:

( (01000)

H(00100) — { g0010).

I'amMuabTOHHAH
H= E [—24 (e} 0 —afa;) — 24 (af 0, —ata,)] =
= — 2 Au (v — o) an = 2 exagax, (7.127)
N

re
ek = — 2 Ay (€K M —1)
gy

Oyler JAefCTBOBATh TaKHM 00pasoM, eCJd HMeeTCs ToJIbKO OIHO
cocrostHye 3. PaccMoTpuM, oaHaKo, C/IeAywowuil npolecc:

( (2papoa)
U (aafapa).

Ilpu s1OM ramu/bTOHHaH H, onpejejeHHH BblpaxkeHHeM (7.127),
JefiCTByeT HHaye:

H (a2affac) — (7.128)

(010100)

(001010)

/2 (002000) «— .

OTMmeruM, 4TO COCTOSIHHSI, OTMEYEHHbIE CTPENKOH crnpaBa, HE HMEIOT
anajnoros B (7.128). CuenoBaresnbHO, HEO6XOAHMO 106aBHTb K H
YJIEHH, KOTOpBIE YHHUTOXKaJju Obl WIEHBl CO CTPEeJKAMM, T. €. He-
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Jurepatypa

06X0AUMO ONpeneuTh HOBBIH ramugabToHnan H'=H--A, Takof,
4T0o0BI
H' (001100 {( (010100)
( )1 (001010).
CrepoBarenbHO, JomoaHUTe bHBEIE K H uinen A Bejer cebsi cienyro-
muM obpasom:

— 12 (000200)
— V2 (002000).
Taxum o6pasoM, Hy»HbIi HaM HOBBIH UYJ€H HMEET BH]
A =24 [a}, i 00—t ofo o). (7.130)

Hanpumep, onepatop %10 YHUUTOMKAET JBa CcOCeAHHX (HOHOHA
B y3aax i W i—+1, a af,af,, poxnaer aBa ¢oHoHa B y3je -+ 1.

Onpenenennsll Boille ramuabToHuan H' = H 4-A He sBasiercs
SPMMTOBLIM, NIO3TOMY K HeMy Heo6X0JUMO [A06aBUTL YJICHH BHJIa
oo, OCIMIIATOPHBIA FaMIIBTOHHAH [ ABJASETCS TOYHBIM aHa-
JIOrOM peaJbHOr'0 CIHMHOBOTO TaMHJbTOHHaHA H TOMbKO B TOM CJy-
yae, ecJ¥ PACCMATPHBAIOTCS COCTOSIHMSI C OJHHM NEepeBepHYThbIM
CIUHOM (¢ oaHUM f}); raMuJabTOHHAH H' TOYHO COOTBETCTBYET pe-
aJbHOMY TaMH/bTOHHAHY JJs1 COCTOSTHUHA C OAHHM M AByMs [ u T. A.

3ameTuM, 4to coctosHHe (00200) moxker naBaTb Takol BKaax E,

B SHEpTHI0, uTo BequuynHa e~PEi He Oyner mnpeHeGpe:KHMO MaJaof;
B 3TOM cJayuae ujeH e~PBEr caenyeT BBIUECTh NIPU ONpEAEJIEHHH CTa-
TUCTHUECKOH CyMMbl e~ PEn,

(
A (001100) — }
\

3adaya. Tlonb3ysick omepaTopaMu oy H O}, KOTOPHIE Y0OBJeT-
BOPAIOT aHTHKOMMYTAIMOHHBLIM COOTHOLIEHUHAM, MOMHO PEILHTh
npobseMy cocTosiHIN ¢ OoJiee 4YeMm OJHOH ,uacTHuef®. Kakue
TPYAHOCTH TIPH 5TOM BO3HHKalOT?

JIUTEPATYPA

1. Sommerfeld A., Bethe H., Handbuch der Physik, Bd. 24, Berlin, 1933,
S. 604. (Mmeerca nepesox: I'. Leme, A. Sommepgersd, nekTpoHHas TeOpHs
meraanos, M. —JL., 1938, crp. 238.)

8*. Mammuc 1., Teopua marneru€sma, usa-so ,Mup*, [967.

2*. Tsabauxos C. B., Metopsl kBanToBOH TeopuH Marvetusma, M., 1963.



[Mpobnema nonapoHa

§ |

Beepenue

DexTpoH B MOHHOM KpHCTaJjje IOJAPH3YeT pelleTKy B HEKOTO-
poil OKpecTHOCTH BOKPYr ce0si. B3auMoOjefAcTBHE MEHseT 3HePruio
3/IeKTPOHA; KPOMe TOro, KOrja 3JeKTPOH JBUKeTCs, MOJIspH3aLUOH-
HOe COCTOSIHHE JOJDKHO JBHICaThCsl BMECTE € HHM. DJeKTPOH, IBH-
KYUIMACH € COMYTCTBYIOUIHM €My HCKaXXeHHeM pelleTKH, HHOoria
Has3bIBAIOT 10AApoHom. Ero 3¢deKkTHBHaa Macca 60Jibllie MacChl 3/IeK-
Tpona. Haula 3azaua COCTOMT B BBIYHCJAEHHM 3HEPIHH H 3(HEKTHB-
HOH Macchl TaKoro 3JeKTpoHa.

w QUr. 8.1.

Onmuveckas
~~ eemgs

S JucrnepcuoHHbBlE KPHBLIE
K B KpHCTajae.

Iaxe Ge3 yvyera KoJeOGaHHH aTOMOB Ha 31CKTPOH B pelleTke
JefictByeT moJe (ONPeJeaseMOe NePHOIHYECKUM noresuuasnom). I'lpu-
GaMKeHHO jeficTBHe TepPHOJHYeCKOro MOTEHIHAIa YYUTHIBAETCS TeM,
4TO 371€KTPOH B MoJ€ paccMaTpHBaeTcsd Kak CBOOOJAHAS YaCTHLA
¢ sthpexTuBHON Maccod M. CrejoBaTeqbHO, 3HEPTUsA 3jeKTpoHa Ge3
ydeTa koJebaHuil pelieTky paBHa P*/2M, rae P— uMIyJbC 3/1eKTPOHa.

HarnoMHHM, 4TO AMCHEpPCHOHHbIE KPHBHE 1Jf YaCTOT KoJeOaHHH
B KpHCTaJJie UMEIOT BHJ, NOKasaHHBIA Ha ¢ur. 8.1.

Hac uHTepecyeT Ta 00JacTb 4acTOT, KOTOpPasA OIUCHIBAETCS NOYTH
He 3aBHCSLIEH OT BOJHOBOTO 4YHCJ/a YacThi0 ONTHYECKOH BETBH, T. €.
o6J1acTb, B KOTOPOH MOJIOXKHTE/IbHEIE HOHBI IBHKYTCS B IPOTHBOgAse
C ABUIKEHHEM OKPYKAWOMWHX HX OTPHILATEJNBHBIX HOHOB.
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§ 1. Beepenke

Ecan paccMaTpuBaTh AM3JeKTPHYECKYIO TPOHHIIAEMOCTb KakK By HK-
nuto vactotnl (dur. 8.2), To Hac OyjaeT HHTEpecoBaTh TOT HHTepBA,
rae KoJseGaHHsl pelieTKH HIPalOT CYUIECTBEHHYIO pOJb.

€ QUL 8.2,

\/\/\’\M

3aBUCHMOCTD

NIe0aHUA PeLULETTKIL 5

; le— Koned p AM3JICKTPHYECKOH
o NPOIHUACMOCTH

w OT YacTOTHI.

Byaem paccMaTpHBaTh KPUCTA/MHYECKYIO peLUeTKY ¢ 3jemeHTap-
HOH suefikoll B6IM3M KamAoH ToukH X. KouaeGaHusi pelleTkH KBaH-
Tyiotcsa (cM. ra. 6, § 10); nepexox oT AMCKPETHON pelleTKH K Hernpe-
pPBIBHOH omnucbiBaeTcs cooTHowennamu (6.201). Ilpexpae yem ppinu-
CbIBaTh TaMHUJBTOHHAH, pPaccMOTPUM, KakKas H3 MoJ KoJaeGalHi
peleTKyn AeACTBHTEIbHO B3aHMOAEHCTBYET € 3JEKTPOHOM; APYriiMu
MOJaMH NpPH DPeleHUH 3TOH NpobjeMbl MOXKHO TpeHeGpeub.

[Moas3ysach obo3Hauernuamu ra. 6, § 10, npeanonoxum, 4yTo noTex-
HaJ HeBO3MYLIEHHOMl peWeTKH, B KOTODOM HAXOAHTCH 3JEKTPOH,
auGo paBen HyJo, JUO0 YYTeH NyTeM H3MEHEHHs Macchl 3JEeKTpOHa,
Kak 3To Obl10 CKas3aHo Bbllle. Eciyu pelileTka cmeuiena, TO NOTeH-
nnaa AV, (x), neficTBylOWHH HA 3J€KTPOH, ONpeleiseTcss BO3SHHKIIe
IpH CMELIEHHUH IJIOTHOCTBIO 3apfjia o (X), KOTopasi B CBOK Ouepejb
cBsizana ¢ noJasipusaunuei P (x):

VAV, (X) =ep (X) = — eV P (X) (8.1)

(rne 3apsn anekTpoHa paBeH —¢). [lpeanonoxuM, 4T0 B Kaxiofl
371€MeHTapHOH dAueliKe KPHCTAANHUECKOH pELIeTKH HMEIOTCS M0J0-
KUTeAbHbIH H OTpHLATeabHBI HOHBI. Torja KaxJIoMy BOJHOBOMY
BeKTOpy K COOTBeTCTBYIOT lecTb KoJaebaTeIbHbIX MOX. B Tpex Moaax
ofa HOHA CJABHralOTCS HA OJHHAKOBLIE PAaCCTOAHHS B OJHOM H TOM
e HanpaBjeHHH; npH K — 0 3TH MOJAB COOTBETCTBYIOT ABIKEHIIO
KpHCTaana Kaxk uejoro, nostoMy aas Hux o (K)—0. 31u moaw
He [aloT 3HAYNTEeNbHOTO BKJaala B noasipusauuio P (x). B apyrux
TPeX MOAaX MOJOKHTE/bHEIE M OTDHLATE/bHBIE HOHBl ABHIKVTCH
B [IPOTHBOIOJOXHBIX HAaNlpaBJeBHAX B KaXKA0H 3JeMeHTapHoll Auelike,
co3/aBas MOJSPH3aLHI0, MPONOPIHOHAAbHYIO aMIJIUTYAE 5TOH MOJB].
s takux Moa uactora KoseGaHHil CTPeMHTCSl K HeHyJeBOMY 3Ha-
yeHuto o npu K — 0, u Mbl GyaeM NOJAb30BaThbCsl alllpoKCcHMAllHEH
o (K)=o0 ans scex K. Ipyrumu c1oBaMH, Mbl OyaeM npeanonaratb,
4TO yacToTa Koje6aHni He 3aBHCHT OT BOJIHOBOTO 4YHCJaA.
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Tn. 8. MNpobnema nonspoxa

O6osuaunm uepes a* (K, a) onepatop poxjaeHus donoHos. Ilo
aHaJoruu ¢ BelpaxeHusimH (6.200) u (6.202) [B koTopeix At (k, a) —
onepatop poxaeHHs (OHOHOB] HAXOAHM, YTO NOJASPH3AIHSI (KOTO-
pas 1o/MKHA OHITh nponopuHOHaana CMeIEHHI0) HMeeT BHJ

P(x)= WZ la (K, a)e™® ek at-a* (K, a)em Kxek ],

rae o/ — 1eHcTBUTEIbHAA NOCTOAHHASA. HJIH IIVIOTHOCTH 3apdja Torja
HMeeM

p(X)=—V-P(x)=
—ia [ EK 3 [a(K, a)eix*K ek, o—a* (K, a)e-"*K*K -ex. ]
== (23‘[)32 ) K, a s K, a}*
a=1
C oueHb XopolWHM MNPUOJHKEHHEM MOMHO CUHTATh, YTO OAHH
U3 BEKTOPOB ek, o HampasJjeH Bjosab K (mponosabHas onTHYecKast
MoOja) H, CJejoBaTe/bHO, JBa APYIHX NEpIeHAHKYJAADHE eMy (Tore-
peuHble ONTHYeCKHe MoJbl). B neficTButesbHOCTH 3TH KoJeOaHHA
OTJIMYAIOTCS MO YacToTe, NpHYEM OTHOLIEHHE YaCTOT PABHO (£,/€4)'2,
rie g, H E,—COOTBETCTBEHHO (TaTHYeCKas M BBICOKOYACTOTHAa#
IHU3JeKTPHUECKHEe TIPOHHIIAeMOCTH KpHCTanaa. ToJbKO mpojaoJbHas
mona KoJebGaHuil, 1JA KOTopoH ek, .|| K, maer Bkjajg B p(x); 0603-
HauyuM OIePaTop POXKJAEHHUS I8 3TOH MOJBI MPOCTO ag w npeHe6pe-
KeM apyruMu MoaaMu. Takum obpasom,

3 . .
p (0= ie [ 2K K [aetx —aitemike], 8.2)

Tak 4To, corjacHo (8.1), H3aMeHeHHe NMOTEHIUAJIbHOH SHEPTUHU JJIEKT-
poHa, oByCJOBAE€HHOE KOJeOaHUSAMHM DeLIeTKH, DaBHO
3

. 1 . .
AV1 (x) = — ject’ g.ﬂ(__ [CIKBLK'X——GKE“K'X] —

@n)* K K
1 3 43K 1 . R
— i (V 2ma) (B2 )" [ s 7 lakemr—akenx],  8.3)
rue oc——6e3pasMepHaﬂ nocrosiHidas. MoXHO nmokasaTtb, yrol
_d/ 11 2Mo\1/,
“=3 <8m )ﬁw( h ) ’ (8.4)

rje &, U E€,—OMNATb CTATHUECKAsl M BBICOKOYACTOTHAS IUIMEKTPH-
yeCcKHe [POHHILAEMOCTH KpHCTaJla. B TakOM THNHYHOM CJyyae,
KaK KpHCTa/J/Jl TOBapeHHOH COJIH, MOCTOSIHHAA o TPHOIHIKEHHO
paBHa 5, a B oflieM cJ/yuae OHa mpHHHMAaeT 3HaueHHs oT 1 mo 20.

FamMuabToBHan gag cBOGOAHOTO 3JEKTPOHA M peLleTKH HMeeT
BH/L

p? I S

H3n+Hocu=W+ﬁw§Wakak, (85)
L Cum. (6], cTp. 168, u [T], § 5.— Mpum. ped,
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§ 2. Pewenne nonapoHHon npobnembl No TEOPHM BO3MyLLEHMM

rje paccMaTpUBAETCss TOJBKO OAMH 3JEKTPOH € HMmyabcoM P H
HE YUYHMTHIBAIOTCA OCTaAbHble MOJBI KOJEOaHHH DeleTKH, KOTOphIe,
COTJIaCHO HAWIHM MPEANOJIOKEHHSIM, He B3aHMOAECHCTBYIOT ¢ 3J€KT-
POHOM.

YToGB HECKOJLKO YNPOCTHTH BLIYHC/IEHHS B NOCIEAVIOUIMX Napa-
rpadax, ME IPHMEM TAKYIO CHCTEMY eIHHAL, B KOTOPOii A= M = =1.
Huorga MBl OyneM TaxkiKe [10Jb30BaThcA 0003HAYeHUAMHU

Y= o =@0 8 K—K).
K

C yuYeToMm ciesaHHBIX BBIIUE NPEATNOJIONKeHHH (BBeleHHbX Opé-
JAnxoM |1]) sazaya CBOAMTCS K ONPENE/EHHIO CBOHCTB CHCTEMbI
€ TaMMJIbTOHHAHOM:

H:%Pz—kZaﬁaK +i(V 2 an)' Z—}( laﬁe‘iK'X~axe"K'x]. (8.6)
K K

3pece BekTop X oOnpejenserT KOOPIAHHATY 3J€KTpoHa, P—conps-

JKEHHBI HMIYJbC H @K, Qg —ONEpPaTOPH POMKIACHHS U YHUUTOXKE-

HUsi GoHOHA ¢ uMnyabcom K.

[Ipo6rema mosnsipoHa cama No ceGe HE OCOGEHHO BaXKHA, HO
HHTEPEeCHA TeM, UYTO OHA NPHBOJIHT K HEKOTOpPOll MaTeMaTHYecKoH
saflaue. MeTOL, KOTOpbIM Mbl OyjeM MO/b30BAaThCs INPH PeIlEHUH
5TOH MaTeMaTMYeCKOW 3ajlauH, NPUMEHHM H AJf APYTHX NpobJem
nofao6Horo xe BHAa. Ham Merox mnpurofes npu npoHsBoJbHOI
BeJIMYHHE CBA3H, HO CHauya/Ja pPaCcCMOTPHUM cJayuad Madelx « U
BOCIO/Ib3yeMcA OOLIYHOH TeopHel BO3MYILEHHH. ITO MO3BOJHT HaM,
BO-IIE€PBbIX, MOJYUYHTb OTBET, KOTODHIA MOXKHO OVAET CPaBHHTH C
pesyJ/bTaTaMy AJig NPOH3BOJILHOH CBASH, M, BO-BTOPBIX, OCMOTpETH,
YTO NPOHCXOAHT, KOTJA 3JEKTPOH ABHIKETCHA CJAHIKOM GBICTPO.

§ 2
Pewenue
NoMAPOHHON npobnemsi
Nno TEOpPUU BO3MYLLEHUH

Hac Gyaer wunTepecoBaTh onpelejieHue 3HEPruH BO3MYIIEHHS
AE,, BO3HUKalOWEH TpH yuyeTe B3aUMOJeHCTBHS ¢ KOeGaHHAMH pe-
metkd. I'amuabronuan umeer Bua H=H,+ H’', rae

2
HO = %+Z afEaK,
K .
H =i (V—Qna)l/‘ Z -;(— (aizg—fl(-x _aKeiK-X).
K (8.7)
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n. 8. Mpobnema nonapoHa

Fnveem
. Hontno
AEO:HOO‘{“ —ET"‘E]‘--{—...;
n 0T &n
agech Hj,=<m|H'|n> |m> u |nd>-—cobcTBenunie cocroanua H,

i F}—cobcTBeHHoe 3Hauenue [1,, COOTBETCTBYIOLLee COCTOSHHIO | ).

Tlockoabky H', AeHCTBYA Ha COCTOsIHHE, MEHAEGT YNCJ/I0 (GOHOHOB,
TO AuaroHaJbHBIl ujen Hj, paBen nymo. Hac uutepecyer sHeprus
51eKTPOHA, ABHXKYLLerocs ¢ uMmmyabcom P. Paccmorpum mosromy
anarpammy Hia ¢ur. 8.3. B HauanbHOM COCTOSHHH 3JeCh HMEETCH

QUr. 8.3

P-K
K
DeKTPOH C HMNYJILCOM
(P—K) u douony
p ¢ umnyabcon K.

3J1€KTPOH ¢ HMOYJbcoMm P u Her doHoHOB. B mpomexyTouHoM cocrod-
HHH HMEIOTCH 30eKTpoH ¢ umnyascoM (P—K) 4 QoHOH ¢ HMMY 1b-
com K. CnepoBatenbuo, 3Hepruu £ n £} onucpBaloTCsl BbIDaiKe-
HUSAMH

p—K) (8.8)
Egz(—2—+1.

3zech caaraemoe «l» B Boipaxkenun as Ef ecTb sueprus (oHoHa
(B NPUHATHIX HAMH eAUHHLAX).
PaccmorpuM MaTpUUHbBIE 9/€MEHT

Hyy =i (V Bna) ' (n| 37 1 (ake=1K* —ae'®%)
K

raie 0 B cocrosuun |P, 0> obozmauaer OTCYTCTBHE ¢doroHOB. ITOT
MaTpPHUHBLI 3JeMeHT He paBeH HYJI0 TOJbKO TOTAa, KOrAa B COCTOs-
Hilil | 7> MMEeTcA OJMH 3JEKTPOH C HMIY/1bCOM P’ u ¢donon. Ecau
uMnyJnc QonoHa paeen K, T0

P, 0),

Hyy = LV 2na) (P, 0’7‘(—3-*%1[), 0). 8.9)
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§ 2. Pewenue nonsponHoii npoGnemer no Teopuw BO3IMYLLEHMH

[Tockoabky e= KX |P>=|P—K> ro umnyasc P’ gomken 6piTh
pasen P—K, kak u npejgnoJarafgoch, TaK 4To

, 5 1y, 1
Hn(): l (VQT[Q’,) & 7 (SP’» P-K

= 1 1
AEOZ—VQRQ Zﬁ (P-——K)2/2+1—P2/2.2' (810)
K

HononuurenbHpiil MHOXKUTEb 2 BO3HHKAET NPH yueTe CIHHA 3J€K-
TPOHA: HMEIOTCS ABA NPOMEXYTOUYHBX COCTOSAHHSA C UMNYabcoM P — K.
OGo6was dopmyay (8.10) Ha TpexmepHbili caydail u samuceBas
CyMMy B BHJE HHTerpaja, HaXxOJHM

s 2 d3K
AE,=—2V 2““5<2n>am(m—2p.x+2)° (8.11)

[_IPH BbIYHCJ/IEHUH 3TOTO HHTErpaJa BOCIOJIL3YEMCH TOXKAE€CTBOM
{
1 dx
55=S[ax+b(l—x)}2' (8.12)
0

[Nonaras b=K*na=K*—2P K -2, MmoxHo 3anncats (8.11) B Buge
1

i - 43K dx =
AE,=—4V 2an S(Q_ﬂ)—a S [ (K2—2P K+ (T—x) K22
0

t
- 3K ‘
=—4n) 2 S X ) G KT—ox P KT =
U

i
- a*K 1
= —ianl/ 2 fax e — PP @i PO
0

Hcnoabsys uuterpan

43K L
@n)}(K*+-af 81V a'
Haxojaum
1 _
= dx 4n YV 32a 2 . P
AE,=—4n) 20| ————nu = — =1L 227 < aresin ——.
0 Vv 8x V 2x— £2P° 85 P V32
n
Takum 06pa3om, OKOHUYATENLHO MOJYyYaeM
V3 P
AE, = — oo == arcsin ——. 8.13
0 S Vs ( )

257



Tn. 8. [Ipo6nema nonsapoHa

Ecan nmoyasc P =0, to ¢opmyna (8.13) aaer
AE,=—o. (8.14)

Ecau npoBecTH BbIYHCIEHHS 110 TEOPHU BO3MYILEHHIT C yYETOM YJe-
HOB 60oJ1ee BEICOKOrO nopsaka [2], To coornomense (8.14) npuMer Buj

AEO=—a+1,26(f‘—O)2.

Sra sHepPrUs BO3MYIIEHHS COOTBETCTBYCT MOKOSIIEMYCs 3JeKTPOHY.
Ecau umnydbe P Mana, To Beipaxenne (8.13) MOXKHO pa3.10XKilTb
1 3amicatbh B BHJE

st e L2 g () i
{8.15)

O6bve1unsas 3HePTHIO BO3MYINEHHS ¢ KMHETHUECKOH sHeprued, 1.4
MOJHOH 5HEPTHH IMOJYy4YaeM
P2 P2 P2

E:—Q—-——OL——I—QOL—{— ...zm—“_l‘--' .

(8.16)

Bupaxenue (8.16) mnoxasbiBaeT, 9TO 3a CUYeT B3aUMOJEHCTBHSA
¢ ¢oHoHaMH Macca 3JeKTpoHa Bo3pacraer B (1 a/6) pas. Takum
06pasoM,

° o §
= (8.17)

Ecau B dopmyse (8.13) umnyasc P>V 2, To Beanunua AE,
CTAHOBHTCS MHHMOI. TO O3HayaeT, 4TO 3HEPTHA 3JIEKTPOHA pacrpa-
yyBaercsi Ha poXjJeHHe (POHOHOB-—IIpoOLecC, aHaJOTHUHLI YepeH-

P

——p-K

QUT. 8.4.

IMpouece poxkaeHnsi (OHOHA, COMPOBOMKAAOLIHICA
JMccHmal e 3Hepru¥ 3JeKTpoHa.

KOBCKOMY H3ayuenuio. OueHHM HauMeHbllee 3HaueHHe P, nocraroy-
HOe 1151 BO3HHKHOBeHUA 310ro 3¢derTa pacnaia. OueBHAHO, HMIYJIbC
P umeer HauMeHbulee 3HaueHHE B TAKOM IIPOIECCE, NPH KOTOPOM
MMMy bC COBMajaer Mo HampabJgeHuto ¢ K. PaccMorpum cayuai,
u3obpaxeHHuil na ¢ur. 8.4. CornacHo 3aKOHY COXPaHEHHA 3HeEp-
IHH, UMeeM
2 2
LSS P (8.18)

258



§ 2. Pewenune nonspoHHON npobnemsi NO TEOPUM BO3MyW eHM

Ypasnenne (8.18) MoxkHO mepenucaTb B BHJe
K 1
7+7<':P' (8.19)

Hauwmenbuiee suaueHue P, yaoBjeTBopsiolee ypaBHeHuwo (8.19),
COOTBETCTBYET MHHHMAJbLHOMY 3HAYEHHMIO JIeBOH 4acTH YpaBHEHNHA,
koTopoe paBHO )/ 2. CilefoBaTesbHO, A5 BO3HUKHOBEHHS «yepeH-
KOBCKOTO 3()xpeKTas JO/IKHO BBHINOJHATLCA HEpaBeHCTBO

P=V'2, (8.20)

K4K H MOXHO OblI0 OXHuaTb coraacho (8.13).
BrruncauM Tenepb CKopocThb npouecca 1/t ANA «4epeHKOBCKOrD
addextar. OHa onpeneasiercs Gopmy.od

=921 H,,[*8 (E,— E)), (8.21)

rJZe CYMMHpOBaHHe MPOH3BOAHTCA [0 KOHEUHBIM COCTOSTHHAM f.
B EHayaJbHOM COCTOSHHH [ HMeeTCsT 3JeKTPOH ¢ HMnyJascoMm P, a
B KOHEYHOM COCTOSIHHH —3JeKTPOH ¢ uMmnyascom (P—K) u douon
¢ umnyascoM K. YuurwiBaa (8.6), Haxogum

Hp=<P', 1g|Hy, | P> =’i1<“ (V' 2nc)'"* e+, p -k,

rae coctosinve lg ofosnauaer ¢onoH ¢ umnysabcom K. CnenoBa-
TeNbHO, [AJd CKOPOCTH Mpolecca MoJyuaeM

V?na (p-—K)2 P2 d*K .
1o j LI P ](W .2; (8.22)

BxojsAuaa cioaa S-pyHkUHA o6ecneqHBaeT COXpaHeHHe 3HepriH.
Mb MokeM Hamucathb

PK = dnk?dK 2

TakK 4To

9 I/EOLS—Z%SdKG (—-PKcose+521+1), (8.23)

rae 0-—yroa mexay P u K.
Ecan Ky ABaseTcs peweHHeM ypaBHeHnﬂ

——PKecosB—{- 91 1=0, (8.24)
TO MOXKHO I[POBECTH CJefylolee npeoGpasoBaHue:
SdK(s(—PKcose+5”_+1)=
= Sdl(é {—2—[(1( Pcos0)?—(K¢—Pcos0) 2]} I_Ke_—-%c_o—sﬁ—]
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I'n. 8. Mpobnema nonsipoHa

CrnenoBaTe/bHO, BhipaxkeHHe (8.23) MpHHHMAeT BHJ

1 5 dQ
—=4) 2 _— .
T V oL\S‘m[Ke—-P cos 6| (8.232)

Ecan HMOyJbC Najaioliero saeKTpoHa P 3ajaH, TO HMIYJbC POX-
natomerocs ponona Kg siBasercs ¢yHkuned yrjaa 0 u omnpeneasercs
ypaBuennem (8.24). Pemas ypaBuenne (8.24), mosydaem

| Pcos6=V72 ]/'

i sin 6 d6 2 P
— = — Q0= e —a (8.
=2V 2a ‘(5 Ve 03 20— Arch v (8.25)

Cheayer 3aMeTHTb, 4TO, IIOCKOJIBKY P/V2> 1, MoxHO HanucaTb
P

Ve’

. P T .
arcsin —= = % + i Arch

V2

CaenoBaTenbHo, ¢yHxuusa Arch P/V'2 B (8.25) sBasercss MHHMOl

yacThlo (QYHKLUHHK arcsin PlV'2, 1. e. MHOXKHTeNs], KOTOPHIl BXOAHT
B (8.13). Csasp Mexay ypaBHeHusmu (8.13) u (8.25) moxHO mpo-

z QHI, 8.5,
— ‘Hn01

El-E]

S

Buipaxenue, crosimee
1O 3HAKOM CYMMBI
B dopmyJse (8.7).

caeauTh ciaenywmuM obpasoM. Ecau ckopoeth mpouecca pacnana
paBHa Y, TO amnaumyda HadaJbHOTO COCTOSIHHSI COAEPHHT MHOXKH-
Teqb eV, a 3aBHCAILASA OT BPEMEHH BOJIHOBas (YHKIHS HMEET
MHOKHTEJIb

e—yt/2e—tEt ___e—i(E-w/2)l’

H, CJe10BaTe/bHO, (—y/2) COOTBETCTBYeT MHHMOH YaCTH 3HEPrHH.
dopmysa (8.25) coramacyercss ¢ (8.13), mockoabky o6e oHH IO-
JyYeHBl B Ipejeje MajblX o M ofe OCHOBaHbHl Ha TEOPHH BO3MY-
meHui,
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§ 2. PeweHne nonspoHHON npobnembi NO TEOPHH BO3MYLLEHHH

Xors MBI M HauLid, yto dopmyJsa (8.25) coraacyercs-c (8.13),
3JeCb MOXKHO BO3pasuTh, 4TO BhIpaxeHHe (8.13) n0MKHO ObITh
CrpaBeiuBBIM TOMBKO TpH P < /2. 31y cHTyaumio MokHO mosic-
HUTh cJenyiomuM ofpasoM. Ctporo rosops, Belpaxesue (8.7) He
cnpaBenyBo, Korga Eh = FE} ujan kKorga cymMa no Ej pacxojpuTcs
BGau3n Ej. [Ipumepublfl xox QyHKIHH, CTOsIIEd NMoJ 3HAKOM CYMMBI

/) DU, 8.6.

Ipaduk dyurouu
f(x)=—x/(x*+¢°).

B BeipaxeHuu (8.7), usobpaxen Ha ¢ur. 8.5. HroO mnpaBuabHO
ydecTb ofJjacTb BOIM3M E§, 3amuuleM 3HEDPrHIO BO3MYIIEHHA B BHAE
[em. (8.7)]

HonH
AE, =Y 2 A— 8.7
0 ;ES—E,O,+is ®.7)
u nepefijeM K npegeay & —0.
Hwmeem
1 x ie

x—Ha: X2 +et  xtte’

[paduk QyHKIHH, COOTBETCTBYIOUIEH MEePBOMY YJeHY, INOKasaH Ha
¢ur. 8.6. Yuer sToro ujgeHa 3KBHBAJEHTEH BBIYHCJIEHHIO T/IaBHOTO
3HaueHHs HHTerpaja. Muumas yactb npHu € — 0 cTpeMHTCA K 6-(y HK-
{H, YMHOXEHHOK Ha W, Tak Kak

(cooTBeTcTBYMOMAsA byHKIHs H3obpaxena Ha ¢ur. 8.7). Takum 06-
pasoM, Mbl MOXKeM HamHCaThb

lim — = (i)—‘na (x), (8.26)

esoXtie X

261



Fn. 8. Mpo6nema nonspoHa

rae P —raasHoe 3Hauenue. CrenoBatenbho, gopMmyay (8.7”) MoxHO
[PeACTaBUTL B BMIE

O -
AEO:Z?ﬁ—m;|Hf0|26(Ef——E0). (8.27)

Bripaxenue (8.27) gokasbiBaeT corsaacoBaHHOCTh ¢opmya (8.7) u
(8.21). Xora ¢opmyna (8.13) nepBoHauanbHO Oblia MoJyueHa Mpil

PHF. 8.7,

Boruucnenne wurerpana
w

[
- de:JT.
Z -»

P<]/2, NoToM ObLIO NPOBEJEHO HESBHOE aHAJHTHYECKOE nponoJI-
weHne ee HeGOIBLIMM CMELlE HHEM NOJII0Ca B BEPXHIOIO ITOAYILIOCKOCTb,
Sadaqa. Ina HU3KOYACTOTHBIX 3BYKOBBIX BOJIH
o =KC;,

rie C,;—CKOpPOCTb 3BYKa. BBIUMCINTE KpHTHUECKOe 3HaueHHe P
A M3JYYeHHS 3BYKa. BRIUMCIHTL HampaB/eHHE H3Jlyuaemblx
3BYKOBBIX BOJIH Kak ¢yHkuuio snepruu. OLUEHHTb CKOPOCTL HC-
nycKaHHus.

$ 3
Dopmynuposka
BAPUALIMOHHOTO METOAAQ pPeLLeHUs

CraTHCTHYECKYIO CyMMY MOXKHO 3allHCATh B BHJE
e=BF = Sp [e=BH] = D e-BE, (8.28)
{

Ecan f— oo, raaBumit uien pasen e-BF., CregoBartesnHO, MOXHO
YTBEPKIATh, 4YTO

lim [—-é-m (Sp e—ﬂH)] =Ey e (8.29)

ﬂ—»ao
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§ 3. DopmynupoBKa BAPUAUMOHHOIO METOHA PelueHHs

Wrax, uyto6el oueHutrb £E,,,, BbIUHCJAHM CHAayaJja CTATHCTHUYECKYVIO
cymmy. OcobeHHO Hac GyZeT HHTepecoBaTh caydafd GoabIIuX f3.

[Tonb3ysich MeTonOoM HHTErpaaa NO TPaeKTOPHAM, 3aMHuIeM CTa-
THCTHYECKYIO QYHKILHIO B BHIE

Sp ety = { =S (). (8.30)

IlpencraBienne B BHjAe HHTerpasta 0O TPaeKTOPHAM HCIOAb3yeTCs
B TOM cJydae, Korja raMu/JbTOHHAH 3alHcaH 4epe3 KOOPIHHATH H
HMITYJ1bCBI.

[Tockoabky onepartop /H 3anHcal B onepaTopax pPOXIEHHS H VHHY-
TOKEHHSI, Mbl JO/KHBI cHAadYaJja caenaTh o6paTHoe npeobpasoBanie H
BbIPA3HTb €ro Yyepes KOOPAHHATHI H HMITY.Ibchl. [IpH KBAHTOBAHHH K OJle-
6aHuil B KpHUCTaAJe HeOOXOZHMO BBIOMDATL ONEPATOPHl POKIEHHS H
YHHYTOXKEHHS TaKHM 00pasoM, 4ToObI

QK:-—ITQ(G;E—I-G—K),
(8.31)
PK = V 5 (a K"’—aK)

B s3roMm ciyuae B3anMoAeHCTBHE MEXAY 3/MEKTPOHOM H (DOHOHAMH
HMeeT BH ]

HB3 =1 (Vgno(,)l//z Z '—ll(—— [a,‘{e‘““"—aKe"K'X] =
K
—t(l/Qnoc L_K)—( K —aK) ek X =
K
=V 2(V 2na)'» 2 preiK-X,
K

OznHako npuBeleHHas Bhlllle ¢opMma [, Heylro0HA, Tak Kak HaM
HY¥HO, UTOObI B HHTETpaJie 10 TPaeKTOPHAM ITOTEHIIHabl ObLIH (yHK-
IHAMH KOOpJAHHAT, a He HMNYJAbCOB. Mbl MOXKeM NMOMEHSTh MeCTaMH
gk H px a0 10 KBaHTOBaHHs KoJe0aHHH B KpHCTadae (¢ Mmo-
MOLUbBIO KaHOHHYECKOTro Ipeobpa3oBaHHs), JHOO MOCJae 3TOro, Kaxk
IOKAa3aHO HHXKE.

[Moa0xuM ayg = —ia_k. TOTAQ, €I ONpeseduTh gy 4 py Taxk xe,
kKak u B (8.31), moayunm
’ r
Jk = PK; Pk =— (K.

B pesyabraTe TaMHJbTOHHAH NDHHHMaeT BHJ (WITPHXH ONYCKaeM)
1 1 1 S L g X
H=g P+ 3 (grk+gak)+)2 (/2o e ¥ 25— 82
K
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Fn. 8. Npobnema nonspoHa

TaxuM o6pasoM, TaMHMJILTOHHMAH BHIPAXKEH uepe3 KOOPAHHATY 3JeK-
tpoHa X, uMmnyasc P, xoopanHaTel (QOHOHOB ¢x W HMIYJbCH - pk.
3amnuiem
Spetiy= {  e=S@x(u)Dg, () Dg,(u) ..., (8.33)
X (=X (B)
q;(®)=q;(B)

rje uuTerpana jgeficteHsi S HMeeT BHJ

S= ””2‘”45&: 5 (gk (@) +gk ) +

K

[TpenMyiiecTBa 3TOTO METOAA COCTOST B TOM, YTO HHTErpan Mo

TPAeKTOPHSM MO (POHOHHBIM KOOPJAHHATAM MOKET GbITh BHIYHCJ/IEH, 110-

CKOJbKY KaK gk, TakK H ¢k BXOJAT KBaJpaThuYHO (U JIHHEHHO)

B (8.34). IToap3ysacy pesysabratom, HalijleHHBIM paHee [cM. (3.39)],
HAXO/UM

HV WL T eae e r ] de (@30

Sexp {—-Sﬁ [12 (¢* + w*q*) +q (1) v(u)] du} Dq(u) =

0

4w

O/

1 8
= exp {—L SV(t)v(s) e*‘w“-sla’tds} . (8.35)
[4]

[TockoabKky ¥ ¥ ¢ 3MeCh KOMIIJIEKCHH!, npeoOpasyem (8.35) Taxum
o6pa3omM, 4TOOLI BMECTO Y (f) Y (S) MOABHJIOCH NpOH3BeReHHE V* (1)} (S).
3T10 mpeobpaszoBaHHe HaM noTpedyeTcss HemHOro mosxe. OTMETHM
TakKe, 4To cooTHolleHHe (8.35) sBusercs NpHOIMKEHHBIM, TaK KaK
B HeM OMymieH ujeH e~Bob),

[Tonrsysicy cooTHowenueM (8.35), nepenuuiem ypasHeHue (8.33)
B BHIE

sp (e~bH) = § e=5ex (u) =
B B p
= Sexp <-—--é—SX2(u)du>exp <2 I/§om2 SS 211(2>>,4
0 K 0

. 0
xexp [iK (X (£) —X (s)) e~ 1*=s1df ds) DX (u),

L [lonnas ¢opma cooTHomenns (8.35) noayuaetcs nph samene e~ @ i=sl
BRIDaMEHHEM

e-—m]t—s[ em|l—s}e-wﬁ

1 — B l—e™8

Hanomunm, osnako, 4To sHaueHHE 3 OYeHb BEJIHKO.
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§ 3. DopmyNUPOBKA BAPHMAUMOHHOTO METOAd pelueHWs

HJH, €CJH 3aMeHHTb CYMMHpOBaHHE II0 K HHTErPHPOBAHHEM,
4 a8 KX (D) =X ()]
_.._1_ i 2 V9, @K e - —lt=-s]
S=+ jx du l/2omjjj(2n)3 X e dt ds.
0 00

Hrak,

BB
=il xequ— 2 SS el tds (8.36)
) V3 ) KO—X0] . :
B neficTBUTETbHOCTH Mbl JOMYCTHJH OWHOKY, KOTJa CYHTAJH BCE ¢k
HE3aBUCHMBIMM [EHCTBUTEbHBIME [IepeMeHHBIMH, KaK HPH BBHIBOJE
(8.35). IlepeMeHHble gk ABJAITCA KOMIJIEKCHBIMH, IPHUEM gg ==
=¢g_g. Ho ecau Gbl Mb He IMOJECHHJACh [POBECTH BHIYHCJEHHS
JOJKHBIM 06pa3oM, TO BCe paBHO NpPHILIH Obl K dopmy.e (8.36)
B TOM BHJe, KaK OHa 3alHCaHa Bhblille.
Mkl BOCIOJb30BaJHCh METOLOM HHTerpasa [0 TPAeKTOpUAM AJs
TOro, 4ro6bl CKOMOHHHDOBaTb €ro ¢ BapHAUHOHHOH TeopeMoH,
chopMyTHPOBAHHOH Bbille. 3alHIIeM PaBEHCTBO

Se-w-—so)e-so@x
Se's@x = Se‘so@x=<e“s‘50’> Se'so@x, (8.37)
S e=Se G x

rae S,—A0JKHBIM 06pa3oM BhiOpaHHas annpoxcuManus S. McnoJe-
3ys HEpaBeHCTBO
<e—f> = e-<f>’

sanulueM (8.37) B BuIe
Se—s@x>e—<s‘so>ge‘so@x, (8.38)
rue
S (S—S,) e=So Dx
Srso@x

(S—S8,> = (8.39)

B HCITOJIb3YEeMOM HaMH HpHﬁJ’IH}KeHI/IH JJIs1 TaMHJIbTOHHAHA CBOOO-
Hasi 3Heprus Fo onpeaendercsa paBEHCTBOM

e~BFo = S e~So @x,
H MBI MOXEM 3amHcaTk coOTHoWeHHe (8.38) B BHAe
< Fyt 5 <S—S>. (8.40)

[Tpexae uem BHIGHpaTh S,, 06CYAHM (H3HUECKHH CMbICJ BhIPa-
xenua (8.36) aas S. IlepBuifi uJjieH aHajordyeH KHHETHYECKOH
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Fn. 8. MNpobnema nonspoxa

SHEPTHH, a BTOPOI 4YJeH IpejcTaB/AeT coGol HOTEHIUAJbHYIO HEp-
ru0. OcofeHHOCTh 3TOTO NOTEHIIHaJa COCTOMT B TOM, YTO €ro 3Ha-
yeHHe B TOYKe f, Trle { paccMaTPUBAETCs Kak ,BpeMs®, 3aBHCHT OT
IPeALICTOPHH ¢ BecoBOH (QyHKLHeH e~1!=sl. 310 3anaszdesaouuli
nOMeHyuas, U TIPUYHHA BJHMSAHUS NPEALICTODHH COCTOMUT B TOM, 4TO
BO3MYIUIEHHIO, BEI3BAHHOMY JIBHKEHHEM 3JIEKTPOHA, HeO6X0JAHMO
BpeMa JAsl PaclpocTpaHEHHs B KpHCTaJe,

Ilpy ManbIX 3HAa4Y€HHSIX O Mbl MOXKEM B35Tb B KayecTBe S, TOJLKO
nepBud ugen B (8.36):

1 .
0=~2—§X2(u)du.
Torza us (8.40) u (8.29) Haxoaum

E<E,+ lim +

fim <S—8,>.

B stoM cayuae nosyyaeM mpexHHH pe3yJbTaT TEOPHUH BO3MYLLEHHI:
E—E,<—a.

$ 4
BapuauyuonHoe
pelueHune

Kax 6bio moKa3aHO Bbllle, €cJH BhODAaTb B KauecTBe S, KHHe-
g

THYECKYIO 3HEPTHIO Y/, SXZdt, TO Mbl NDUXOAHM K pesyJ/bTaTy
0

TEOpHH BO3MyIleHUH (BToporo mopsiaka) AE<{—a. Kpome Toro,

GblJIO IIOKA3aHO, YTO 3TOT pe3yJbTaT SBJAETCH BepXHeH OleHKOi

SHepruH (OOBIYMHBIMH METOAAMH J0Kas3aTh IOCHeAHEE SHAUYMTE/]bHO

TpyaHee).

OnHako MOXKHO 3HAUHUTEJNLHO JY4YIle annpoKCHUMHPOBAaThH (GH3H-
YeCKYI0 CHTyauMio, HCHOJb3ys OoJee peatHCTHYeCKHH BHOOp S,
H TakuM 0o06pasoM MOAYYHTb 3HAYHTEJLHO Jyumyio oueHky E. Cre-
ayromufl, Haubonee oueBHAHHIT BHIOOP COCTOHT B TOM, YTOOBI MpH-
HSTL BeJHYHHY S, paBHOH HHTerpajy JAeACTBHS JJis 9JEKTPOHA,
HaXoJsllerocs B NoJie KjaccHueckoro notenuuana vV (X). Kak moxHo
[I0Ka3aTh, TaKOH BbHIGOD 3KBHBAJIEHTEH HCNOJbL30BAHHIO HEKOTOPOMH
npo6HOH BOJHOBOH ¢GYHKUKKM B OOLIMHOM BapHallMOHHOM METOJe
(vetome Purua). B uactHoctH, ecau BeiGpaTe B KavecTBe V (X)
KYJIOHOBCKHH MOTeHUHaJ, To A1a E nosyuaercs Takofl e pe3y.ib-
taT (npu OCoJbLIHX 3HAYEHHAX d), KaKk H IpH Bhbope HMPOOHOH
BOJIHOBOH ¢yHKuWH B Buje e~Kr. Ecam B kauectBe V (X) BHIGpaTth
rapMOHHUYCCKHH MOTeHUHaJ, TO 118 E mnoaydaerca yJyuilleHHas
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§ 4. BapmnaymnorHoe peuieHHe

OlleHKa, KOTOPYI0 TaKKe MOXHO Obl10 Obl MOJYYHTH C IMOMOLIbIO
npoGiofl BosHOBoH GyHkuuHM BHAa e~KX* (no kpafineli Mepe a4
GOJIBIIHX ).

Moskno noxasaThb, OAHAKO, 4TO NP o, MeHbllieM NpHMepno 6,
HH npu kKaxom BeiGope V (X) Henb3ss yJAyylliUTb pe3yabTaT, NOJIY-
yepwpil aaa V=0 3ro noxasnBaer, YTO KJaccHuecKUH noTeHuuan
HEeJ0CTATOYHO XOpOLIO AaNIpPOKCUMHPYET peajbHylo (QU3HUYECKYIO
CHTYAaLHIO, 32 HCKJOYeHHeM, ObITb MOKET, OueHb GOJILIIHX SHEpPrui
CBAI3H. D10 00YC/I0OBJEHO JBYMS TJ1aBHBIMH NPHYHHAMH,

SAekITpos ; Yacmuya
Mace =1 Cuma =K1 M
OUT. 8.8.

DNeKTpoH, CBA3aHHBIE C MOMOIMBI ,NTPYHHHE
¢ gpyrofi yacTHUeH maccoft M.

Bo-nepBbIX, 3/J€KTPOH MOXKeT C¢BOOOJHO IepeMeLlaTbCsl, a He
J0JKeH HaXOQUTLCA B KakOH-TO onpeleseHHOH 4acTH KpHcTaJaJaa.
JltoGo# ke norenuunas V (X) Oyaer yaepKUBaThb 3JEKTPOH BGJIH3H
MHHHMYMa NoTeHUHaJja.

Bo-BTOpBLIX, KaK BHJAHO M3 TOYHOTO BBIpA)KeHUs [/l HHTerpasa
JeficTBHS, NOTEHUHAIbHOE NoJe, IeHCTBYIOllee Ha 3JeKTPOH B JoGol
MOMEHT ,,BpeMeHH“, 3aBHCHT OT I10J10KEHHS 3/J€KTPOHA B Npejblaylilie
MOMEHTBL! BpEMEHH C BeCOBLIM MHOXKUTesdeM e~l'=s\, JipyraMmn cJjo-
BaMH, TO BO3MyllleHHE, KOTOpOe CO03JaeT 3JAEKTPOH B KpHCTaJle,
pacnpocTpaHsieTcsi ¢ KOHEUHOH CKOPOCTLbIo M MOXKET BO3AeHCTBOBATH
Ha TOT e JeKTPoH B GoJlee MO3ZHHE MOMEHTB! BpeMeHH. DTOT 3hpeKT
nposiB/asieTcs cjadee NIpH CHALHOH CBSI3H, T. €. IpH OLICTPOH peakuuu
Kpucrajna. CiseioBaTeqbHO, MOXKHO OMHAATb, YTO KJaCCHYECKHIH
noteHIHaJa GyaeT XopoueH annpoKcHManHeH TOJbKO B Caydae CHJb-
HOH CBfi3H.

B kauectBe Mojenu, He NPHUBOAsLEH K HAa3BaHHBIM BHIlE TPYi-
HOCTSIM, MOXKHO BHIOpaThb TaKyl0 CHCTeMY, [Je 3JeKTPOH CBS3aH He
¢ pelleTkoil, a ¢ HeKOTOpoH ApYyrofl yacTuuel MOCpeIcTBOM ,py-
JKUHBLY, TpUYEM 3Ta Napa YacTULL MOXKET CBODOJHO NepeMellaThes
(dur. 8.8). IlpobGHblil uHTErpan AeHCTBHSA 1715 TAaKOH CHCTEMbI MOCHE
HCKJIOUEHHS] KOOPRMHAT 4acTHUBt ¢ Maccoil M HMeeT BHI

B BB
! . C - —s
S= | Keat S (X=Xl ¥ i=s1aras,  841)
0 090

rae W=VEKM u C=MWs4.
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'n. 8. Npo6nema nonspoxa

Koneuno, y6eautbcsi B TOM, YTO Takoi BHGOpP S, He NPHBOAHT
K YOOMSHYTHIM BEILLE TPYLHOCTSIM, MOXKHO Obli0 Obl H C IIOMOLIBIO
MaTeMaTHUECKHX BblUHCJEeHHHA, He paccMaTpuBasi HUKakKoH (usHue-
CKOH MozesaH, I[OCKOJbKY MBI BOJIbHB BHIOUpaTh Jw0Oyio Qopmy
npoGHOrO WHTErpasa AeHCTBHSA, Kakasd HaM HPABHTCS (€CJH OHa He
oueHb cjoxkHa). ORHAKO HCIOJb30BaHHe (GU3HUECKOH MOeaH MNpH
HOCTPOEHKHH S, N03BOJIseT B 3HaUHTEJbHOH Mepe n30exaTh MaTeMa-
THYECKHX TDYAHOCTell HpH pacCMOTPEHHW BOIMNPOCOB O T'DAHHUYHBIX
VCJAOBHSX, aCHMIOTOTHYECKOM MOBEJEHUH H T. I., a TaKXKe MOKEeT
00JIer'YUTh BBIUHC/ACHHSA (CM. HUXKE).

B cooTBeTcTBuHM ¢ HallUM BapHALHOHHBIM NPUHIIUIIOM 3allHileM

E<E,+5<S—Sp, (8.42)

roe £,—>3Heprua cBsi3u B Haulell MOieIM M CKOOKH <...)> 03HAyaloT
ycpeaHeHUe ¢ BeCOBBHIM MHOXKHTeJeM e~ So,
Pacemorpum

) relK~[x =X &) ,=Se gpx
I(K, ¢, s)= (iR [X (O=X ()3 =

fe_s°@X
Ecau mbl cMoxeM Beiuueants I (K, ¢, s), To Torja Jerko Haiijem
<S—8p:
S—S>5— _a f’f e~ =5l gy ds
o= <0 J TXO—X@T)
c BB
—£ SS (X (1) — X (s)f*e=W1e=sidt ds).
00

Hanpuwmep,

pB
(§ Six =X pe-wit-stat ds)=
00
BB

= { {atase-wi-s1 g x (1) —X (s> =
00
8

Sdtdse"‘”"‘”[— vkl (K, ¢, 8)]k=0.
b

Ot/:a

B o6uiem cayyae aasa moGoil dynknun f ot | X (£)—X (s) | Mbr MoxeM
BeruucauTh <f (| X (¢)—X (s)])> ¢ nomouipio npeo6pasosanus Pypoe:

a®K 4n 43K 4n
<lx(t)—X(s)[>=< (2n)® K2 @n )3K21(K {, s).

K- [X (=X (5)] )___
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§ 4. BapuauuoHHoe pelueHue

Urober Beruucauts [ (K, ¢, s), paccmorpum Gosee obuiyio ¢yHK-
LHIO

B
I(g, t, s)=(exp [f§g<u>-X<u>du]>,

a 3aTeM nepeijeM K yactiuomy cayuawo g(u) =K [8(u—1)—8(u—s)].
HMmeeTcs HecKOMbKO ClIOCOGOB BHIYHCJIEHHA 3TOTO OGUIETO MHTErpaJia
M0 TPAEKTOPHSAM.

a) Ecau pasgenuts ,BpeMs“ Ha MaJble HHTEPBAJIBL, TO 3ajaya CBO-
JUTCA K BBIYMCJICHHIO HHTErpaJa:

(05 ... ax,dx,dx,...exp (—Z Ay XX+ iZB,-X,») . (8.43)
i i

DTOT HHTETpaJl OblJ BEIYHCJIEH AJA MOJIOXKHTENBHO ONpesese HHOHA
u camoconpsikeHnofi matpuusl A;; [3]. B pesysbprate BhIpakeHue
(8.43) mpuHHMaeT BHI

()72 (Det A)-*/s exp [_%2 Bt-Bl.(A-l)U] . (8.44)

37eck n—UHCJIO HHTEPBAJOB BpeMeHH B MPOMexyTKE f, KoTOpoe
MOXKHO YCTPEMHTb K OeCKOWEUHOCTH TOCJe COOTBeTCTBYIOUeH HOp-
MHPOBKH, obecneunBaiomiel ofpaleHne BCero BHPa)KeHHS B €IHHHUILY
npu B;—0. B stoM MmeTOfe HeoOXOAHMO BBECTH T'DAaHHYHBIE YCJO-
B X,=X,==0 ¢ noMoubio KaKoro-Ju6o HCKYCCTBEHHOTO NpHeMa
(nanpumMep, NyTeM BBeJeHHS AOMOJHHTEJLHOIO UJeHa B ABHKYULYIO
cuay B).

6) dpyrofi crnoco6, ocHOBaHHBIA Ha H3HYECKOll HHTepIpeTallHy
MOJEeJIH, COCTOWT B NpEJACTaBJeHHH S, B BHJE ,HOPMAaJbHHIX MOA®,
T. €. B BHJe HHTerpaJia Aas CBOGOJHOH uaCTHIBI ¢ MOJHOH Maccod
M + 1 naoc rapMOHHYECKHH OCHHAAATOP ¢ yactotofi v = |/ W2-- 4C/W
u mnpuBejenHo# Maccoit M/(1 - M). Huterpas no TpaektopusiM A
ABHKYLIEHcS ¢BOGOAHON YaCTHIBI H FAaPMOHHUECKOro OCHHIIATOPA
ObL1 Yy¥Ke BBIUMCJEH, H, CJEJ0BATeJNbHO, HCKOMHIH pe3y/bTaT MOMXKHO
HamHcaTh cpasy.

B) Hakownel, Mbl MOKeM BBIYHCJAHTL HHTErpPajd ¢ I[OMOLIbIO Me-
tTona [4], HCIO/B30BAHHOTO BHIIE TPH PACCMOTPEHHH IIPOCTOrO
TapMOHHYECKOTO OCHHANATOPA. IDTOT METOA COCTOHT B OTBLICKaHHU
nytn X' (f), obecrneumBalomlero SKCTPeMyM HHTerpaJa AeficTBUA.
[Tpu >TOM HCKOMBIH pe3yabTaT (€ TOYHOCTLIO A0 HOPMHDYIOLIETO
MHOXKHTE/SA) UMEET BHJ

B
I=cxp|+§g®)-X ()at

2
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Fn. 8. Mpobnema nonspoHa

Mo BOCITOJIb3YEMCs YeTBEepPTLIM METOLOM. ITosnoxxHM

X(@)= —I—L a,sin— 'mt
n=1
3ametuM, 49To X ({) YAOBJETBOPSIET YCJOBHIO X(O) = X (p). Mure-
rpHpoOBaHNe M0 BCeM NYTAM KBHBAJCHTHO HHTErPHPOBAHHIO 1O BCEM
X (0) u Bcem a, PaccmanHBaﬂ 1J151 TIPOCTOTHl OAHOMepHBI cayuai,
BBIPa3UM So‘qepes X)) v aq,

ﬁdt:%gz ,,”Ef 2”“‘dz_ Zan . (8.45)

n=1 n=1

pa==}

B

S
2
0

Oy ©
><
—
a8
=
>
—_
»
e
e
[\
i
=
hl
o
a8
o
)
[

BB = 2
=—C2—SS[Z a,,(sin '%—sin '%)] e-Wlt=sldt ds ~
b0

2 (%)a (8.46)

n=1

{
5o

CootHouleHHe (8.46) BHINOJHACTCH TOJILKO NPHOIHKEHHO, NTOCKOBKY
MBL ceJaJH pfj annpoKCHMaluMi, ClpaBefiBbIX TOJbKO NPH 60/b-
wux p. Mrak, nosydaem

*

Sg X(u)a’u—X(Ob—|—Lab =Y b,  (847)

n=1 n=1
rie
]
bnziogg(u)sin”—g—”du:i/((sin”‘ﬁlt—sm %‘i>
ITpu 3TOM
SSS €xp [_2 (A”alle_anbn)} da, day. ..
1K, 1, 5) ="y ., (8.48)
SSS exp[_— E Anarez] da, day. ..
iy —
rae

 nin? 40w
A =55 (1 7 )
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§ 4. BapMauMOHHOe pelueHHe

N3 (8.48) caeayer, uto

(K, ¢, s)—epr b”>=

_expz —fC [sin (nat P £sin (s DI (g 49)

W
G e

ITpu Pp— oo cymma B (8.49) npespaiaerca B HHTerpas, NpuyeM
nwp—x u 1/f = (/) dn — dx. DTOT HHTErpas MOMXKHO BBIYHC/IHTH
H NOJVYHTb

T(K,¢, s):exp{——%i [‘g—:[t-sl —I-%Cm(l——e-lt_slv_;_

etV %e-ﬂ/f__%e— ‘ZVS)] } , (8.50)
rmne
4C
VE= Wg—l—ﬁ,/—.

®yuxuua [ (K, ¢, s) Hcnonb3yercsd TOJLKO NMDH BBIUHCJACHHH HHTET-
pasoB no s W ¢ mpu Goabwinx . B Takue HHTerpaasl AalOT BK.aj
TOJbKO Te ofsacTd, rie BenuuuHa (K*W?/2V?)|t—s| nHenamHoro
fogblle €IWHHIBl, T. €. o0JjacTH pasMepoM nopsaaka 2BVHAK*W?
(B nmJocKOCTH mepeMeHHBIX s M f). [IoCKOJIBKY MBI paccMaTpUBaeM
cayuall 6oMbIINX [, TpaKTHYeCKH MO BceH 06aaCcTH HHTErPUPOBAHES
c1araeMmple e={+)V  pg=2Vl y p=2Vs ouyeHb MaJbl, TAK 4YTO Mbl MOXEM
HaTNHCaTh

(K, t,s)—exp {_’% [%;lt—spr;“',3(1—e-lf—slk‘)'] } 8.51)

U3 dopmyant (8.51) nonyuaeMm [/ OJHOMEPHOrO cayuas
BB

(VX (=X (s)pewie=sidtds)=

00

(
BB 2 B
§§dtdse-W”—Sld—K21 (K, t, S)1K=0~W Hpi f—o oo,

Jlas TpexmepHoOro cjaydasi 3TOT pe3yJ bTaT HaJo YMHOXKHTb Ha TpH
(tax Xak B TpexMmepHoM cayuae V-K =3). Torga umeem

o B -
S(Jixe—x@pevi-y=7L. (8.52)
00
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Fn. 8. Mpobnema nonspoHa

Tenepb Mbl MOXeM HaWTH BeauuuHy E,, KOTopas BXOJHT B COOT-
HomenHne (8.42), caeayitownm obpasom. Ilpu Goabmux B, noab3ysch
COOTHOUIEHHEM

8700 = (=5 © X,
HaXO4HM

Ey(C)=F(C) = —— d

—pe—BFo (C) a ¢

_—.—E———S‘S\dtdSIX X(s)|23-u’/[z-<:>=
3 3

STV

=BFs (O) =

[Tpounterpupyem ¢ yuetom Toro, uro E,(0)=0; 310 naer
E (C)= 7(‘/ ). (8.53)

Uro6ul HafiTd <S—S,>, HEOGXOAHMO BBLIYHCIHTL HHTErpa.

g8 s B B
SS T A ds= [ K_HOSS’(K”, s)e-li=s\dt ds,
0 0

Nonoxum 1 (K, ¢, s)e"li=si=g(|f{—s]|). Ilpu sTom Mpl npepnona-
raeM, 4To coorTHomeHde (8.51) BbINOJHSETCS, TaK KaK Mbl paccMmar-
puBaem cayuail Goabwmux snauvedHuil 3. Torza Jerko noxasatb, 4TO

] p
§Set—shdtds=2§ (p—u)gu)du
00 0

[Tockonbky g (4)a20 aas GOJbIWINX U, TO AasA BceX obJacTell, LalOmuX
3aMeTHHIl BKJaj B HHTerpaj, umeeM Pg(u)>ug( (u) u BeJUYHHOMH
ug (1) MoxHo npeHeGpeub. Mpl MoeT Takxke mnepefiTii K 6eckoneu-
HOMY BEpXHEMY MNpele]y HHTeTpHpoBaHHS. B 3TOM cayuae

SS e-!!-5) >dtds=
IX(l)—X(s)l

= { G 25(4”)Sduexp{ [T T (e + “”

_4pv e~ “du
- Vﬁf YV W 1(VE— WV (I—e=*V)
0

(8.54)
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§ 4. BapMauMoHHOe pelueHue

Hcnoassya (8.52)—(8.54), HaxoauM OKOHYaTeJLHLIA pe3y.bTaT:

! 3
E<E, —I-_F <S_So>(ﬁ__:m, v V—w)y—
aV E due-u \
o Vo j‘ {qu-{_ [(V2—W2)V] (1 __e—uV)}?/g‘ . (8.55)
0

Tenmepe Mbl MOXeM BapbUpoBaTb BeJdHuMHBl V # W, uToGbl moay-
YHTh HAMHHU3UIYIO BEPXHIOW OLEHKY. (JTH pe3y bTaThl AaloT HaH-
HHU3UIYIO BE€PXHIOI OUEHKY 175 JaHHOH 3ajauu.)

g masslx o HAWJAYYUWIMMH 3HauyeHHsMH gBjasiores W =3 u
V=3[1+42a(l—P)3W], rae

P=2[(1—W)h—1].

s 3THX 3HauyeHHH HMeeM

ol o \2 -
Eg—a—ﬁ=—a—l,23<m>. (8.56)
IpaBuabHblil pe3y bTaT, HailI€HHBI 110 TEOPHH BO3MYIIEHHH, B 3TOM
HOpﬂﬂKe HMEET BHJ

E:-—-a—l,26<l%>2”

Hra Goapwux o HaWAYYWUMH ABAAIOTCA 3HavyeHHs W =1 u

V= (4a*9n) —[4 (In24 C/2)— 1], rne C=0,5772...—nocTosifHas
Dfinepa— Mackeponu. Tlpu atom

3
Eg—%—%(21n2+0)—7+0<£>.... (8.57)

Ora olleHKa BIJOTb A0 o= 10® oKa3blBaeTcs HHXKe BCAKOH Apyrofi
OLEHKH, MNOJY4YeHHOH H3 BepXHEH OINEeHKH H/JAH APYTHM crocoboM.

[l pomescymouneie 3Hawenus o. BoablluM mnpeuMymiecTBOM H3J0-
JKEHHOT'O 3j/lech METOAa ABJSETCH BO3MOXHOCTb IOJYYaTb TJajKHe
OLGHKH A5 E, HENpepHBHO Nepexois oT ca1abofl CBA3H K NPOMexKYy-
TOYHOH H CH/IBHOH CBA3H; IIPH 5TOM B 00J1ACTH NIPOMENKYTOUHOH CBA3H
3TOT METOJ JAaeT eAHHCTBEHHO H3BeCTHLIE HaleKHble pe3y bTaTel. K
COKaJ/IeHHIO, 3/ech HeOOXOQHMO IPOBOJAHTbL HeOOJIblUHE UYHCACHHBIE
pacueThl NIPH HHTerpUpoBaHHH <S)/B. UTOOLI UHTaTE/b MOT CPABHHUTDL
Halll METOJ C KAaKHMH-IHOO APYTHMH BBIYHCJICHHSAMH, MLl MPHBOAHM
B Tabj. 8.1 Hecko/abko pesyabTaToB, noayueHnbix Hlysabnem [5]
¢ nomoubio Gopmyan (8.55) Ha BBIYHMCJAHTEJNBHOH MaliHHe,
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Tn. 8. MNpobnema nonspoHa

HOCKOJ'Ibe MBI HCHOJ/b3yeM HpHﬁJIH}KeHHbeI METOJ, HHTEPECHO
61510 GBI UMETh HEKOTOpoOe NpeJcTaB/JeHue O BeJHUHHEe JONYCKaeMbIX
own6ok. Hate npnémimeﬂne OCHOBAaHO Ha JONYUICHHH, UYTO Hepa-
BeHCTBO

<e—f>>g—<f>

MOXKHO 3aMEHUThb paBeHCTBOM. HUT0oOBI OUEHHTHL OIHGKH, BO3HHKAO-
IHE NIPH 3TOM JIONYUIEHHH, MPOBEJEeM pasjoKeHHE

1 I
e >=(I—f+g5 4+ )=l =Py ... =
=P 43 (=P — ...
Jas MaJablXx 3HaueHufl [ XOpOIIMM NPHOIMKEHHEM SIBJSIETCS IIpe-

HeSpexeHie BCeMH 4eHaMu cripara, Kpome e~<P. OnHako HeCKOAbKO
AYYIIUM TPHOTHXKEHHeM IPH MaJablX [ sB/IsteTcs Qopmy.ia

_ L
e ly =exp [ =<+ (<> —<P | +
—- Unenel 6oJsee BEICOKOTO NMOpPAIKA-
[Monarasi e=BF-Fo) =e=(S=Su%  Haxoaum
1 l ;
F <S—'So>0—§l§ [< iS“So |2>0_<S—‘So>3] -+

- Unenn Gosee BbIcOKOro mopsaaka mo (S—3S,).

Fr~F,+

Ecau pasHocTh (S—S,) He MaJja, TO NONPABOYHBLIE YJEHHI
l
——Q'E [< [S"—So [2>_<S_So>2]

MOTYT He yJayyllaTh Pe3yJabTaT, HO [103BOJSIOT OUEHHTH 10 NOPSAKY
BEJHYHHBI OWHOKY B IlepBOHAuaJbHOM pesyabTate F == Fj- (1/B) X
x<S—S§,>. Takasn ouenka I0Kasa/la, YTO OWHUOKA B MOJSIPOHHOMN
SHEPTHH HMeeT MaJ/yi0 BeJHUHHY.

Tabnuuya 8.1

o 3 5 7 9 11

Bepxusis onenka E|—3,1333)1—5,4401| —8,1127|—11,986/—15,710
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fnteparypa

$ 5
ScpchekTrBHAS

macca

BapnauuoHHBI NOpPHHUHI B H3J0XKEHHOM Bblllle BHAe He OblLl
copMy/1poBaH AJs BblYHCJeHHs 3(p@deKTHBHOH Macchl 110JApOHA,
TaKk KakK B 3TOM cJdydyae NPHXOAMTCA paccMaTpHBaTb HHTErpa.l HO
TpaeKTOpHAM OT GyHKuuH e~S’, rge S’ -—KOMNJeKcHasd BeJHdllHa.
JeficTBUTeABHO, Aa51 HaWHH3LIEro 3HauyeHHs SHEPTHH 3JeKTpOHa CO
ckopocThio U Heo6X0 HMO BBINOJHATE HHTErPHPOB2HHE 110 TPAEKTO-
DUSIM, T10/1b3YSICh COOTHOLIEHHEM

S (X)= %E)'@dt- o “nlxt——xs—[—QiU-(t—s)]‘%“”'“dtds:

2V 2

KaK H CJAe/lyeT 0:KHAaTh B IPOCTPAHCTBE ,MHHMOTO BpeMeHH". O1HAaKO,
ecau Obl ckopocTh U 6pi1a MHUMOM, MBI CHOBa Obl MOJIYYMJH JeHCT-
BHTeJbHOE 3HaueHHe S’ 1 MOIVIH OBl BOCIOJB30BATLCS BApHAILHOHHBLIM
npuHuunoM. MoxHno noxasate Teneph, 4To E(|U|) Kak dyHkuusA
KOMIIJIEKCHOH INepeMeHHOH siBasieTcss aHa/JUTHYecKol (QyHKiHeh
BOau3n | U|=0. CiegoBarensHo, 3Hauenue E B6ausu |U|= 0 moxio
NoJAYUHTh, 3Hasg E paa MuHMHX U. TakuM oOpa3soM, MOXKHO ciesath
BBIBOJ, YTO /151 MaJblx ckopocTell sadeKTHBHAA Macca ONpejeisercs
BBIpdKEHHEM

@K

. 1 3 drte~T
m = 1+3 V-R aV S‘{W/ZT_}.[(VZ_WZ)/V] (1_e~v-r)}a/’ ’ (858)

0
rie V u W —Haunyuiine 3HaueHHs IapameTpOB, MOJYyUYEHHBlE .15
E (U =0). NuTtepecHo oTMeTHTb, YTO 3HaueHH$ m, HaHAeHHbIE C I10-
MolUIbl0 BLIpaxkeHHA (8.58), Bceraa JHUIb Ha HECKOJAbKO MPOLEHTOB
OTJIHYaloTCs OoT mosHolt Macchl |-+ M =VZW? npobHod Mogzean D,
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9

OneKTPOHHbIN ras
B MeTanne

$ |
Beepetrue.
BonHosas dyHKuUus

OCHOBHOIO COCTOSAHMUA

PeasbHBIE MeTadJ fABJAsSEeTCS BecbMa CJOXKHOH CHCTEMOH: 3J/1eK-
TPOHBl B MeTa/sleé B3aUMOJEHCTBYIOT C DeLIeTKOH, ¢ KoJeGaHHSIMH
peuwleTkH # APYT ¢ ApyroM. B KauecTBe nepBoro NpuOIMKEHHA
npuMeM, YTO pellleTKa SfBJsETCS KeCTKOH, H OyleMm INpeHeGperathb
3J€KTPOCTaTHYECKHMH H MATHHTHBIMH B3aUMOJAeHCTBHSIMH, NoJaras,
0AHAKO, YTO KaXKJblH 3JeKTPOH HAXOLHUTCA B HEKOTOPOM CpeJHEeM
noje, 0GYC/JAOBJEHHOM JPYrHMH 3/eKTPOHAMH H IIePHOAHUYECKHM
NOTEHLIHAJOM peIeTKH.

CnepoBaTenbHo, TaMUJABTOHUAH  3alHCHIBAETCA  CJELYIOULHM
o6pasoM:

hev?
H=h+h+...., h=—2TL4V(Ry), 9.1)
¥ 3HAYeHHs 3HEPTHH ONMpeJe/sIoTCsl yPaBHEHHSIMH
hiu; = g;u;, E=2ng u Xn=N. (9.2)
{ 7

Coraacuo npuununy [layau, n;=0 nau 1, u BoaHOBasg GyHKUHS
BCero 3JEKTPOHHOrO rasa Ao/KHA ObiTh aHTHCHMMeTpHUHOH. [IpH
yMepEeHHBIX TeMIepaTypax nodmu BCE 3JEKTPOHLI B rase HaXoAsTCA
B OCHOBHOM COCTOSIHHM, T. €. noumu Bce N 3JeKTPOHOB 3aHWMAIOT
uuswre N cocrosinufi. s 37eKTPOHHOrO rasa, CIHHBI BCeX YacTHIL
KOTOPOTO HalpaBJeHbt B OJJHY CTOPOHY (HalpHMep, BBEPX HJH BHH3),
BoJHOBas (YHKIHSA OCHOBHOTO COCTOSIHHS HMeeT BHJ,

1
p=—= D (—DPu, (PR) uy (PR,). .., (9.3)
VNI 4
rjae 2 QO3Hauyaer CyMMy 10 BCEM HepECTaHOBKaM, npw{eM YETHOE YHUCJIO
P
HEPECTaHOBOK BXOJHT C BeCOM 1, a HeueTHOE ¢ BeCoOM -——l CI/IMBOJI
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§ 1. BeepseHnMe. BonHoBas ¢yHKLMA OCHOBHOIO COCTOSHMA

PR,, koropblfi Jyume Onwio Obl 3anucaTth B BHAe Rp,, o3Havaer

repecTaHoBKY 3ekTpoHoB. Hopmupyiomuii muoskutens 1/} N1 6yzer
MOJIyUeH II03XKe.

C yuetoM 3THX onpejeneHuil 1ia X, u PR, dyrKmmo (9.3) MOXKHO
P

3anucarb B BHJIE

1 uy (Ry) 4, (R,

Vm Det [u; (R)] =~ i, (R,) 1, (R,) (9.4)
Ipeanonoxum, yto V (R)=0. Toraa (ucnoab3ys pesy.bTarhl ra. 1)
nojyyaem

b= hey? R) = —L_ ¢iK-R 95
— 7 Tom H u( )—‘ VT/_ . ( . )
DHeprus cucreMbl paBHaY
ﬁsz ﬁsz B3K
E= Ze —Z =\ o gy VF (K). (9.6)

3nech V—obbem u dyukuna F(K)=1, ecnu |K |<<K,, u F(K)=0,
ecin |K|> K, rae hK,—MaKcHMAabHbLH HMIYJbC, T. €. =
= h*K?2/2m —sHeprug CDepMH. Takum obpasom, uMmeem

“Chke ankce hi

E=V 0 “2m (2m)3 o = V5 2m2n2K°’

X, 9.7)
4nK? 4 Vv

CuenoBartesbio, ecan p,=N/V u e=E/NV, 1o

_ 3 KKi_1 W
E=FPogm om 5 4mmn?

(652)"s p%fs = ap’. (9.8)

Huorpa yao6HO omnpenesuTh r, U r, TakKuM 06pasoM, 4ToOLl 06BEM
Ha OAWH 3JeKTPOH l/p, YLOBJETBOPAJ COOTHOIIEHHIO

1 4,
po"" 3 rOv
Ty
rg s
rje
%2
ao=m (99)

L [lpexnonaraioTcs nepHOAHUYECKHE FPAHHYHLIE YCJOBMS,
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In. 9. DnekTpoHHbIK ras s mertanne

— paauyc bopa. Tlapamerp r, siBasieTcss, KOHeuHO, 0e3pasMepHLIM,;
A5 060JbLIHHCTBA METaJJOB OH JEXHT B HHTepBaJe oT 2 10 6.
JHeprusl 4acTo BhIpa)kaercs B pujabeprax; | puasepr = me*/2f>.

@opmyast (9.7) u (9.8), a Takxe, KOHeYyHO, MHOTHE JApyTHE
pe3yJbTATHl MOXHO INOJYUHTb HCXOAA H3 GYHKUHH ¢, 3aNHCaHHOMN
B Buje (9.3). [Tony4uum cHavasa HOpMHUpyioWHE MHOXKHUTE b B (9.3) 1.
[Torpe6Gyen, 4TOOHI BBLIMOJHAJOCH YCJOBHE

§ o' odRa@R,. . .¢R, =

PacecMOoTpUM KaKoH-aHO60 XapakTepHBIH ygaeH B cymMe B (9.3), omy-
CKasi HOPMHUPYIOMHH MHOMXHTeJb. TakuUM 4/J€HOM fABJSETCA, HaANpPH-
mep, 4 (R)) 4, (Ry)... . IlocKoabKy OYHKUHHE 4; OPTOHOPMHPOBAHI,
HMeeM

(urRyus(R). ..y (Ry) 4, (Ry). . .d*R R, ... =0.
HMmeem Takxke
Cur(Ryug (R). ..ty (R)uy (R,). . . dR@R,. .. =1
Jpyrumu cJ0BaMH,
{ gty (R) 4y (R,). . R R, . .

uT. 1. Vimeetcs N! unedoB thna u, (R,)u,(R,)..., caenoBarebHo,

JJs HeHOPMHPOBAHHOH (yHKUHHK Scp*cpdSNR:N! ITostoMy, ecau
(bVHKLLHH u;(R) HOpMHpOBaHBl, HOPMHDPYIOWHH MHOXHTe/]b paBed

1/V/ N1
KuueTnyeckyio 3Hepruio 7 MOXHO BBIUHC/JAHTBE TEM K€ CIIOCO-
0OM, 4TO MU HHTErpasJ HOPMHPOBKH:

foy} foy?
=(cp, > — (P>= —S(p*Z%cpdf'NR. (9.10)
[1 {

PaccMoTpuM OTHeqbHBIH 4jJeH QYHKLUMH @, KOTOpylo OyaeM mpei-
nojarate Ternepb HopMupoBaHHOH. TakuM  uJieHOM sABJIsIeTCA

(V' N1)u, (R, u, (R,), A8 KOTOPOrO (onyckas 1/)/ ' NT) umeem

oc3 ot
L R4, (R = 1, (R 4y Ry)...( =T ), Ry,
XOTH 3apaHee He OUYeBHJHO, 4YTO
B (R = bty (Ry),

U Muoxureab 1/N! ne nossasercs s (6.125), nmockonbky TaM Ohisa Bhifpana
HopMHpoBKa (I/N1) S ¢*¢d®R,.. .d*R,=1.
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§ 2. 3ByKkosble BOfHbI

rie A,— HeKoTOpoe CcOGCTBEHHOE 3HAYCHHE, 3TO yPaBHEHHE IOJKHO
HMETb MECTO, [OCKOJBKY 3JEKTPOH C HOMEpOM 1 He MOxeT I0sB-
JAsTbcA Hurie, Kpome ¢yHknuu u, (R;). MubiMu cioBamu, onepa-
Top V? feficTByeT Tonbko Ha yHkuuio u,(R,) U He 3aTparuBaer
JApyTHe 3JeKTPOHHL. Teneps Mbl MOXKEM BOCIIOJB30BATbHCHA TEMH XKe CO-
0o0parKeHHsAMH, YTO M IPH BBIYHCJEHHH HHTErpasja HOPMHPOBKH, H,

[IOCKOJIbKY
2p 2
TzZ(—ﬁ V‘), UMeeM T:Z?»,-.
{ i

2m

Tak xak V=029, kuneruyeckas 3Heprus 7 paBHa MOJIHOH 3Hep-
rud E u QyHKUMH u; ABAAIOTCA NJOCKHMH BoJHaMH. Cie10BaTeabHO,
h =h2K2/2m

E h2K? heK2 $K 3 RK;
=X = F(K) g5 =5 00 g - (9.11)
K

2m 2m 2m

Beipaxkenue (9.11) cormagaer ¢ (9.8).
Dueprua Ha oAHH 57eKTPoH pasua (3/5) (A*K3/2m)=2,22/r pui-
6epr, rje Mbl HCIOsb30BaJH onpegenenue (9.9).

§ 2
3ByKoBble BOSHbLI

I1HTepecHo y3HaTb, KakKOBa CKOPOCTh 3ByKa C, B 3JeKTPOHHOM
rase. Ee MOXHO onmpejenuTh, BBOAs BO3MYIIEHIIE IITOTHOCTH P = P ,—F
-+ (&p)coskx u paccmaTpuBas, Kak oOHO pacnpocrpainsercs. MoxHo
TAK:KE€ BOCHOJB30BaTbCAl GoJiee MPAMBIM  CIOCOGOM, BBIUHC/IAA
¢; =0P/0p, rae paBjenue P onpejenseTcs cooTHomenueM (1.53) u
p-—MaccoBasl MJOTHOCTL (a He MJOTHOCTb 4HCJa 4acTHi 0,). Toraa
no.iviaem

P kK, P,
= — = e = =, . 2
% dp Vam  Vim (9-12)
CkopocTb B030yJeHHH B 3JCKTPDOHHOM rase
1 0  hK, P,
Ve=tok,=m —m V&> 0 (9.13)

rie P,—umnyabc QepmH (He 1aBJICHHE).
CootHotteHue (9.12) BoipaxaeT ofIHH pe3yasrTaT: €cAH CKOPOCThb
YyacTHl rasa NOCTOsiHHa, HanpuMep paBHa C, TO CKOpPOCTb 3ByKa

b He caepyer nyrars o6vem V ¢ notenuuajom V,
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[n. 9. DnexkTpoHHbIM ras B meranne

paBHa C/V'3. [eficTBHTENBHO, [PeANoJoKUM, 4TO P —J1aBiaeHue
B rase, &—IJOTHOCTb BHYTDEHHEH S5HEPrHH H P— MNJOTHOCTb HM-
nyJjbca 4vacTHu. Torja, IMoJb3ysch CTAaHJAaPTHHIMH YpaBHEHHSIMH
THAPOAHHAMHKH, HOJyYaeM B NePBOM NOPAAKE MO BO3MYLIEHHIO B
3BYKOBO# BOJIHE

b=— VP’
g=—C>y.p (ypaBHeHHe COXPaHEHHS 3HeprHH).

Ilpu NOCTOSIHHOM CKOPOCTH 4acTHU HMeeM Takxke P=eg/3. O0veiu-
HfISl 3TH ypaBHEHHs, HaXOJUM

.,
8—-3—V e=0.

DTo ypaBHEHHE OMHCHIBAET PacHpOCTPaHEHHE BOJIHBI CO CKOPOCThIO
ClV'3.

MoykHO NokasaTb, OJHAKO, YTO PacNpoCTPaHEHHE 3BYKa B 3JIEKT-
POHHOM ra3e 6e3 CTOJKHOBEHHH HEBO3MOKHO,— Pe3yJbTaT, KOTOPHIH
KajKeTcsl Ha NepBBIE B3I BecbMa CTPaHHBIM. IIpyrumu cjaoBamd,
3HEprHs, CBA3aHHAaf C BO3MYIIEHHEM IJOTHOCTH, OY€Hb O6LICTPO
pacceuBaeTcsl. B aToM MoxkHO ybeauTbes ciaenytoulm obpasom. Pac-
cMmotpuM coepy Depmu (pur. 9.1).

OMI. 9.1,

flogepxrocmis
Fepmu

Qepmu-chepa.

—

Jannoe Bo36yxaeHHe ¢ HMOyJdbcoM K MOXKeT yBeJHUYHTb sHEp-
THIO rasa Ha Jw6yl, CKOJb YrOJHO Majyl BEJHYHHY (Hamnpumep,
KOTJla 3/JeKTPOH NpH BO36YXKIEHHH NepexXoiauT H3 Toukuh A B TOu-
Ky B no xacaresbHo#l K noBepxHoctd @epmu). CienoBatenbHO, NP
JaHHOM YBEJHYEHHH HMIYJbCa CYIIECTBYET OYeHb OOJbILOE YHCIO
BO36Y KIEHHLIX SHEPTETHYECKHX YDPOBHEH. DTH 3HEPTETHYECKHE YPOB-
HHM JIe’KaT HHXKe 3SHEPTrHH 3BYKOBOH BOJIHEI, H II03TOMY 3HEpPIHs
3BYKOBOH BOJIHBL OyJeT OLICTPO pacceuBaThbCsl.
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§ 3. Bomucnenue napHoM yHKUMM

$ 3
Bbluncnenue
napHo coyHkumu P(R)
Cunmem Teneps orpanuuenue V =40. [Nonoxum
V=§V(R,-, R)).
Kak HeTpynHO mpoBepuThb,

(@ 2V (R RY@) =2 [ (47 Ry uf (R)—u7 (Ry) uf (RY] %

XV (Ry, Ry)[u; (Ry) u;(R,)]d®*R,d*R,. (9.14)

Kakoma BepostHocts P (R) Toro, uto ABa 3/J€KTPOHA C OJMHa-
KOBBLIMH CNIHHAMHK HaXOAATCH Ha 3aJJaHHOM pacCcTOSHUH R? ®yHKuuA

P (a, b)=(q>, §6(Ri-a)6(R,——b)cp)

OIIUCBHIBAET BEPOSITHOCTH TOrO, 4TO B TOYKE a HAXOAWTCH OAHa ua-
cTuua M B Touke b—papyraa. Ilocko/abKy 3Ta OyHKUHUSA HMEET TOT
)Ke BuA, uro H (9.14), 1o

P(a, b)=2{ w; @)F |, (D) —[uF (a) u; @)] [ (b) ; (B)]}. (9.15)
Byaem cuutats V=0. Torga ux ~ (1/)/9?) ek-a u 2 - S 'K 7°/(2n)2,
TaK 4TO

P(a, b)=S daKd3L[l—ef<K—L)-(a—b>] FRF(L (Klz/f(u:

(2m)8
SE[K~(a—b) F(K) &°K
N @

2

‘ . (9.15)

':%‘)2
P (R)={ d*ad*bP (a, b)8 (a—b—R)=

BRI ]2 (sink,R—K,RcosK,R)|’ (9.16)
_7/0{ F= R—K, ) } .
Pesysabrar (9.16), npeacraBsennbiii Ha ¢ur. 9.2, BecbMa BaxeH.
Hanpumep, Ha ocnoBanuu 3TOro pesyJbTaTa Jerko 6blio Gl pac-
CMOTDETL MOJEJ/b [a3a W3 YacTHI B BHJe TBEepPAHIXK WIAPUKOB, HMe-
IOIMX OJAHHAKOBLIH CIHH, TaK Kak B GOJBIIMHCTBE C/yyaeB 3/eKT-
POHBEL HE pacmoJarawTces GIH3KO APYr Kk Apyry [P(R)=0 npu
R =0]. [lostomy KopoTKoAeHCTByOUlas YacThb KYJOHOBCKOTO B3a-
HMOJENCTBHS HE CYIIeCTBEHHA, XOTS Ja/bHOAEHCTBYIOIAS HacTh
HIpaeT BaxHyl0 posib. OUeBHIHO Takke, 4TO Bhipaxenue (9.14)
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Tn. 9. DnekTpoHHLIi raa B meTtanne

MOXHO OBIJIO OBl 3anHcarbk B BHJE

<(p, 2V(R, R,.)cp>=SV(a, b) P(a, b)d®ad’b.  (9.17)
ij

CpenHfis TMOTeHIHaJbHAA 3SHEPTHsA OINpPEeAe/Isercs HHTErpaJoM o
KOOpJHHATaM @ H b OT Npou3BejCHUA NOTEHUHANBHON SHEPTHI JIBYX
YacTHIl B TOYKAX a H b M BepOATHOCTH HaXOXKIEHHS IBYX YacTHIL
Baub.

P(ﬁ)/ﬁz OUT. 9.2.

Beposithoets P (R) Toro,

YTO JBa 3JIEKTPOHA
(C 0AHHAKOBBLIMH CITMHAMH)
HaXoJATCsS HA PACCTOAHHH
0 R R 1pyr ot gpyra.

IlpeanonoxuM, 4TO HAC HHTEPECYeT, KaKoe HYHCJO 3JEKTPOHOB 1
HaxojUTCS B HeKOTOpod obgacTu R:

n=2RR)=2(8(R;—a)R(@da={p(@a)Ra)da,
rue
(I Bryrpu obaactd R

Ra)= 10 Bue o6mactu R

p(a) 26 R;,—a)

3

— NJIOTHOCTE 3.J€KTPOHOB B TOYKe a.
GaykTyalld Takxe MOTyT ObITh paccMorpensl. Hanpumep, nosup-
3ysAchk onpejeneHnem P (a, b), Haxoaum

(9, n (p)—((p zg (R;—a)d (R,—b)R (a)R(b)d’*ad‘Jb(p):
=SR(a)R(b)P(a, b) d*ad*b. (9.18)

PaccMorpum
px = { p (a)e™2d’a
HJH

pr=2¢ " Ri=6(R,—a)eiKaga, (9.19)
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§ 4. KoppenauuoHHas sHeprus

OueBnano, <px>=0 ana K=£0. Ho, Bo3Beas B KBaxpaT BhIpaxe-
Hue (9.19), noayunm

ok > =(@, [px o) = eXe-DP (a, b)d®ad®b =VS (K),
rie

S(K)= [ ¢*'RP (R, 0)d'R

— ¢ypoe-o6pas byukuun P (R, 0). M3 Borpaxenus (9.15") naxoanm

S(K)za—”{fSF(L)F(K-u%, K 50, (9.20)
Bcnomunas, uto
I, ecin |K—L|<<K,,
FiK—L)= 0, ecni |K—L|> K,

MOXKHO I10Ka3aTb, yTo S (K) onpeznessieTcss 3alITPpHXOBAHHOA 4yacThbd

OUr. 9.3.

[Tepeceuenne nByx cdep
paguycoM K, LEHTpbI
KOTOPBIX HaXOIATCS Ha
paccrosHuy K.

ofbena, NokasaHHoro Ha dur. 9.3. BLluycasas sToT o6seM, noJayuacu

S(K)= — 2@ 3K | L/ —
SK=—Tr 1= A 5 ()] K< K0,
S(K)=0, K> 2K, (9.21)

3adava. Beruueants (|pk[*> A8 3BYKOBHIX BOJH. Byayt .
(GIYKTyalHu B TOM c/1yuyae GoJiblie HJH MeHblle (JAYKTyauil
B pea/]bHOM 3JeKTPOHHOM Taze?

$ 4
KoppensiumornHas sHeprus

PaccMoTpuM 3/1eKTPOHHBIA Ta3 Ha (oHE MOJOKUTENLHOIO OfHO-
poaHoro sapsijia. BosnnoBaa QyHKOMA 3/1eKTPOHOB ¢ B BUAE IeTep-
Munanta (9.4) NpuUBOANT K pajua/bHON (YHKUMH pacrpegeseHust
P (R), ofpamarwomefica B HyJb Ha MaJ/bX pacCTOSTHHAX, KaK IO-
Kasano Ha ¢ur. 9.2. Ky/JOHOBCKYIO SHEPTHIO B3aHMOAEACTBHS TOr A
MOXHO BBIUHCJIHTE IO GopMyse

((P, pg ¢>=S§P<R)dak=§4j‘(—f3(l()g—;)'§-, (9.22)
¢

rif
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Fn. 9. dnekTpoHHLI ras s mertanne

rae S (K)—dypre-o6pa3 dyukuun P (R). Iloab3ysick BolpameHieMm
aaa S(K), nonyuennerM B (9.21), u3 dopmyss (9.22) Haxozum

2 0,916
((p, Ze—(p>-———Tpmx6epr. (9.23)

[y
TR
3aeck B COOTBETCTBHH € (9.9) rg=r/a,, rae a,—6GopoBckuil paauyc

H 47r}/3—o0beM Ha OJHH 3JEKTPOH.
[Tonnas sHeprusa cucremsl (B puadeprax) oGLIUHO 3aNMHCHIBAETCH

B BHJE

2,22 0,916
E = P R— +e,. (9.24)
[epBrifi uner npexcrasiseT co60 KHHETHUECKYIO IHEPTHIO, BbYHC-
JeHHyo B § 1. BennuuHa e, Ha3LIBaCTCA KOPPEAAYUOHHOU 3SHEpPTH-
eff, Ho OOLIYHO €e ONpeleqasloT Kak Pa3sHOCTb MEXKIy TOYHOH 3Hep-
ruell E 1 nepBuIMH ABYMS YJieHaMH B NIPaBOH YacTH paBeHCTBa (9.24).

Brlsio caenaHO HeCKOJBbKO NMONBITOK BBIUHCAHTbL €,. ECJAH M0T-
HOCTb 3JEKTPOHOB MaJsia, a 3HaueHHe s, BeJHKO, TO, KaK BHIHO W3
(9.24), KHHeTHYeCKOH 3HeprHedl MOXKHO npeHe6peub MO CPaBHEHHIO
¢ IIOTeHUHa/bHOH 3HeprHefl. Ec/u pacnosioHTh 3JeKTPOHBL pery-
JSAPHBIM 00pasoM, TO HaHMEHbIlCe 3HaueHHe NOTEeHLHAJbHas 3Hep-
rusi OyAeT UMeTb AJa O0beMHOUEHTPHPOBAHHOH peleTKH; Aas 60b-

IHX 7, OHa paBHA

Eyor = — 2= prngepr, (9.25)
CpaBuuBas (9.24) u (9.25), HaxoauM A5 GOJBLIHX 7,
=2 (9.26)

Burmep paccMoTpen Takike cayuadl MaablX rg. Hauaywwas dop-
MyJa, NpeAJoXKeHHass UM, HMeeT BHA:
£, — — r—OJ?887—8 pUAGepT. (9.27)
[Tpu BeiuncaeHun (9.26) npeanoJsarajocb, YTO 3JeKTPOHBI 006-
pasyrT OOLEMHOLUEHTPHPOBAHHYK KYOHYECKYIO pelleTKy H HX BOJ-
HOBbie (QYHKIMH HMeloT BHJA O-QyHkOuH. MOXHO MOJNYUHTL JydIIyHO
OLEHKY AJIsI 3HEPTHH, eCcJH HCII0Jb30BaTh APYTHe BOJHOBLIE (DYHK-
UuH. BbLTH npoBeleHbl BBIYMCJICHHS JJIsI CHCTEMBl 3JIEKTPOHOB, B
KOTOpHIX [penanoJjarajoch rayCcCOBCKOE pacnpefesneHHe HX IJOT-
HOCTH BOJH3H y3J0B O6BbeMHOUSHTPHPOBAHHON KYyOHUECKOH pellleTKH
H BapbHpOBaJjach LIMPHHA TayCCOBCKOTO pacnpenesneHus. [1pu sTom
OBLIM 1OJIYUeHBl Pa3yMHEBIE KOJHYECTBeHHDLIE Pe3yJbTaThHl.

1 Cu. [1]. TMonpasku K 31ofi dopMyne cM. TaxkkKe B IDHMEYaHHH B pabore
[2]. (Cm. rakxe [9], crp. 128.— Hpum. nepes.)
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§ 5. Mnasmenhble konebanus

§ S

[MnasmeHHble KonebaHus

DJeKTpHUECKOe CONpPOTHBJAEHHE TPOBOJHHKA BO3pacraeT TMpH
BHEAPEHHH TNPUMECHBIX HOHOB, Y BeJHYEHHE CONPOTHBJIEHHS CBA3AHO
C paccesiHHeM 3/J€KTPOHOB Ha M36LITOYUHOM IIOJOXKHUTELHOM 3apnie
npusmecd. OJHaKO BBHIYHCJAEHHOE MIPH YYyeTe€ 3TOTO0 pAaCCesiHHA CO-
NPOTHBJEGHHE OKa3blBaeTCsl MHOTO OoJbire Haba101aeMOTo. 2TO Io-
Ka3blBaeT, 4TO H3OBITOK I0JOMKHUTENBHOrO 3apsijfia YacTH4HO HEfiT-
paqusyeTcss yBeJHUEHHEM IIJIOTHOCTH 3/JeKTPOHOB, COOHpaIOMHXCH
BOKPYT TOJIOKHTeJbHOrO 3apsga. Hampumep, B Moxeau Tomaca —
@depMH H3MEHEHHE 3JeKTPOHHOH MNJOTHOCTH CBSA3aHO ¢ MEAJEHHO
MEHAMIHUMCS MOTEHLUHAIOM § COOTHOIIEHHEM

on __38Ep 3y
n = 2 Ep 9 Ep’

rne Erp—osHeprua ®epmu. CaejoBarebHo,

V:-D=V.-E—4nebn = [V2~6M62] ,

Ep
H JH3JEKTPUYECKasi NPOHHLAEMOCTh pPaBHa

2 2

e (k) = k —}—6:;;13 1Er .
Dro o3Hayaer, OUEBH/JHO, UTO II0OJE TOUEUHOTO 3apAla, a TaKkKe
¥ On majaior 10 HYJS Ha paccrosiHMu nopsiaka (Ep/6mne?)'/: (nauna
BoaHbl Tomaca—®epMu) or ToueuHoro sapsia. Takum obpasom,
TOUeuHBIH 3apsAj 3KpaHHpyeTcs (€CJH OH MNOJOXKHTEJEeH) 3JeKTpo-
HaMH, KOTOophle 06pasyloT HeGosiblioe 06/7aK0 BOKPYr Hero.

[IpuBeieHHOE BHIIE PACCYXKJEHHE MOXKHO NPUMEHHTb H K KaxK-
IOMY OTHAEJAbHOMY 3J€KTPOHY B mnpoBoanuxe. Torja sequuunna 6n
6yer oTpHuaTeNbHON, TaK 4YTO KaXKAbIH 3JEKTPOH CO31aeT BOKPYT
cebs L JABIPKY“, B KOTOPOH OH JABHIKETCH. DTO SBJEHHE HMEET MECTO
napsay ¢ sddakToM OTTaNKHUBAHUS, NOKa3aHHLIM Ha dur. 9.2. [Torob-
Horo :xe THna (JIYKTyalUHH MNJOTHOCTH 3/JEKTDOHOB NPUBOAAT K
nJasMeHHbBIM KoJebanusaMm. HacToTy nociefHHX MOXKHO BbIUHCIHThb
CAeAYIOIMHUM 06pasoM.

PaccMoTpuM ogHOMepPHYI0 DIVKTYalHIO MJAOTHOCTH 3JEKTPOHOB,
3ajaB ee B BUAE CHHYCOHIBL:

0 =0, + (0p) cos kx. (9.28)

IToTrenuuanpHas 3Heprusd, BO3HHKAMIAa MpPH U3MEHEHUHU JOKa./b-
HOH NJIOTHOCTH, 3anuchiBaeTCad B BHIE:
1 (0%
Ei=+ 5o (80)® cos® kx dx, (9.29)
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n. 9. SnexTpOHHbIK ras B mertanne

rje €-—3aBucsllass OT MJAOTHOCTH SHEPTHUS Ha MOBEPXHOCTH CQepb
Mepmu. M3 teopuu 3ByKa Mbl 3HAeM, YTO CKOPOCTb 3BYKOBBIX BOJIH
¢, onpeneasieTcsl U3 YpaBHEHHS

de _m

dp? Pep
rie m-—sacca 3JeKTpoHa. Jlns nuasMel U3 3apsiKEHHBIX YacCTHIL
nMeeTcs APYrofl BKJAZ B INOTEHLHAJNbHYIO 3SHEPrHIO, CBA3aHHbIA C
316K TPOCTATHYECKHM MOTeHIHaJoM. OH BBIYHC/AETCA H3 ypaBHEHHUs
[Tyaccona

c3, (9.30)

— ¥V = —dae (8p) cos kx, (9.31)
peujemie KOTOPOro HMEET BHJI
V = —dme(8p) S fE (9.32)
SLTCKTPOCTBTH‘{ECKBH [IOTeHUHa AbHast 2HEPrUA paBHA
Eg—"—%g(——ep)de=% 41 (§0)? cos? kx dx. (9.33)

Cxaaamsasn (9.29) w (9.33), AJas MosaHOH noTeHUHaJpbHOH sHepruy
HAXOAHM

E,“E, :_S< g -+ )( 0)® cos® kx dx. (9.34)
Dra BeJMYHHA paBHA KHHETH‘{ECKOfI SHEPTHH BOJIBI, OINHCHIBAEMOH
Yy paBHEHHEM (9.28)'

Sp’" ‘;g 2 cos? kx dx, (9.35)
cp

rjipe o—yrJaoBas 4aCcTOTa BOJIHBI:
1= Agt @4k,

[MpupaBuuBaa Bbipaxenusa (9.34) u (9.35), MBI MOKeM HamHCaTh

4ne?n
=+ =L, (9.36)
TJ1e MBI TIOJIOXHJH
Wg
=%

U p., 0603HauHIH yepes n,. Buipasum Bropoil usen B (9.36) uyepes
[IJ1a3MEHHYI0 4acTOTy ®p, ONpeJe/sieMylo paBeHCTBOM

4neng \'/s
®Wp = —m— .

Torna (9.36) MoxkHO IepenHcaTh CJAEAYIOWHM 06pa3soM:
o, =V 0b 3k . (9.37)
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§ 5. Mnasmernble konebanms

Munumanbras sHeprus, HeobxoanmMas AJasi BO3OYMXACHHS MJ1a3-
MEeHHbIX KoJeGauuii, paBHa iwp, uTo cocTapsier npumepuo 10—153B.
Bo36yxkjeHHe MiasMEeHHBIX KoJefaHHi Hab/01anoCch NMPH MPOXOWK-
JGHHH IIyuKa 3JCKTPOHOB uepe3 TOHKHE MJIEHKH a/MIOMHHHA H Oe-
PHJLINA.

Ha nepsblil B3risg He COBceM ICHO, KAk 3TH NOJYKJ/acCHYecKHe
paccy:KAeHHs] MOTYT COOTBETCTBOBATh KBAHTOBOMEXaHHIeCKOMY Npel-
CTaB/JIEHHIO O BBIPOXKJAEGHHOM 3/JeKTPOHHOM rase. UToObl ycTaHOBHTBH
3Ty CBfA3b, 3aMeTHM, YTO NpocTefiIUHH mpouecc poxICHHS BO30YXK-
JeHHA C BOJIHOBHIM BEKTOPOM ¢ JUIS 2JEKTPOHOB, 3aNMOJIHAIOUIHX
¢epuu-cepy, OMHChIBAETCs ONepaTopoM af  ax MNPH ONpeleseHHOM
Bpibope BekTOpa k, a HIMeHHO TakoM, u4ToOb BeKTop k--q Jexalt
pHe nosepxHocTH Pepmu, a k—BHYTpH Hee. IIoCcKOJLKY HET MpH-
UHH OTPAHHYHBATLCH KAKHM-TO ONPeeJeHHBIM 3HaueHHeM k, MOCTPOHM
onepartop B oflieM BHJe:

(A):;f(k)aﬁqak.

Cpeansisi sueprus cocrosana O|0> pabua
E=%][So+9(k, Q)]!f(k)lzﬂ‘—kz,:,[V(Q)—V(k—-k')]f* (k) [ (k")
rue |
0k, q):l%rz(] 2%
IlonpofyeM MHHHMH3HDOBATL €€ C Yy4YeTOM VCJOBHs HOPMHPOBKH

Sk E=1.

OueBHIHO, YTO 3TO CBOAHTCH K AHArOHAMH3AUHH MATPUULL A (TOJIHKO
A5 JOMyCTHMBIX 3HaueHHH BekTopa k):

Ak_ K= [80-—7\.—]—9 (k, q)] ﬁk' w+V (q)—V (k———k/)

Ansa Goabwnx q ¢yrxkuns 0(k, q), No-BHIMMOMY, AaeT OCHOBHOIM
BKJal, TaK 4T0 HauboJiee BBIMOJHBIMH BO36YXKAEHHAMH OYAYT 3J€KT-
ponHo-ablpounbie napel f(k) =8, k,- Ho npu pocratouno maanix q
B CHJIYy AaJbHOJEHCTBYIOLIEro XapakTepa KyJOHOBCKOrO NOTeHIHa.1a
OCHOBHOH BKsan OyneT JaBarb, MO-BHIMMOMY, 4JeH ¢ V(q), Tak
YTO MHHHMYM 3Hepruu Oyner poctHratbes npu f(k) ~ const, Toraa

HauJAy4lluM BHIGOpoM aus onepatopa O OyzeT QyHKUHsA
ONZkanak,

KOTOpas eCThb He 4TO MHOe, Kak olepaTop daykTyauuil IJMOTHOCTH
C BOJIHOBLIM UHCJOM (.
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Fn. 9. DnekTpoHHbI rasz s metanne

Taxum 06p330M, C IIOMOIILLIO 3THX KayeCTBCHHBIX paccymneﬂnf{
MblI NMPHXOJMM K BBIBOAY, 4TO IIPH MaJbiX ( (bJ'IyKTyaLII/IH IIJIOTHOCTH
JOJ12KHBl HIpaTh BaxKHYKO POJb.

HOCMOTPHM Tenepb, KakK MOXKHO NOCTPOHTHb MHKPOCKONIHYECKYIO
KapTHHY 3TOro fABJEHHS 6oJiee TOUHO,

$ 6
MNpubnuxxeHue
Ccny4anHeix cpa3

Bom 1 [lafiuc [6] paccmoTpesnn mniasMenHble KoJeGaHus cie-
ayiomiM o6pasoM?. ['aMHIBTOHHAH CHCTEMBI

~ A2 N I N
H"Z_(“'ﬁVi’!’?L;; (9.38)
i is4f
mpi noMomu Gyphe-npeobpa3oBaHua MOTEHIHAIbHOA BHEPTHN 3a-

nucLIBaeTcsl B BHJAE

=Y gt 2 22 [2 LDy e-fK’-Rf—N]. (9.39)
7 i

K’ i

(BblllHTaHPleM N uckJouaem C06CTBeHHO-SI{epI‘eTquCKHﬁ qJjgeH ¢C
i=) )

[TepefizeM K onpeje/eHHI0 ypPaBHEHHH IABHKEHHS LIS bayKTya-
nuii nJoTHocTH. PaccmoTpum onepaTop NJAOTHOCTH

o (X) = 38 (R, —X); (9.40)

ero (Qypoe-o6pa3 HMEET BHI
ok = J e R, (9.4

L
Mccnenyem ypasuennsa npuxenns [efizenGepra ans px.
Kak MOMHO II0OKa3aTh, ypaBHEHHE ABHKEHUS I/ px 3amHuchl-
BaeTca cuaepyomuM obpasoM:

: . , ; 1
=i (Hox—put)=i B e R Ko (Pt ), @42

rae P,—omnepaTtop uMIyJ/bca [-T0 3/eKTPOHA. [Ipx BBIBOAE YypaB-
Henns (9.42) Mbl yuIu TOT (akT, YTO ONeparop Pk (9.41) kommy-
THpPYeT C MOTeHHHaJbHOH 3HEpPTHEN B {9.39), 1 uCNIOJIL3OBANH TAKKE

COOTHOILLUEHHE
pletK-Rl__etK.Rl Pl= KezK- R, (943)

L Cm. (9], a Takke [10].— pun. nepes.
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§ 6. MpubnuikeHue cnyvaiksix a3

(HanoMHHMM, YTO B NpPHUHSATOH CHCTEME €JHHHIL h=1). [Ipu BbIuHC-

JEHUH Pk 34MeTHM, 4To onepatop (9.42) He KOMMyTupyeT GoJibllie
¢ MOTeHIHAJbHON 3Heprued B ramuabTOoHHaHe (9.39), mostomy nMeem

o= Dk LK (P )] -

_VI‘Z 4:; @Ry e=tK"R oK"-R; K. K’, (9.44)
K1,

Cnenaem Tenepb rpy6yxo almnpoKCHMaUuHio

2 2.2
N7 iKeR, 3 K%f K. K?p;
,; el m K. Pl+ %—37211@ R, =-3—m— PK, (945)
rie p,—3HayeHHe HMIY/bca Ha MoBepXHOCTH PepMu. MHOKHTe/b 3
B 3HaMeHaTeJsie NOfABJSETCH NPH yCPeJHEHHH IO BCeM TPeM Hampas-
JEH M.,

Bo BropoMm usneHe B (9.44) ornenum unedsl ¢ K'=K or unenos
¢ K's=K. [1as nepseix noJaydaem
4net N . 4me?n

%Ze"‘ Ry =——0x, (9.46)

!

m

rae n=N/¥?—uHuci0o 3JeKTPOHOB B eiHHHUUe oObeMma. [[/s 4.eHOB
¢ K’ == K Mbl MOXxeM Hamucarh

2 47te? K-K'eK R, Zez (K~K')-R,, (9.47)

2
K=k 7 mK’

Bom u [lafinc moxasaau, YTO 3TOT YJIEH Maa B cjlydae JOCTATOYHO

pbicOKOfi maoTHOCTH. Tak HasbiBaeMoe npubauscerue caysatnsix das

COCTOHT B TOM, YTO 3THM 4JeHOM npeHeOperawor. PusnuecKH 3TO

O3Hauaer, YTO Koraa koopauHara R, npoferaer HaGop TOYeK B

MPOCTPAHCTBE, TO OTJAeJbHble KOMIOHEHTbl CyMMbl 1O [ KOMIEHCH-

pylT Ipyr Apyra u BCi CyMMa ¥, crpemuTcst K Hymo. Ciaenyer
1

noa4epKHYTb, 4yto Dom u [la#iHc Aoka3ananm crnpasBesIuBOCTb 3TOrO
npubAHKEHHsl, 4 He NMPOCTO MPHHAJH €ro.

C yueroM 3TuX NpuHGamkeHH! ypaBHeHue (9.44) ynpoigaercs u
IpHHUMAET BHJ

PK = -—(L)|2(p|(, (948)
rjae
2402
PFK*  4men
[Mocnenuuil usen 1aer NJasMeHHYIO 44dCTOTY
2
p (9.50)

m
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Fn. 9. dnexTpoHHbI raa s meranne

§ 7
BapuaumoHHbld meTop,

[1nasMy MOXKHO HcCCA€40BaTh, INOAb3YACh BAPHALHOHHBIM MeETO-
goM. Ee MOXHO paccMaTpuBarh KakK COCTOSIHHe CBOOOAHBIX 3VIEKT-
POHOB, BMIOM3MEHEHHOe HaJHuyHeM mJasMeHHbIX KoJebanuit. Creno-
BATEJbLHO, MBI MOXEM BOCHOJIB30BAaThCs NPOGHOH BOMHOBOH DyHKIHed

Prposn = €XP [—2 K 'pK ,Z:I Peposs (951)
K

rae px —(ypbe-KOMIIOHEHTa ONepaTopa MJIOTHOCTH:
pKzzeiK'Ri.

H
B Beipaxennu (9.51) ax—BapnaunoHHul napamerp. MuuuMusupys
SHEpruio, HaxomuM, uto Meton DBoma u [lafinca cooTBercTByer cue-
IoylomeMy BbIOODY Ok:

2ne?
oK = {prm ana - K<Ke, (9.52)

0 o K> K,.

CriegoBate/ibHO, BOJHOBAsA (GYHKIHS OCHOBHOTO COCTOSIHHSA MPH ydeTe
MJa3MEHHEIX KoJseGaHHH HMeeT BHJ

2me?
o=exp|— 2 2 lokl | oo (9.53)
K| < Kg

BapuaunoHHble BbIYMCJAEHHS, [POBEJEHHBIE C IIOMOLILIO I[pHBe-
JeHHbIX Bbille GyHKIHHA [3], marOT 3HAU€HHS A1 KOpPpeJsALHOHHOH
SHEPTHH, KOTOpHIE COBNAJalOT ¢ pe3yabTaramu Buruepa npur, = 4,
XOTA OKas3bIBAIOTCA HECKOJBKO OO0Jblle NIPH MaJbIX fg. IDTH 3Hage-
HUA A5 KOpPpeJasiHHOHHOH 3HEpPTHH Takxke Oosblie 3HAUEHHH, noay-
YeHHBIX B MOAHGUIMPOBAHHOM NpHOGJIHXKEHHH CJay4adHelXx a3 amad
foabIINX (M OGoJiee pEAJHCTHUYECKHX) IJIOTHOCTEH 3JE€KTPOHHOIO

rasa [4, 5].
§ 8

KoppensauuonHasa 3xeprus
¥ heMHMAHOBCKME OUArPAMMbI
PaccMoTpuM  Temepb NpOLEAYPY BBIUHCJICHHS KOPPEJISANHOHHOH
SHEPrHH 3/JE€KTPOHHOTO rasa. XOTd CYILeCTBYIOT M OoJiee [pOCTbie

npueMbl (CM. HUKe), npeasnaraeMeldl 34e€Cb MeTOJ, Pa3sBUTHIH B pa-
6ore Ienn-ManHa U Bpakuepal!’, uMeeT TO NMPEUMYILECTBO, YTO OH

1) YkaxeM HekoTOpble paGoTH, i€ o6CYyXNaeTcsi KODPEJslHOHHAaS 3HEprus:
(2, 6—8] (CMm. takxe [[1—14].— {Tpum. nepes.).
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§ 8. KoppensuuoHHas sHeprua U eMHMAHOBCKME AMATPAMMbI

MOZKET CJYXHTb NPHMEDOM IpPHMEHeHHs MeTofa Auarpamm Pefin-

MaHa. JlparpaMMHbil METOR oOKasaJcs OYeHb TIOJEe3HBIM M Halles

IIHPOKOe NMPHUMEHEeHHe B KBAHTOBOH 3JekTpoauHaMmuke. lmenHo B

3TON 067]acTH H Obl/iM BIEPBble BBeleHk Anarpammsbl (cM. 1. 6, § 12).
Ceopmynnpyem npobaemy caepywolium o6pasoM. B Meranse

UMeeTCs 3JIeKTPOHHBIA Ta3 ¢ KYAOHOBCKHUM B3aumoneficTBueM. ['aMuib-

TOHHAH CHCTeMbl 33ajaeTcs B BHUJE

2 1 pr

e Vit = (9.54)

;
i i=f Y

Tpebyercs HaliTH KoppeasiuuHoHHYyO 3Hepriio AE, o6YCI0BJEHHYIO
KYJIOHOBCKMM B3anmogelcraueM. Bripaxkenue (9.54) MoXXHO 3anucarb
B IIPEJICTaBJICHHH OIIEPATOPOB POXKIEHHA U YHHUTOXKeHHs. O003HAYNM
yepes aj OMNepaTop POXKIAEHHS 3IEKTPOHa, T. €. ONepaTop aj pOX-
JaeT 3JeKTpoH ¢ mMnyabcom P=7AK u BomHOBOi ¢)yHKup1eH g’ KR,
Torza omepaTop @p YHHUYTOXKACT 3JEKTPOH H, Kak OOLIUHO, apra;—}—

~+apap-==8p_p-. Cornacuo ra. 6, § 8, ramuabronnan (9.54) MOKHO
3anucarhb Telnepb B BHUHJIE

p? 2?2 1
H:;% a;ap +—E%; @ P2 PZ a';';—QaI;F:‘FQaP’apl:HO—}—Hl’ (9'55)

rle 5aBUCHMOCTb OT Q MOXKHO NMOJIYYHTHL C NOMOIUIBIO ¢y pbe-Tipeotpa-
30BaHuf raMuJibToHrana (9.54). I1pu stoM Q — nepegaBaeMbiil HMIYJIbC
IPH KVJOHOBCKOM B3aUMOZeHCTBUU H 4me’/Q® —aMnanTysa 310ro
npotiecca. MoXHO cJe1aTh HECKOJAbKO ynpouieHuil. OnHo W3 raas-
HBIX VIIPOIIEHHH COCTOHT B BBeJEHHH bp W b} —omepatopoB yHHY-
TOXKE€HUS W poxjeHus AbIpKU. [Ipu remmeparype T =0 Bce coCcTOs-
His Huxke ypoBHA DepmH e, = P}/2m 3anonHensl. Onpege/auM Toraa
bf u bp ciaepywomuM obpasom:

ap=ap, ecau |P|> P,
ap :b:p’ eCJHu IPI < Ror
af =at, ecaum |P|> P,

af=b_p, ecan |P|<P,.

(9.56)

JpyrumMu ciaoBaMu, €C/JH 3/J€KTPOH, HAXOAUBIIMACA HHIKe YDPOBHS
®epmu, mepenpeIruBaeT B COCTOSTHHE Bhlllle YpoBHsA PepMH, TO Mk
FrOBOPHM, UTO NPOH3OULIO POKIEHHE 3JEKTPOHa H AbIPKH H T. 1.
Vmeem takxke P,=fjar,, rie o6vem ¥°=N (47/3)r} onpenenser
ro (N—uHca0 371eKTpoHOB, 9?—o06BeM CHCTEMBI) H o = (4/9m)"s,
Hmnyabsc P Gylem Bbipa)kaTb B eJHHHUAX HMIyJbca Pepmu (Py=1),
a 3Heprui0o—B puadeprax.
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Fn. 9. DnexTpOHHbIN ras B mertanne

CorslacHo OGHMHON TeOpHUH BO3MYILEHHH,

Hon (Hno Hy)om (H)mn (H1)no
AE=<0[H, |05+ Y, ¢ ;;)°_(E‘) + X Z((E‘o)"_ém;)(go(—é),ﬂ‘

neko nsk0 ms=0 (9 57)
Bripaxenue (9.67) MOXHO 3alHcaTb B BHIE .
. 1
A[:;<0|H,l0>+<01H1;30—_‘7.,—%H1|0>+ 1
+<0|H, EO_H0H1 E=T. H:|0>4... . (9.58)

Crpenka Hal 3HAaKOM paBeHCTBa 3JeChb 03HAYaer, YTO PaABEHCTBO
c/ieflyeT NOHHMaThb B YCJOBHOM CMbCJe, T. €. coOTHowenue (9.58)
CrpaBeiIMBO, €CNH BHINOJHEHbl HEKOTOPhHE JOMOJHHTE/bHBIE YCJI0-
BHsl. DTH YCJIOBHS OKAa3bIBAIOTCH YIHBUTEJLHO MPOCTHIMH, €CJIH BHI-
pasuth HX ¢ mnoMomwbio (efiHMaHOBCKHX auarpamm. Bckope Mbl
chopmynupyem ux. B (9.57) u (9.58) npunaTel 0O6GbYHBIE 0003Ha-
UEeHH R

<0 H,10>=§ ¢} H,q, dx,

(9.59)
(Hl)ngS(Pr‘nHl(Pndx urT A,

rane Ho(pn:En(Pn'

[Ipexzae ueM MATH JAaJblie, MocTapaeMcsi ,MOHATH CMBICI® YpaBs-
nennsn (9.58). Ilpexzne Bcero Jerko MoKasaTb, 4YTO COOTHOUIEHHS
(9.57) u (9.58) (mouru) skBHBaJeHTHH APYT Apyry. CorJjacHo o6bIu-
HBIM MpaBHJaM yMHO}KEHPIH MaTpHL,

1

O|H H,| 0>= (HIETH—OH1>00=
=2 (Hon (5277 ) (Hidno: (9.60)

1E,—H, H

Hckmouas ,aToJIOTHYECKHE" CJydaHu, HMEeEM

{onf (Ho) @, dx=1(E,) § op@ndx=8,,f(E,).
CJlefoBaTesbHO,
<_1__> _8 1
Eo—Ho mn— ”‘"EO-—-E,, !
1 Beipaxehnune (9.60) paBHO
Z (H)on (H)po
T Ey—E,

Jonon#uTtenbHble YCJAOBHA AJd cooTHomeHus (9.58) cocToAT B TOM,
YTO NPH YMHOXEHHH BCeX MATPHI Mbl JOJKHBI HCKJIIOYaTb UJEHEBI
¢ n=0. 310 TpeGoBaHHEe MOXKHO BEHIPa3UTbh GoJiee TOYHO, 3aMHUCHIBAS
(1—]0><0)/(E,—H,) Bmecto 1/(E,—H,).
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§ 8. KoppensuMoHHas 3Heprus U heiHMaHOBCKUE AUArpaMmbl

Jlanee, MOXHO GblJIO HEMOCPEACTBEHHO M0Ka3aTh, YTO COOTHOLIE-
Hue (9.58) npeacras/ser co6ol pa3sokeHHe 10 TEOPHH BO3MYLIEHHUIT,

\//\ \/,__;__<
< >A
> >

QUr. 9.4.
Ocnosuble npoleccel, paspelleHHbe s oneparopa Hy.

He ocraHaBjuBasicb Ha 3TOM HOJIPO6HO, YKaxeM 3JeChb JHWb, 4YTO

B OCHOBe J0Ka3aTeJbCTBa JIEKHT CJEAYIOWiee Pa3JIOKEHHe 1718 MarT-
pri V: .

1 1 1 1
A__FE-——:_A-—_/I'BZ—I_'_ATB]B?_-.. . (9-61)
1 Toxpectso (9.61) MOXKHO hoKasaTh caeAyouLEM o6pasoM. 3amuieM

1 1 1 1 1 1
S=x—zB8ztzBgBg— -
Ymuokas caeBa Ha A, mojyudaew

1 11
AS=1—Bg+BgBr=. .=1—BS, (A+B)S=1.

293



Tn. 9. DneKTpOHHLIA ras 8 meranne

Bepuemcs Temeph K raaBHoit nawefi sajaue. Hcnoabsys (9.95)
n (9.56), Bce OCHOBHBIE NpOLECCH, paspelleHHble [I/f oneparopa
B3auMoneHcTBUA H,, MOXKHO MpPeICTaBHTh C MOMOLIbID JHAarpamm,
noxkasanHuix Ha ¢ur. 9.4, JIMHHE CO CTPEJKOH BHHU3 COOTBETCTBYET
JBIPKa, a JHMHHH CO CTpPeJKoifi BBepX —3/1ekTpoH. IIpocrpancrso
HHKe MYHKTHPHOH JIMHHM OTHOCHTCS K MOMEHTY ,JIO B3aHMOAEHCT-
BHS“, BBIIE NYyHKTHPHOH JIHHHHM—,IOCJEe B3aHMOJAEHCTBHIA.

[TonesHo ciesaTh HECKOJbKO 3ameuaHuit B cBsisu ¢ ¢ur. 9.4.
[Mpouecc na ¢ur. 9.4, a sABAsieTCH eIMHCTBEHHDBIM, KOTOPBI MOXKET
HauaThCsl 13 BAaKYyMHOTO, HJIH OCHOBHOro, cocroanusi. Hureprnpe-
TalMs er0 TAKOBA: POXKJAAI0TCH 3/1€KTPOH H AbIPKA, PA3HOCTH HMITY.Ib-
COB KOTOPLIX Q mnepejaercs BJOJb NYHKTHPHOH JIHHWH, H pOxJa-
eTcsl Apyrasi 3J€KTPOHHO-IbIPOYHas Mapa ¢ TaKUM HMIYJIbCOM, YTO
MOJIHBI HMIYJabe coxpaHsiercs. B ofulem ciaydae Kaxjoe CoelHHE-
HHe Ha JuarpaMme MNpeACTaBJsieT JBYXYaCTHUHOe B3aHUMOJEHCTBIE,
cox paHsiiollee UMNyabce. JIpyroil npumep — auarpamma Ha ¢ur. 9.4, 6—
ONUCHIBAET AHHUTHJALMIO OIHOTO 3JEeKTPOHAa H DOXIeHHe JBYX
3JEKTPOHOB (C PasHBIMH HMIYJbCAMH) H IBIPKH.

Uro6b! MOKa3aTh, KakK MOXKHO HCHNOJB30BATL AHarpaMmbl Ha
¢ur. 9.4 1Js BLYHCJEHHS KeJ1aeMOr0 MAaTPHYHOTO 3JEMEHTa B Pas-
adoxenun (9.58), paccmMoTphM cHavajaa GoJee MOAPOOHO uJjeH BTO-
poro mopsijaka

1

OV Hy gy, H1] 0> = .

[TepBmiii onepaTop H, Ae#cTByeT Ha BOJHOBYIO ()YHKIHIO OCHOBHOTO
COCTOSIHHMA; CJAEJOBATENbHO, NMEPBBHIE MpPOLEeCcC A0JKEH ONUCLIBATLCSA
quarpamMmod Ha ¢ur. 9.4, a.

[Tpu caeayromem JeficTBHH omneparopa F, cuctemMa JOJKHE Bep-
HYTbCS B OCHOBHOE cocTosinne, Tak Kak <0| 40> =0, ecs To/1bKO HE
BhIOMHAETCS yeaoBHe A, = a@,. [HdefictBue oneparopa (E,—H,)"*

“° O O "
®UTI. 9.5.
Pe3yabTaT CJIOMKEHHS NIPOLECCOB, NpeicTaBAeHHLIX Ha ¢ur. 9.4, a u 6.

He MelisieT COCTOSIHHS CHCTeMbl.] Bce BO3MOXHBIE NMpoUECCH IMOKa-
3aHbl Ha ¢ur. 9.4, oTKyJza cpa3y HaxoJHM, YTO TOJbKO mpouecc 6
B JIOTNIOJIHEHHE K IPOLECCY @ MOXET BePDHYTh CHCTEMY B OCHOBHOE
cocTosinue (dur. 9.5).

[Mpexae ueM o6CYyKAaThb AaMIJIMTYABl HJH BKJaibl Ka:KIOH u3
AMarpamMM Ha ¢ur. 9.5, paccCMOTPHM HEKOTOpHIE H3 LHArpamm
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§ 8. KoppenauvonHas sHeprus W (PEHHMAHOECKUE AMarpammbt

TPeThero H YeTBepPTOTO MOPSAKOB, IloKasaHHple Ha ¢ur. 9.6 H
¢ur. 9.7. O6e auarpammbl Ha ¢ur. 9.6,a u 6 NOCTPOEHH! U3 OCHOB-
HBIX JMarpamMM, nokasaHHbix Ha ¢ur. 9.4,a, 6 u 0.

Korja Mbl nepexojiM K jAnarpaMMaM YeTBepTOro nopsjka, no-
ABJIsieTcs. HOBHI KJacc guarpamm. [luarpamMma Ha ¢ur. 9.7 coor-
BETCTBYeT, Ka3aJoch Gbl, BO3MOXKHOMY npoieccy. 3aMeTHM, OJHAKO,

®UT. 9.6.
JlBe AnarpaMMbl TpPeThEro MOPAJKA.

yTo JHarpaMMa B 3TOM CJydae COCTOHT H3 [BYX He3aBHCHMBIX
yacTeil, MJAH HecBA3HLIX KJjacrepoB. MoxHo mnokasaTb, YTO HecBs3-
Hble KJaCTephl CJeiyeT ONYCTHTb H MX BKJaJ He HYXKHO YYHTHIBAThb
[IOCKOMIBKY B HHX B KayeCTBe NDPOMEXKYTOYHOrO COCTOSIHHS B pas-
goxkenun (9.58) nosasiercst cocrosinye |nd>=|0>]. Ipyrumu cmao-
BaMM, npouecc, NnokasaHduiil Ha ¢ur. 9.7, He paspeied W He 10.-
MKEH IPOHCXOAHTE. ¥ C/I0BHe, 3aK/0Yalolleecs B TOM, YTO JHarpaMMmbl
¢ HEeCBSI3HLIMH KJacTepaMH He HYXKHO YUHTbIBAaTb, H SBJsETCH
REILIEYTIOMSTHY THIM JIOTIOTHHTE b HBIM yCJIOBHEM K pasJioxenHio (9.58).
C yyeTOM 3TOr0O JOMOJHHTE/BLHOTO YCJOBHS B 3TOM pPa3JioXeHHH
MOXHO ONYCTHTh CTPEJIKY Haj 3HAaKOM paBeHCTBa.

——————————— P[ +q

oUr. 9.7. OUr'. 9.8,
JlnarpamMma 4eTBepTOro NOpAIKA. Mepsas auarpamma ua ¢ur. 9.5.

Bosspamasich K BhluHcleHHio €, nocrapaeMmcs HaHTH, KakKoBa
BesMuKMHa BKJAaZa Kaxaol auarpammbl Ha ¢ur. 9.5. TIpexae Bcero
BCEM OCHOBHBbIM auarpaMmam (obur. 9.4) cOOTBEeTCTBYET aMILIHTYAA
2ne?h*/VQ?, rae Q—nepenaBaeMbiii HMIYJbC IPH KYJOHOBCKOM
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In. 9. DnekTpoHHbIM ras B metanne

B3auMoaeiicTBuH [cM. (9.55)]. PaceMoTpuM Tenepb NepBYI0 AHArpam-
My Ha d¢ur, 9.5, nokasannyto cHosa Ha ¢ur. 9.8. Hmnyascel q, P,
¥ P, Ha Hefl MPOHM3BOJIbHEI, HO BCE OCTa/bHBIE BEIHYHHDI ¢ukcupo-
Ballbl.

Coraacho (9.58), umeeMm

e =0 HIH_I—H—OHI 10>. (9.62)

Kaxk orcioja BHAHO, aMIJHTYJa npouecca JJs JaHHOro q A0JKHA
6LITh paBHA :
2me?n?\2 1 1 1
(%) 77 r=s (969

rae |nd—npoMexyTouHoe cocroanne Ha ¢ur. 9.8. Hveem Tenepsb

P2 1 .,
2_,,21'=Tn“ [q‘+q-(P1—P2)].
(9.64)
OTMeTHM, 4TO ABIPKE NPHIHCLIBAaeTCA OTPHIATe/NbHas IHEPrHs, TaK
KaK SHEPrHI0 MBI H3MEpSEM OTHOCHTEJbHO ypoBHs depmu. QyHK-
uust 1/(E,—H,) uaswBaercs yuxyued pacnpocmparenus (npona-
eamopon), a Benwunua—m/[q* -+ (P,—P,)-q] —snepeemuueckum sna-
menamesem. TIpousBesenne IBYyX KOHCTAHT CBfi3H JaeT (2ne*h2/972)? X
x (1/g*) (1/¢*). Takum ofpasom, Aas safaHublx P,, P, n q amnau-
TyAa npouecca, nokasansoro na ¢ur. 9.8, paBHa

=) e ) O

UroGbl HafiTH MOJAHYI aMmnautyay Ap (CBA3aHHyKO C AMarpammof
na dur. 9.8), HeoGxoaumo npocymmuposatb no P, P, n q. B pe-
3y bTaTe NOJYdYHM:

omethN\? 1 | d® P, 4P
AT:SSS ( T:;/P/a ) ?F[_q%(l’:n—m)-q]w (27:%)3 (2nﬁ)13 (m)zs
(9.66)

IIpeseasl MHTErpHPOBAHHA ONpEAEAIOTCA TaKHM 06Pa3soM, UTO eCiH
R o6osnauaer paauyc ctheps Pepmu, to P, u P, sexar BHyTpPH

®HI'. 9.9.

(Pt PP (P,—q)®
EnBo="r — S+ am

Bropad nmarpamma Ha
¢ur. 9.5.

stoit cdepel, a P, +q u P,+q—BHe ee. CyMMHPOBaHHe MO CITHHAM
3JIEKTPOHOB 1aeT AONOJHHUTE/bHLIH MHOMKHTENb 4, no 2 aad Kaxnaoii
NEeTIH.
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§ 8. KoppensunonHas sHeprus u (PeHHMAHOBCKUE AHArPAMMbI

Paccmotpum Tenmepb BTOpyio auarpamMmy Ha ¢ur. 9.5, usobpa-
KEHHYI0 oTAeabHo Ha ¢ur. 9.9. I'maxa Ha 3Ty AMarpammy, Mbl
MOXKEM Cpasy HamHcaTb A5l Hee aMIJIUTYAY

Ar=(= I)SSS<2T$’£2>';T<2H;F> (P1+ql——P2>2 [“a%(PT—P»-q] %

DT (P (Py) [1—F (P @) 1= (P, — )], (9.67)

X g3

rue
1 npu |P| <P,

p:
HP) 0 mpu |P|>P,

BBejenne nocseanero MHOXHTeJs [coaepx{amero f(P)] MO3BOJISIET
HaM OTKa3aTbCsl OT OTOBOPOK OTHOCHTE/bHO MpeAe/ioB HHTErpHpoBa-
HHSA, CleNaHHBIX Noc/e BhlpaxeHHs (9.66). Tenepb HHTErpHpOBaHHe
MO2KHO MPOBOJAHTL B GECKOHEUHBIX Mpejesax OT — oo A0 -+ oo. 3HaK
KaxXJ0# aMIJHUTYABl ONpejesseTcd caelyiounuM obpasoM. s craTu-

O OO o
JnarpaMmel, coctosmHe

H3 OQHOH 3aMKHYTOH

a ] neTau.

cTukn ®epmu—JIupaka (HacToswHH caydail) Kaxias 3aMKHyTas
nerJis JAaer MHOXHTeab —1. Jlaa cratucTHkH bose —iiHmrelina
KaxJlas 3aMKHyTas NeTis JaeT MHoOxHUTeabp —1. [luarpammnbl Ha
¢ur. 9.10, @ ¥ 6 paccMaTpHBAOTCA KaK COCTOSIIIHE M3 OAHON 3aMm-
KHyToil metau. Jlnarpamma Ha ¢ur. 9.11 cocTouT M3 IBYX 3aMKHY-
Thix mneresb. CnejloBaTesbHO, BKJAA OT MepBOH JAMarpaMMbl Ha

OHr. 9.11.

Juarpamma, coctosiias H3
IBYX 3aMKHYTBIX mNeTedb.

¢ur. 9.5 mMeer 3HaK mmoOC, a BKJaL BTOPOi JAHATPAMMbl—MHHYC.
CyMMHpOBanHe NO ChMHHaM AJs BTOPOM jauarpammbl Ha ¢ur. 9.5
JlaeT JNOTMOJIHHTEJNbHBIH MHOXKHTeJb 2 B BhipaxkeHHH (9.67).
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n. 9. dnexkTpOHHLIN ras B meTtanne

§ 9
Bknogbt uneHos
BbICLLErO MOPSAAKA
TEOPUM BO3MYLLEHUH

PaccMoTpuM auarpammy Ha ¢ur. 9.12. Crexyer 3aMeTHTb, 4TO
B3aUMOJIeHCTBHE Ha 3TOH jJMarpaMme Bcerja NepeHOCHT HMIYJbC q.

OUT. 9.12.

__....;....._._

Pitq -P;+q

..).....__

+
Pz q HduarpamMa, pawomas
pacxXoAAWHACs BKJaj NPH

HHTErpUpOBAHHH MO ¢.

BkJaa B monpaBKy K 3HEPTHH OT 3TOH JAMarpaMmbl 3allHCbIBaeTcs
(¢ yyeToM CYMMHpOBaHHS IO CIHHAM) B BHJe:

one?h2\3 d3q (* d°P dsP, [ d%P
(—1p2 7/9q2> | S @

m m
x [— @2+ q-P)+ (%2 + q-Pz)] [_ <q2/2+q-Pl>+<q2/z+q-P3>] ’

rJe MHTErpHPOBaHHE MPOH3BOAHTCSA B COOTBETCTBYIOWIHX Ilpenesax.

M3-3a HadHyusl BBLICOKHX CTemneHell ¢ B 3HaMeHareJse BKJaj
AMarpaMM 3TOTO THINa TNpPH HHTETPUPOBAHHH [0 ¢ OKasblBaeTcs
pacXOJSILHMCS, HECMOTpsi Ha orpaHHuenue 06JacTH HHTErpHpoBa-
uus. ONHAKO HAC HHTEpecyeT OKOHYaTeJbHBIH pe3yJbTaT, a HMEHHO
CyMMa BKJaJOB 3THX AHarpamm, TpHUYeM NpPeAloJaraercs, 4ro sToT
KOHEUHBLIH pe3yJabTaT He JO0JKeH pacXoauTtbes. Urobel pacxonu-
MOCTH He MOMelaJd HaM MOoJYy4uTh KOHEUHbIH pe3y/bTaT, 3aMeHHM
cHauaaa l/g® Ha 1/(¢®>--€%), rie e-—maJsas BeJHUHHA, BLINOJIHUM
UHTETPHPOBAHUE MPH KOHEYHbLIX 3HAUEHHAX &, 4 3aTeM B KOHIE
BHIUHCJEHHH YCTPEMHM & K HYJIO.

Haunbosee pacxopsiuiicss BKJald AaiOT AHarpaMMbl, IOKa3aHHbIe
Ha ¢ur. 9.13. OHU Ha3wIBAIOTCA KOAbYEBbIMU OuazpAMMAMU; TIYHK-
THPHOH JiMHHEll I0Ka3aHO B3aHMOJCHCTBHE, NEpPeHOCsee OAUH U
TOT K€ HUMIYJBC §.

Paccmorpum HHTerpaJlbI

Fq(t)=

(9.68)

SPF () [1—F (pa)] et 16 /2ean (9.69)
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§ 9. Bunagbl wneHoB BbiICLIErO NOPRAKA TEOPWM BO3MYILEHHA

1 T :
A=y U Vaan s+t +0)%

X Fq(t) Falty)... Fq(t,). (9.70)

HpOCTeﬁmnM 13 Hmerpaﬂos A, aBasercs

S S
« @—|f2|(z72/2+q-p)LEl_ _ﬂﬁ‘_:
@y (om)?
n d:ip d:’fp~ 1 p o ; 2.
~\ o Vs gdflt’ Vi 10+ (py+pe)
Bp, ¢ dp, 1 971
G ) G ATy 07D

rjae objacTH HHTETDHPOBAHMSA ONPEACSIOTCH COOTBETCTBYIOIHMH
YCJOBH M.

00 (1 .0 O
0 O 0
0

OUT. 9.13.
Konbuesble fHarpaMMbl.

Bkaaa nuarpaMmmel, cojepikauiedl n KoJel, OYeBHJHO, paBeH

_(_dq (2ne*hR\n i
C"“E(?n)a ( GG ) A, (@) (— " (9.72)

Urto6e! ynpocTHTh BhiukciaeHue A, (q), BOCnoab3yeMcsl HHTET PabHbIM
npejcrasieHHeM Jd-pyHKUHH

@

§(f) = S‘ ,du

-0
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Fn. 9. DnekTpoHHLIi ras s mertanne
Tak u4TO BhipaxeHue (9.70) nmpuHHMaeT BUJ
A ____1_Sdt .dt ez(t.+t,+ S+ )uF ) au
n n
1 d . n
=7S_2% Bdtefmﬁq(t)] 9.73)

[Tonpsysace (9.72) u (9.71), sanuumeM cyMMmy BCcex KOJbLeBblX JHa-
rpaMM B BHe

ZC "Zg(zn)a " (2;?;2)”(-1)":

%S%;(—nl)” [Qnezﬁ S‘dt eitaF o ( t)]

3 .
[ (b, [1+23;7i atertery 1)), (9.74)

HUnterpupoBanue no df NpoOBOAUTCS 1Js1 MaJbiX q U Jaer

) ap  2(¢*2--q-p) | ~
Qq(u)=Sdte'“‘Fq (f)= S' @) @42 q- p)2+u2F p) [1—_ (p Tq)]N

z4n<1—73rctg-z—>. (9.75)

[Ipu maablx g
Qety~ — . (9.76)
CnejoBareqibHO, NPH MaJblX 3HAUEHUAX ¢ BeAuuuHa Qg (&) Koneuna.

OkonuarenbHOe BbIpaXKEHHE JJIs BKJ/aja BCEeX KOJbLUEBLIX 1Ha-
[paMM HMeeT BHJ

(InR) R% dy
e=— (1—In2)| In +-g———i . (9.77)
n S‘Rg dy 2
rue
R=1—yarctgy,
4 \1/3 (9.78)
o (&)
On

H r,—CpelHee pAacCTOSIHHEe MeXAY 3/eKTPOHaMH, H3MepeHHoe
B ejuHHuax OopoBckoro paauyca. Crepayer OTMETHTh, YTO B BhI-
paxennu (9.77) nosBasieTcs uJeH Inr,. OkoHuaTe/bHO AJS NOJ-
HOH 3HEpPrHH HMeeM (OpMyJay

2,22 0,916

E= 2 =22 40,0620 7,—0,06+0(r,).  (9.79)

fs
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JNutepartypa

3neck nmocaefHut yneH, nocrosHHas —0,096, ABAseTcs OGMEHHBIM
BKJ/1aJI0M, BBIYHCJIEHHBIM OTJEJbHO OT CYMMbl KOJIBLEBEIX AHATPaMM,

Cuenyer HanoMHHTb, YTO B 3TOM Naparpade GblJT PasBHT MeToj
CYMMHPOBaHHA TOJbKO KOJBLIEBEIX JHArPaMM, IIOKa3aHHBIX ua
¢ur. 9.13. Xora Kaxjgas M3 3THX QUarpaMM AeHCTBHTEJNbHO gaer
HauboJsiee pacxofamuiica BKJafZ, Teopus Oblja Obl HEMOJHA, eCJH
Obl He ObLIH YyYTeHBl OCTaJbHEIE AHATPaMMBI THIA MOKA3aHHON Ha
¢ur. 9.9. Tenn-ManH u Bpakuep BHIYHCJIHIH BKJIaJ STHX QHAT PaMM
H noayuyuau BeanuynHy —O0,096; kax W caejoBaso OXHAATb, oHa
MeHblle (MPH MaJblX rg), YeM BKJal KOJbLUEBHX AHarpaMM, XOTH
€10 U He cJejyeT npeHebperarthb?),
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D Bkjaal KOMBUEBBIX JHArpaMM B KODDeJAUHOHHYIO 3HEPTHIO B Npejese Ma-
JBIX ry paBeH Eyqpp=0,06221nr;—0,142--0(r;), aBrIaK o6MeHHON JHarpaMMel
(bur. 9.9) pasen —+0,046; cymma STHX BKJaJOB H jaeT pesyJsrar (9.79). (em. |9],
ra. 1, § 3).—[Ipum. nepes.



10

CeepxnposoanmocTb

$ |
IKCNepuMeHTanbHbIe
pesynbTaThbl

N nepBble TEOPWUK

MHoryre NpPOBOJAHKKH C TIOMOWIbIO OXJa)ACHHSA HX HHXKe Olpe-
IeJeHHOH KDHTHYECKOH TeMmepaTypbl MOTYT ObITh MNepeBejeHb
B CBEPXMPOBOJSAIIEE COCTOSHHE, B KOTOPOM HCUE3AeT 3JIEKTPHUECKOe
conmpoTHBJeHHe. TemmepaTypa Mepexoja 3aBHCHT OT MarepHaJa,
OHa MOXeT JOCTHTaTh TAaKHX BBICOKMX 3HaueHWii, kak ~ 21K, nada
cniaBa Nb,,Al;Ge?. XoTs ucye3HOBEHHe COTPOTHBJEHHA $iB/AETCH,
BO3MOXKHO, HaHbosee spKHM 3(peKToOM B CBepXNPOBOAHHKAX, MO-

C PUI. 10.1.

CoepxnpoGodHu K

™~ HopmasHsii
Meman
3aBHCHMOCTb 3JEKTPOHHOM
TEMJIOEMKOCTH OT
TeMIepaTypsl AJs
CBEPXNPOBOJHHKA H A
7: T HOPMAaJBHOTO MeTalaa.

HATb MNPHUHHY TOABJEHHA CBEPXIPOBOIHMOCTH MOJKHO, H3yuyas
opyree 3s¢dextol. OZHHM H3 TaKHX SBJEHHH HABJAETCA CKayoK
TEeNJIOEMKOCTH IDH KPHTHYECKOH TeMreparype.

BkJ/aj Ten/oeMKOCTH 3JeKTpoHOB C, B TeNJOEMKOCTb MeTaJJa
MeHblle BKJaja peweTku al?. Ha ¢ur. 10.1 cpaBHHBaioTCA Temo-
€MKOCTH HOPMaJIbHOTO MeTaJjja H CBepXIIPOBOIHHKA, MOKa3aHHbiE
ABYMsl KpHBhHIMH. I/ HOpMaJbHOrO MeTaJjja TeljoeMkocTh C,

1 Cm., nanpaMep, o6zop [10).—[Ipum. nepes.
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§ 1. DxcnepumeHTansHble pe3ynbTatsl i Nepsbie TEOPHH

nponopuHoHajabHa T, Tak Kak 3Heprus BO30OYXKIEHHA 10 NMOPALKY
paBHa kpT, a B0o30YXKIaTbCAd MOTYT TOJBKO 3JIEKTPOHBl, HaXonf-
umuecs B 3HepreTHYeCKoM cJjoe kgT BOJH3H mMoBepXHOCTH PepmH.
Takum o6pa3oM, NoJHAs TeNJjoBas HEPrUA CHCTEMBl 3JEKTPOHOB
nponopuuoHaabHa T2

HurterpupoBaHie 3aBHCHMOCTH TeNJIOEMKOCTH OT TeMIepaTryphl
MOKAa3biBAaET, YTO SHEPTUA CBEPXIPOBOJAHHMKA MEHbIe 3HEPTHH HOp-
Ma/IbHOTO MeTaJJa.

9ddekt MeiiccHepa. [lepeMeHHOe MAarHHTHOe IIOJie BO30Y»KJaeT
3JIeKTPHUECKOe NOoJe, MO3TOMY B Cpeje C HYJIEBbIM CONPOTHBJEHHEM
nepeMeHHOe MarHHTHOE I0JIe He MOXET CyliecTBoBaTh. Eciu cBepx-
NpOBOAAIMA LIAD MOMECTHTh B MarHUTHOE MOJe, TO CHJOBLIEC JHHHH
nosas 6yayT BHITaJKHBaTbcl U3 wapa. EcaM KoabLo 0XJax/JaTb
B MarHHTHOM IoJie JO TeX I[op, [TOKa OHO He NepeijgeT B CBEpX-
IPOBOJSAIEE COCTOSTHHE, TO NMOTOK MarHHTHOTO NOJIA Yepe3 KoJblo
COXpaHsieTcsl 1OCJ€e BBIKJIOYEHHsI BHEUIHHX HCTOYHHKOB MarHHTHOTO
noJsi. [lpd 3TOM CONPOTHB/IEHHE OKa3biBaeTCs TOYHO PaBHBLIM HY.IIO,
MOCKOJIbKY 3KCIIEPUMEHT NOKasblBaeT, YTO NMOTOK MarHUTHOTO MOJA
OCTaercsl IMOCTOAHHBIM OECKOHEUHO J0Jro (ec/JH KOJbLO He Harpe-
BaeTcH).

Bosee yauBurenbHbiM sABasercs s¢dexT MeficcHepa. Ecau TBep-
JbIfl OJHOCBSI3HBIH KYCOK CBEPXNIPOBOJSLIEr0 MarepHaJa MOMeCTHThb
B MAarg{THOE MoJie M 3aTeéM OXJAAHUTh €ro HHXe KDPHTHUECKOH TeM-
nmepaTypbl, TO MarHuTHOe noJje OyJeT BHITOJKHYTO H3 CBEPXNPOBOA-
HuKa. [IpaKTHUeCKH MOXEeT OKa3aTbCf, YTO HEKOTODHE JIMHUHM Mar-
HHTHOTO moJs O6YIyT 3axBayeHbl 006paslloM, TaK KaK OTAEJbHBIE ero
yacTH mepeffyT B CBEPXNPOBOJslIEe COCTOSHHE paHblle ADYIHX.
Bosee Toro, m0cTarodyHO CHJIbHOE MAarHHTHOe MoJie BooOlie He Gyer
BHITAJIKMBaTbcA. B TakoM cjayuae MaTepHas He CTAHOBHUTCS CBepX-
nmpoBoAAmYM. Ero CONpOTHBJEHHE H TEMJOEMKOCTb OCTalOTCsl HOP-
MaJbHBIMH. Hanpumep, xene3o Hesab3sl NepPeBECTH B CBEPXIPOBO-
AsLee COCTOSIHHE M3-3a HAJAUYUS MArHUTHBIX JOMEHOB.

TepMoaunaMiuecKHii MoTeHNHaa ONpeaessieTcss  DPaBeHCTBOM
G=F+P9?, rge P—j1aBreHue u %?—o6beM. 3jech JaBJeHHe
MOXHO TNpPHHSTH pPaBHHIM OTHECEHHOH K eJHHHLEe o0beMa 3HepPTHH
MAarHUTHOTO [0Js1, KOTOpas Heo0XOAMMAa AJsl BHITAIKHBAHUA I[0J.
CorgaacHo KJacCHYeCKOH TepMOJIHHAMHKE, TePMORHHAMHUYECKHUH Io-
TEeHHHA1 MPU oOpaTHMBIX (DA30BLHIX MNpeBpalleHHsAX NpPH [OCTOAH-
HOH TeMmIeparype H JaBJeHUH He MeHseTcs. [103TOMYy KPHTHUECKOe
[I0JIe MOXKHO Olpee]uTh H3 ypaBHEHHSH

Fo+tle90 -G =G,=F, (10.1)

[Ipu xpuruueckoil temnepatrype H,.=0; ¢ ymeHblIEHHEM TeMIepa-
Typbl F, Bospacraer, tak uto /1, Takxke pacrer (¢ur. 10.2).
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Fn. 10. CeepxnposoanmocTs

PaccmarpuBas sddext Meficcuepa, Jlonaon nokasas, 4TO ec/H
N —TJO0THOCTb 3/1€KTPOHOB, M —HX Macca, —e—3apsan 0 E —sJekr-
pHYeckKoe 1oJjie, TO YCKOPEHHE B3JEKTPOHOB ONpeleJsieTcss ypaBHe-
HHeM

— B =mx
U MJOTHOCTh TOKd— ypaBHeHHEM
—nex=j.

B MarHdTHOM 10Jle C BeKTOPOM-TOTeHuHaJoM A (B cucTeme
eaunni CI'C)
1 0A

E=——3r

H CKOPOC€Tb H3MEHEHHSA MNJOTHOCTH TOKAa paBHa

dj 0A
a= A
CaenoBaTeJsbHO,
—A(A—A) =i,

rae A = ne’/mc—mnoctosiHHas BenuuydHa. [locTosiHHas A, He 3aBNCHT
OT BpeMeHH, HO MOXEeT 3aBHCEeTb OT KOOPAHHAT. 3JTa MOCTOAHHAA
onpejeasieTcss H3 YCJNOBHH, 4TO B CBepXnpoBojsmell o06/acTH He
MOTYT CYHmeCTBOBaTb MarHUTHHE noas (3¢dekt MeliccHepa).

T OUTI. 10.2.

Hopmamsrsice
memaan

3aBHCHMOCTB
KPHUTHYECKOTO
noJas OT TeMMeparyphl.

H, H

Jlonon NpeAnoxHa BHOGPaTh MOCTOSHHYIO A, paBHOH HyJI0 114
CBEpXMPOBOAHHKOB. Torza rpaHHYHbE YCJOBHS GYIYT COCTOATH
B TOM, YTO Ha IOBEPXHOCTH CBepXNpOBOjJHUKA § | =0 H, cJaejgoBa-
TeNbHO, A | =0. 3TH ycnOBHA YIOBJETBOPSIOTCS MNpPH COOTBETCT-
BylOLeM BEIGOpe Kanu6poBKH, Ha3bIBaeMO# NonepeyHol KaJau6poBKoii.

Takum o6pasoM, MBI IPHXOAHM K BEIBOAY, YTO

j=— AA. (10.2)
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§ 1. DxcnepumeHTaneHeie pesynbTatel M NepBbie TEOPHM

YpaBHenue (10.2) HeckoJbKO MeHAeT YTBepxkjJeHHe 00 OTCYTCT-
BHY MarHMTHOTO noJisi B cBepxmnpoBopHuke. CornacHo ypaBHEHHIO

PA=— 22 pp, (10.3)

MAarHuTHOE I0JIe He MOXEeT MeHSAThCS CKAaYKOM JO HYJS NpH nepe-
Xone B cBepxnposoisAmyl obgacTb. B OXHOMEDHOM cCJydae, Ha-

npumep, L
A~ exp <:i: 4—:29 x) )

TIe 3HaK B 3KCIOHeHTe BuibMpaeTcs TakuM ob6pasoMm, 4yToOHl 3Hade-
HHe A yMeHbnlajoch 110 Mepe MNPOHUKHOBeHHs BrJayOb ofpasua.

MarHuTHOe noJie IPOHUKAET Ha T1y6uny nopsinka 700 A (~ 1 c/4nA).
CymecTBoBaHHe KOHEYHOH [ryOHHBI NPOHHKHOBEHMS MOMKHO YCTa-
HOBUTL 3KCIIepHMEHTAJbHO, H3MepsAs JHAMAarHHTHYI0 BOCIPHHMYH-
BOCTb MaJIeHbKHX IUIAPHUKOB M3 CBEDXINPOBOASALIEr0 MarepHaja HJH
HCCJIenys TOHKHE IJIeHKH.

BuillenpuBefeHHass TeOpHs IIOKa3biBaeT, KakHM 06pa3oM [OSB-
JAeTCS BeJHYMHAa A, H 103BOJseT ee oueHHTb. OnHako cienyer
HamoOMHHTb, YTO 3JEKTPOHbl B MeTaJsje He SIBJSAITCH CBOOORHBIMU,
Tak 4To A He ecTtb mpocTo ne*/mc. Teopusa Jgyudie corjacyercs
C 3KCIIEpHMEHTOM, e€caqH BhHOpaTh j=-— AA’, rae A’ 3Hauenue A,
ycpeiHeHHOEe IO NPOCTPAHCTBEHHBIM KOOPAMHATaM C MOAXOAsfeH
BecoBoll GyHkuueli. Hanpumep, B OfHOMEPHOM ciydae yCpeaHeHHe
MOXET GbiTh BBINOJHEHO CJAERYIOU{HM 06pasoM:

A =C S A (y)e- 1 =-v Vi dy,

rae C-—mnocTosiHHAs HOPMHDOBKH. J1af ,KeCTKHX" CBepXNpOBOJHH-
KOB, MJH CBepXxIpoBogHHKOB I poia, BeqHuyHHa § MHOro MeHblie
rAy6HHBEl IIPOHUKHOBeHHA. s ,MATKHX" CBEPXIPOBOJHHKOB, HJH
cBepXnpoBoiHHKOB I pona, E mmeer Gonbumyio BenuunHy. Ilpumecu
J1eJ1al0T CBEPXIMPOBOAHHK GoJiee XKeCTKHM.

Hanee B cBoeli TeopuH JIOHIOH paccMaTpHBaeT KBaHTOBOMEXa-
HHYEeCKOE BBbIpaXKeHHe IJs 3JCKTDHYECKOrO TOKa, KOTOPHIH paBeH
YMHOXKEHHOH Ha 3apsij — e NJIOTHOCTH IIOTOKA BEPOATHOCTH:

j=— Jf; [P*vh— (V) * ¥].

B MarHdTHOM IIOJIé ONepaTop HMNyJbca CTAHOBHTCA paBHBbIM
p +(e/c)A, TaK YTO TOK B 3TOM cCjyuyae ONHCHLIBAETCA YypaBHEHHeM

j :—i{w‘(iwﬂ)w [(i v+ )] v =
~ %im e [ vop— () p]—SA . (10.4)
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n. 10. CesepxnposogumocTs

[Mpu A =0 noayuaem

= — o (1 Ty — (Vi) ] = 0.

Ecan As40, 1o BosiHOBas (yHKUHA P, npeoGpasyercs B ¢. Ecau
xe P, To u3 ypabHeHusa (10.4) caenyer {cM. (10.2)]

. 2A 2
j=—Symp=—""A=—AA

Mbl BHAMM, YTO eC/H BOJHOBasi (PYHKLMS SIBJISAETCH ,KEeCTKOH* (T. e.
ecJlM OHAa He MeHsieTCs NPH BKJOYeHHH A), To ypaBHeHHe (10.4)
cBopuTcA K ypaBHeHuio (10.2). Hem 310 o6bsicHseTCs?

CorsiacHO TeopHH BO3MYLIEHHH, HMeeM

. <l Hooau | 0>
Y =1, +n§0 E.—E, |1

rne E,—3Heprusg OCHOBHOTO cOCTOSIHMA M E, —»3Heprus Bo3Gyx-
JeHHoro cocrosHus. Ecau Mexay sHepruefl OCHOBHOrO COCTOSIHUA
K 3HeprHeli nepBoro BO30YK/JEHHOTO YDOBHA HMeeTCs 3HepreTHue-
cKas meJb, To pa3HocTb E,—E, Bequka u P = §,.

4 SUr. 10.3.
P 3aBHCHMOCTL BEJHYHHBI
Y T mwenn A or Temneparypsl.

[TpeanosioxeHue o0 CYyWECTBOBAHUH 3HEPTeTHUECKOH IIEJNH MOXET
06bACHUTL M aHOMaJbHOe TMoBedeHue TtennoemMkocTH. M3-3a Hanu-
uds WEeNH SHEPTHsI YXKe He 3aBHCHT OT TeMmmepatyphl Kak 77,
a XapaKkTepusyercsi 3aBHCHMOCTbIO BuAa e~A/*T, rpe A-—peauunua
wead. Bo.ee HenocpeacTBEHHOE TIOATBEP:KEHHE CYLIECTBOBAHHA
I€JIH MOKHO HMOJYYHThL C MOMOIIBIO 3KCIEPUMEHTOB M0 MOTJIOUIEHIIO
MHUKDPOBOJHOBOTO HM3Jy4eHHsi, DHeprus, Heobxoaumas JJsi Co3jJa-
HU$ TakuX Bo30yxKJAenu# B CBEePXNPOBOJHHKE, KOTOpHIE MOTYT
[IPEOJOJETh 1LIe/b, MOXKET ObLITh Aaxe H3MepeHa KaK PyHKIHS Temrie-
parypsl. [Ipu 3ToM oKasbiBaercs, 4To A yMeHBHIAETCH C POCTOM
remnepatyps (¢gur. 10.3).

[ToTpe6oBanoCh MOYTH MATBAECAT JET AJA TOTO, YTOGBI MPoGaeMy
CBEPXMPOBOAUMOCTH YJAa/J0Ch CBEeCTH K OObSCHEHWIO MOABJIEHHS
3HepreTHYECKOH Ieau. B mocjelywomux naparpadax Mol 00bACHHM
BO3HHKHOBEHHe IeJM Ha OCHOBe Teopuu Dapavna, Kymnepa u
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§ 2. Buibop rammunsToHHaHa

Mpuddepa. Tlo cywecrBy 3Ta TeopHs He BBI3BIBAET COMHEHMil, HO
MHE KakeTcs, YTO ee MOXKHO NpeICTaBHTL B elle 6oJiee CTPOTOM
Bi11e. B nacTosimee BpeMsi B TE€OpHUH HMeeTCA HECKOJBKO HE COBCEM
ACHBIX MeCT, HYXKAAIOUWHUXCS B YTOYUHEHHM L.

§ 2

Buibop ramunsTonnaHa

JuepreTnyeckas ueab A ~ kT, ~ 1073 3B Maaa, HO oHa obyc-
JIOBJIHBAeT 3aMETHLIH KauecTBeHHbIA spdekT. CieaoBartesibHo, KyJo-
HOBCKas KOppe/silHOHHAs SHeprus, 3HAYHTEJbHO MPEeBLILAOLLAs
BOIHUIIHY II€JH, He MOxkKeT ObiThb NPHYHHOH CBEPXNpPOBOAHMOCTH,
H NO3TOMY €e MOYKHO HE YUHThIBATE.

Ecin 370 paccyxxJeHdHe 0 pPOJIH KYJOHOBCKOTO B3aHMOJEHCTRIA
MOKaXeTcsd CTPAHHBLIM, TO HANOMHHM, YTO MBI HE MBITAaeMCsi 00b-
ACHMTb M TNpeicKasaTb BCe CBOHCTBAa TBepaoro Teja. Mol
JHWb TIbITAEMCS NOHATb sIBJEHHE CBEPXMPOBOAMMOCTH. I[lo3sTomy,
€CJIH MBI 3HA€M, YTO KaKOH-TO 3(hexT cBfi3aH ¢ GOJbLIOKH 3Hepruefi,
TO 3TOT 5(xpeKT He MOXKeT ObITb MPHYHHOH MOSBJEHHS CBEPXIPOBO-
anMocrii. ToyHo Tak e, MOCKOJbKY HaM H3BECTHO, YTO SHEPTHS
CBEPXTPOBO/IALIETO Nepexoja MaJja, TO Ha OCHOBAHHH 3TOTO MOJKHO
0peJCKasarb, YTO CBEPXIIPOBOAHMOCTb He GYAET CJAMIIKOM BaAHATE
Ha oOmnpeje/eHHBbIC ABJEHHs] (HaNpUMep, aHHHUTHJAALHIO nap e*e™).

Ecan n3MeHHTL H30TONMHUECKHH COCTAaB MaTepHasa CBEpXNpOBO-
HHKaA, TO KPHUTHYECKas TeMmneparypa H3MeHHTcsa. CHHH-CNHHOBOE
H CIHH-OPOHTAJbHOE B3aMMOJEHCTBHSI HE MEHSOTCA NMPH H3MEHEHHH
H30TONHYECKOrO COCTaBa, H MO3TOMY HMMH TOXe MOXHO MpeHe6peys.

CkopocTb K€ 3BYKa, OYEBHIHO, 3aBHCHT OT MAcChl aTOMOB
cBepXnpoBojAHHKA. [losToMy mnpeacTaBasiercs pasyMHBIM [penmno-
JIOXKHTb, UYTO CBEPXMNPOBOAHMOCTL HMEET KaKOe-TO OTHOIIEHHE
K B3aHMOJIEHCTBHIO 3JIEKTPOHOB U oHoHOB. Hexonsi u3 ckasannoro,
paccMOTPHUM FaMUJIBTOHHAH CJEAYIOWero THIla:

+ ¥ RN
H :gﬁxaxax +;wKCKCK TKZ{(, Mk -Cx-_xag-ax +
+ 2 Mkx-Ci-xak,  (10.5)
KX
rJle ax—Oneparop POXKIEHHA 3JeKTpoHa H Cx—ONeparop poxie-

HHA (OHOHA, €k-—3HEprusi CBOOOAHOTO 3/IEKTPOHA C UMIyJbcoM K
H wg-—3Heprus cBobogHoro (oHoHa (ﬁ:l). DHePTUs 3JeKTPOHOB

D B cBoeil nepponauanbHOi GOPMYJILPOBKE TEOPHS CBEPXNPOBOAHMOCTH HMeJIa.
HeACHbIE MECTa, HaNpHMep, CBA3aHHBE C HApYLICHHEM I'DaAHEHTHON HHBAPHAHT-
HOCTH (CM. ofcyxaeHHe B cGopHuke [4]). B Hactosiwee Bpemss B stix BOIIpocax.
JOCTHIHYTa sicHocTh (eM. [5—9)).— Tpum. ped.
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n. 10. CsepxnpoBognUmocTs

H3MepseTCs OTHOCHTEJNbHO MoBepXHocTH PepMH, a ABIDKH paccMmart-
pHBAIOTCS KaK 3/JeKTPOHHl C OTpHUATeJbHO# sHepruedl e. Ilocaen-
uue A8a ujexHa B (10.5) onmuchbIBaIOT B3aUMOAEHCTBHE MEXKJY 3JEKT-
poHaMi H ¢oHOHamH. OOLIYHO CYHTAIOT, 4YTO 3TO B3aUMOJEHCTBHE
0GyCJIOBJIHBAET CONPOTHBJIEHHE MeTajJa. BhICOKOe CONPOTHBJEHHE
IpH KOMHATHBIX TeMIepaTypax YKaskiBaeT, 4YTO B3aHMOJEHCTBHe

/

OUr. 10.4. OUr. 10.5.
TMpouece, NMpUBOAAMmHA K GoJapLIOMY INponecc, namensiomuit csokicTna
H3MEHEHUIO 3HEePrHH JIEKTPOHA. tdonoHa.

Myxk- BEeJHKO, a 3TO B CBOIO ouepelb yKashiBaeT Ha 0COOYIO Mpej-
pacnoJ/IOXKEeHHOCTb MaTepHaja K MOfBJEHHIO CBEPXIPOBOLHMOCTH.

CyluecTByeT MHOrO IPOLECCOB, KOTOPLIE NPHBOAAT K GOJBIIHM
U3MEHEHHSM 3HEpPTHH, HO OHH AOBOJIbHO IIPOCTHl M HHKAK HE CBA-
3aHbl C BOSHHKHOBEHHEM CBepxmpoBofuMocTH. Hanpumep, npouecc,
nokasaHublil Ha ¢ur. 10.4, H3MeHAET 3HEPTHI0 3JEKTPOHA Ha BeEJH-
YMHY, MPEBLIAIOULYI0 PA3Mep MIE/H, HO He MPHBOAHT K MOABJEHHIO
uiesu. Jluarpamma Ha ¢ur. 10.5 usoGpaxkaer mpouecc, KOTOpPbIH

OUT. 10.6.
NBYX3aeKTPOHHEBR
npouecc.

TaK:Ke TOJbKO MeHseT 3Hepruio (oHOHa, HO He IIPHBOJHT K CBEpX-
npoBoAuMoCcTH. OUeBHAHO, YTO CBEPXIPOBOAHMOCTL NOJKHA ObITh
obycsoB/€Ha B3auMOJefiCTBHEM, B KOTOPOM YydacTBYeT GoJbuie
OJHOTO 3JeKTPOHa HJH oaHoro ¢onoHa. CrenoBaresbHO, HeoGXO-
JHMO pacCMOTpeTh JHarpaMmbl THIA MNoKa3aHHOH Ha ¢ur. 10.6.
dusHueckH 3Ta JHarpaMma OMHCbIBaeT fipoliecc JedopMalHH pe-
LIeTKH IoJ AeHCTBUEM OJHOTO H3 3JeKTPOHOB; 3Ta Jedopmalua
B CBOWO OvYepelb OKa3biBaeT BJ/HsHHe Ha JApYyroi sjekTpoH. Ha-
npumep, Ha ¢ur. 10.7 noxkasaHo, Kak [Ba J€KTPOHA C HMIYJIb-
camu K, u K, B3aumojefictByior depe3 (OHOH M pasJerawnrcH,
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§ 2. Buibop rammneToHMaHa

umes uMnyascsl K{ u K;. Hx HMOy/JbCchl NOAYHHSIOTCA COOTHO-

HIeHHAM:
Kl—K1:Q, K2—K2’=Q

HauagbHasa 3HepPrus 3/eKTPOHOB paBHa Eq =€k, -} €x,, a BUPTY-
QUr'. 10.7.

Esupm
\ Ipouece, npy KoTOpOM
i OJHH 3JCKTPOH BbI3bIBAET
2 JepopMalHio peLIeTKH,
(€nz) BJARAIOLYI0 Ha Apyrofl
3JEKTPOH.

a/ibHasg 3HEprug B HpOMe)KyTOLIHOM COCTOSIHHH paBHa
Eunpr = SK{ -+ EKZ —}—ﬁ(ﬂq.

Dueprus Bo3MylleHHA, ofycJoB/ieHHas mnpoueccoM Ha ¢ur. 10.7,
paBna
1 L
Vi=M ,———Mx'kx =
! K K; Eyan— Epypr KKy
1

, - M
2 (g, i) — (6| + 6y, hoog)
Ha ¢ur. 10.8 noxasau japyro#t npoliecc MopofHOIO ke BHJA. DHep-
rusi BO3MYIIEHHs JJIf 3TOro Ipolecca paBHA

1 .
Vo=M_ . M., .
2 K Ky (3K1T9K2)———(6K1+8K,+ﬁwa) KK,

K;Kl- (106)

=M
K,K

(10.7)

Ilpn BbIUHCJEHHH 3HEPrHH BO3MYLIEHHS CJ/eJyeT y4ecTb, yTO B Ha-
YaJbHOM H KOHEYHOM COCTOSHHAX 3JEKTPOHBl 006/1aJaloT OAHOH o
TOH e 3Heprueil:

e e, =€ . +e ., WIH &, —8 . =—(ek —E_/).
K1+ K2 Kl+ K2 K2 K (Kl Kl)

2
[TonHasi sHeprus BO3MYLIEHHA paBHa cymme VK;K;; K K, Hac

HHTEPECYIOT B OCHOBHOM 3J/IEKTPOHB! BOJIH3H MOBEPXHOCTH Pepmi,
IIO3TOMY MBI MOXKEM CUHTATh BCe & NMpUGAHKEHHO paBHbiMH. Tornma

l - * *
Vicikgs ki, ™~ o (MM, T MM, ) - (108)
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In. 10. CeepxnposoAMmoOcTb

Ecsnu Bce M npuGauv:kKeHHO paBHBl Apyr JAPYry, TO 3Heprus BO3-
MYILIeHHsl OTPHIATENbHA; CJIe0BATEIbHO, 3JeKTPOHLI B6IU3H MOBEPX-
Hoctd PepMH NMpPUTATHBAIOTCA APYL K JPYTY.

QUM 10.8.

113
i

Hdpyrefl ABYX3JCKTpOMMbL
MPOLeCC, aHAJIOr HYHBIIT
u3obpaxkendomy Ha ¢ur. 10.7.

B Meraqnax mnosepxHocTb depMH HMMeET KOHEUHYIO KPHBH3HY.
Ecau npeneGpeub KpHBH3HOMA NMoBepxHocTH depMil, TO MOKEKEO HalTH
TOYHOE penieHHe AJsi ramu/bronnana. OJHAKO MPH 3TOM Mbl He
no/1yunM cBepxnpoBogsiutero cocrosinus. CienosareibHo, KoHedHas
KpHBH3HA moBepxHocTH @PepMy HIpaeT BaXHYIO POJb MPH 00bsic-
HEHHU CBEepXIPOBOJUMOCTH.

DHeprus KYJIOHOBCKOTO B3aHMOAeHCTBHUS MEXIY 3JIEKTPOHAMH
paBHa

Voo dqe? : (10.9)

Ky =Ko (consty?

oHa Bcerja MoJOXUTeJabHa, T. €. B3alMoJelicTBHE ABJIAETCA OrTall-
kuBaiuM. [locTosnHas (const)® BO3HHKaeT NpH ydeTe 3KPaHHpO-
paHus. Uro6ul B 1e/J10M B3aUMOJIeHCTBHEe MeXKAY JEKTPOHAMH HOCHJIO
XapakTep MDPHTSKEHHS, JOJIKHO BLIMOJHSITBCS YCJI0BHE!

VA4V g <O

Buipaxkenust (10.8) u (10.9) moxasniBatoT, 4TO IpH ek, R By s A

BO3HHKHOBEHHsSI TpPUTSKEHHs Haubojee OJarONpHATHB 6oJbiiie
snauenuss |K,—K;|; cM., Hampumep, cJ/yyail, MOKa3aHHbIH Ha

’

dur. 10.9.

& — K QUT. 10.9.
Cayuait Godablinx

X, K snavenuft | K; —K7|.

YuuThiBasi Bce BhilleCKa3aHHOe, Mbl MOXKEM 3allHcaTb [aMHJbLTO-
HHAH TOJBKO AJd OJHHX 3J/JCKTPOHOB. Poab q)OHOHOB CBOJUTCS K
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§ 3. MNonesHas Teopema

H3MEHEHHIO IHEPTHH 3/JeKTPOHOB €k H H3MEHEHHIO B3aWMoJeHCTBHSA
MeXJy 3JeKTPOHAMH, TaK YTO NPH HEKOTOPHIX ONpeJe/IeHHBIX YCJO-
BHSIX B3aHMOJefiCTBHe HOCHT XapaxkTep NPHTsAxeHus. Mel 6ynem pabo-
TaTh C IaMHJIbTOHHAHOM

H= ZeKaKaK+ 2, V“( K,K, KaKaK,dKQ (10.10)
K{K,; K, K

Hamwa 3azaua cocTouT B TOM, YTOOBI BHISICHHTH, KaK FaMH/bTOHHAH
(10.10) MoeT NpHBECTH K OCHOBHOMY COCTOSIHHIO C 0CO00 HH3KOH

Heprued.

MonesHas Teopema
PaccmorpuM ramuJbTOHHAH
H=H,+U.

CoGcTBenHbIe 3HAYeHHs H COOGCTBEHHBIE COCTOsIHHA H, 0603HAuHM
uepes E; u ¢;. BBeneM Takke MaTpPHUYHBIH 3J€MeHT

Ul’j = <(pl" U(pj)‘

Ecan Bce E; n Bce U;; 6.1M3KH APYT K APYrYy, TO BO3MOXKHO 3Ha-
UHTEeJIbHOE MOHHKEHHE aHeprym cuctembl. TlokaxeM 370 caeayiounm
o6pa3om. BriGepeM nmpoGHYIO BOJHOBYIO (yHKIHIO

Zzaiﬁpi
14
H BBIYHCJIHM CPELHIO SHEPLHIO JJsi 3TOr0 COCTOSIHHSA:
E=2E;|a;|*+ 22U, afa;
i if
YuHTHIBas clesJaHHble MPeANnoJoXeHHs, OYJeM CUHTAThb
E;~E, U;=-—V.
KosdpuuueHTel a; HOPMHPOBAHBI CJEAYIOMWHM 0GpasoM:
2
Z f ail =1.
L
CieoBaTeJbHO,

E=E,—V Xaja;. (10.11)
12}

[MpeanosoxuM, YTO MMEETCS M COCTOSIHUHA, 06JaNAIOMHX HYKHbIMH
aM cgofictBaMu. KakoB HawsaydinHi BbI60p Koaq)tpnunemos @,
KOTOPBIA NPHBOJAUT K MHHMMAJLHOMY 3HAYEHHIO 9HEPTHH § (10.11).

31



Fn. 10. CsepxnpoBoAMMOCTE

Aro TpeGoBaHHe BHLINOJHSETCA NPH ClexylomeM Bhibope V.

1
a,:ﬁ;
Toraa sueprusi (10.11) cTraHoBHTCS paBHO#
E=E,—mV.

CaepoBarenbHo, ecad V >0 uan U;; <0, TO HHTEHCHBHOCTb B3aH-
MOJIeHCTBHSI, MPHBOASIIETO K MOHHXKEHHIO SHEPrHH, yBe/JHYHBAETCSH

B m pas.
§ 4
OcHoBHOE cocTOsiHWe
CBEPXNPOBOAHMKA

YuuteiBasg J0KasaHHYIO BHIIIE TEOpPEMY, NPHCTYNHM K OTBICKA-
HHIO TAKOH COBOKYMHOCTH GYHKUHH ¢, AJS KOTOPHIX MaTpHYHLIE
3/71eMeHTsl U;; Gblix Obl MOYTH PaBHbI W OTPHUATEJNbHBI H SHEPTHH
E; 6bl11 6bl NOYTH OJHHAKOBHI.

BosiHoBasi pyHKIHS B R-MPOCTPAHCTBE OMNpejensieTcss KOHQHTy-
panueil 3aHATHIX M CBOGOAHBIX cocrosuuii. [as U;; paccMoTpum
MaTpHYHBLIH 3/E€MEeHT

<kgy, kp, ..., ki, k3|V kg, kg, ..., ki, KD,
rue
V= ’ Z ai;at;aklaka.

kj ky: kqk,
MoXHO NpeAnoJOXHTb, YTO CYMMHPOBaHHE 3/€Ch MOJYHHSETCS He-
KOTOPHIM OrpaHHuyeHusiM, cKaxeM ki>k; u k, > k,. Hanomuuwm,
4TO  ak,k, = —dk,dk, H at;azéz —ai;ai;. Cuuraercs, 4To ABa CO-
CTOSIHHA pa3JMyaloTcs Jullb HHAekcaMH ki, k; u k,, k,. [Ipu stom
MAaTPUYHBIH 3J€MEHT HMeeT BH]

kg, kg, ..., ki, ky|V]ke, kg, ..., Ky, k2>:ivk{k;;k,kz‘
(10.12)

3HaK MNJIOC HJIH MHHYC OMNpejessercss MOPSAKOM pacro/OoXKeHHs
cocTOAHUH K; MpaBHJ/IO HAaXOXKAEHHUS 3HAKA JIETKO MOJY4YHTh, NOJb-

1 JIna moKa3aTesibCcTBa cJefyeT Bocnosb3oBaThea HepasencTBoM Llsapua
* 2
Sty =| S el < Z1 Sl glt=m,
7] i { i

KOTODOE CTAHOBHTCS pAaBEHCTBOM, €CJH BCe a; PaBHH (M MOLYT ObTb BHIGPaHH
BeHCTBHTEJLHEIMH ).
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§ 4. OcHoBHOe cOCTORHME CBEpPXNPOBOAHMKA

3ysicb (epMH-CTAaTHCTHKOH. ITOT 3HAK OINpeJe/IsieTCsi BhIpaXKeHHeM
(—1)N+~' rpe N —uHcno cocrostHuil Mexay k, u k, B pyHKuun,
ONHCHBawIIe! HauyaJbHYI0 KOHpurypaunuw, H N'—uHcao cocros-
HHui Mexay k; u ki B QyHKIHH, onHcbIBamowell KOHEUHYIO KOH(H-
rypauuio. Hanpuwmep,

<kq,, k;, kBy k;lvlkl’ kay kﬁ! k2>:(_—1)1+2vkik;; kik,*
bapauny, Kynepy u Ulpuddepy ynamoch nokasarb, uto mpu
OMnpeje/IeHHOM BHIOOpe COBOKYMHOCTH 9THX KOHOHTypauuii Bce Mart-
puuHble 3jeMeHTH V -\ /. kk, B (10.12) MoxHo cienats aeficTBu-
172 2

TE€JbHBIMH H OTPHUATE/JbHBIMH, & 3HAK Mepeal MaTpHYHBIM 3JieMeH-
TOM —BCerjga INOJIOXKHUTEJbHBIM. I/]Ileﬂ HX Me€ToJa COCTOHT B TOM,

LR

®MrI'. 10.10.
k-cocTostHus, pacnosiokeHHble TAKHM 06pPAa30M, YTO
Bce crnapeHHble COCTOSIHUSA HAXOISITCH PSIOM Jpyr
¢ Apyrom.

YTO COCTOSIHHSI B Kk-MpoCTpaHCTBe Bceria BHIGHPAIOTCH apamu. D10
O3HayaerT, yTo B BhIOpaHHOMH nape coctosuuil k, u k, 160 06a 3aHsTH,
au6o o6a cBOOOAHBI, TOrJa Kak KOH(HIYypauHH, B KOTOPHIX OJHO
H3 HHX 3aHATO, a Apyroe cBoOoAHO, 3anpeuieHbl. Ecan naaoxurs
5TO OFpaHHYeHHE€ Ha BCe KOH(UIYpalHH, TO MOXKHO MOKAa3aThb, 470
anak B (10.12) Bcerga GyneT MosiOKHTEAbHBIM. [IpeanosoxumM, 4rto
BCe k-COCTOSIHHS PaclO/IOXEHB B TaKOM MOPSAKE, YTO CHapeHHbie
COCTOSTHHA HaXoAATCA pAAOM JADYI ¢ JAPYrOM, Kak MOKasaHO Ha
¢ur. 10.10. INTockonbKy 3HAaK ONpefe/sieTcsi BhpamenueM (—] )+’
U N=N"=0, HaxoluM, YTO 3HAK BCErJa MOJOMKHTEJEH.

YUro6bl MaTPUYHBIH 3/€MEHT Vk{ K ok, HE obpauaJacss B HY.b,

IIpHMEM, YTO /s KaXJOH napbl JOJDKHO BBIMOJHATBCS YCJOBHE
1 +ks=k, -+ k,=p —=const.
OTOT NOCTOSIHHBIA WMIYJbC P MOXKET GbITb BHIOpPAH PAaBHBIM MPOHU3-

BOJIbHOMY BEKTOPY, HO JJi1 OCHOBHOI'O COCTOSIHUAA MBI IIOJIOXKHUM
€ro paBHBIM HYJO:

p=0.

Taxum oGpasoM, Mbl paccMaTpHBaeM napbl, AJs KOTOPBIX
k,=—k,



Fn. 10. CeepxnpoBogmumocTte

(¢pur. 10.11). Uro MOXKHO CKa3aTb OTHOCHTEe/JbHO CINHHOB 4acTHO?
[Mpy BLIUHCJEHHH MOTEHIHaJa B3aHMOJEHCTBHA Mbl YU/IH AHarpam-
MBI, nokasaHnHeie Ha ¢ur. 10.12, @, u omycruau aHarpaMMbl THNa
¢ur. 10.12, 6, naroune cOOTBETCTEEHHO BKJaJ CO 3HAKOM ILIIOC H
muuyc. Co 3HAKOM [JIOC BXOJAAT COCTOAHHA, CHMMETPHYHBIE [0
KoOpAHHATAM, T. €. COCTOSIHHS, AHTHCHMMETDHUHBle IO CITHHY.
Urobsl CaeJqaaTh MOTEHIIHAJ] OTPHIATeJbHBIM H HACTOJLKO O00.JbUIWM

OUF. 10.11.

[Mapn B k-nmpoctpaiicTse.

no a6coJl0THOH BeJIHUHHE, HAaCKOJBKO 3TO MOXKHO, BblbepeM aHTH-
CHMMETDHUHBIE CHHHOBBHIE COCTOSIHHA, T. €. COCTOAHHSA C IOJHBIM
CIIHOM, paBHHIM Hymo. Takum o6pa3zoM, Mbl BhIOHpaeM

0,=—0,.
Yro6sl yIIPOCTHTB 3anHch, 6yieM o003HauaThb B 3TOM naparpade
napy (kt; —k]) oauuM unzexkcom k. Paccmorpum Bce napbi B
k-ripocTpaHcTBE H DAaCOJOXKHM HX B ONpeIeNeHHOM IIOpAAKeE:
k., ki, ki,

Jliobas napa k; o 3ausara, Ju60 cBOOOAHA.

QUr'. 10.12.

CocTosiHus, YUHTLIBd€MbIE
H HEYUYHTBhIBAEMbIE NpH
174 ﬁ BBHIUHCJ/ICHHH NOTE€HOHaJ a.

BBenem omnperenenue:
| 9« (0)>—BosinoBasi GyHKUMA aas coctosuuil kt n —k|, xoropeie
o6a cBoGoaHbl; | @k (1)> —BoaHoBasg (yHKUMA Aaa cocTosHH# ki H
—k|, KoToprie 06a 3aHSATHI.

Torna BonHoBasi GyHKIHA, KOTOPYIO MOXKHO BeIOpaTh B KauecTBe
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§ 4. OcHoBHOE COCTOSIHME CEEPXMPOBOAHMKAE

npoOHOH (PYHKIHH OCHOBHOTO COCTOSIHHsI, HMEET BHJ
lo> =TT 1> (10.13)

rie
[Pe> =Uxk| ¢px (1)> -+ Vi | 9 (0)>
H

[Uk[?

Hacrosiiiee ocHoBHOe cOCTOsIHIIE SBJISIETC1 HEKOTOPOH JuHeliHO#
xomGunanueil cocrosinu#t Buaa (10.13), HO Mul chenaem ynpoujaio-
liee NpearoJoKeHne, a UMEHHO OYAeM CUHTaTh, YTO I[IPH COOTBET-
crByrouieM Beibope Uy u Vi dyHruusa (10.13) onuceiBaeT oCHOBHOE
cocroAnne. Bubopom das {gu (1)> ¥ | @r(0)> moxHO cpenats Uy u
Vi neficrBureabhbivU. [lepBas Halla 3ajgada COCTOHT B OTBICKAHHH
9HEPTHH OCHOBHOrO COCTOSIHMA myTeM BapbHpoBaHHs Uyx n Vi =

— |/ 1—U}%. 3ateM Mbl ONpefejHM 3HEPTHI0 BO3OYKICHHEIX CO-

CTOsIHHII, KOTOpasl, Kak OyJeT [I0Ka3aHo, OTJHUYAeTCs Ha KOHeYHyio

MaKpPOCKOIMUYECK Y0 BEJHYHHY OT 3SHEePrHH OCHOBHOTO COCTOSIHHSA.
DHeprisi nNpobHOr0 OCHOBHOI'O COCTORHMA paBHA

E=<p|H|$>=
= % <Yl ewagpa, +e_alia P>+ kzk Viek <Pl afalpagay | P>,
(10.14)

rje BCE CYMMbl 0€pYTCA TOJAbLKO IO MOJYNPOCTPAHCTBY HMIV/ILCOB
n rae Viek = Vi, -k &k, -k. CJleJoBaTebHo,

E= ; ey <Py | afay - atya_y [ B> +

-+ kzkvk'k e | <P aicalioana [ b | i
BBegem
Sic = <WPu | agay +atay b
H (10.15)
te= <P | afaty >
Torja SHeprus 3alHIIETCS B BHJE
E= kzsksk - kzk Vi, (10.16)

Ecau

['V> = Ui [ @ (1)> + Vi | 4 (0)>,
TO
sk =2U%, ty=UV =1,

E= g 2, UL Tkzk Vi iVieU V. (10.17)
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I'n. 10, CeepxnposoanmocTeb

IIJIH HEBO3MYLIEHHOI'0 COCTOSHHA HMeeM
Uk = I AJA k < kF'
U,=20 ana k> kg

Hauayuwuii Bei6op BOJIHOBOH (YHKIMH OCHOBHOI'O COCTOAHHSA J0-
CTHTaeTcsl TNpH MUHUMHU3aUUH BhipaxeHus (10.17) no oTHolleHHIO
K Uy, Tak Kaxk V, sBasorca o¢yHkuusaMu Uy, [Ipy MHUHHMH3AUHH
HeT HeoOXOAMMOCTH B SIBHOM BHJAe (HKCHPOBATh IOJIHOE YHCJO
3/7eKTpoHoB. Bapeupysa Uy u V), Mbl BappHpyeM H UYHCJO 3JEKTpO-
HoB. Ecan BbIOpaTh NOAXOAALIHM oOpasoM HayaJo OTCYeTa 3IHEp-
I'HY €, TO MOCJA€ MHHHMH3aLlUM TIOJMHOH 3HEPTrHH Mbl MNpPHIEM K
NpaBUJABHON MJOTHOCTM uYHCJa 3JeKTpoHOB. Bntbepem Hayago
oTcueTa 5HePrHH Ha noBepxHocTH ®epmu, Tak 4Tobul er =0,

)
OcHoBHOE cocTosiHue
CBEPXNPOBOAHUKA
(npoponxeHue)
Cnenys Hameil nporpaMme, nepeiieM K MHHHUMH3AalUH SHEPTHH

(10.17) no oruowenuno x Uy. B pesynbTaTe npuxoimM K ciaeayio-
mefl cucreMe ypaBHEHHM:

2
4ekuk+2§.vkk,uk,vk, <vk—gl<>=o. (10.18)
, "

HOCKOJIbe kar-lleﬁCTBHTeﬂbeIe OTpULAaTe/JbHbIE 4YHCJI4, MBI MO-
’KeM BBECTH OIpeAcJeHHE

Ay =— 2 ViUV > 0 (10.19)
<
v 3anucatb ypaBHenus (10.18) B BHae
1—2Uk

Vicui
BBe}leM BEJHYHHY X C IIOMOLLbIO paBE€HCTBA
1
Ui =5 (142), (10.21)
TaK 4TO
| —Ui= 1 (1—x)

H (10.22)
1 —2U% = —x.
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§ 5. OcHoBHoe cocTosiHMe cBEPXNPOBOAHMKA (NpoAonIKeHHe)

BosBoast B xBaapar ypaBuenue (10.20) H noJb3ysCh ypaBHEHHSIMH
(10.21) u (10.22), Haxoxum

2
Xt = K 10.23
5 (10.23)

TZe MBI HCHOJIb30BaJH ONpeflelieHHe
E.=Vel+ AL (10.24)
Bri6upasi npaBusbHui 3Hak, H3 (10.23) HaxoauMm

—(1—2U}) = x= —k (10.25)

—E

Tak 4yro 1418 g, <O (T. e. Huxke ypoBHs Pepmu) x>0 u U, >V,
Kak ® J0oJXHO ObiTh, IloxcraBasist sto pemenne ob6pathHo B (10.21),
nosygaem

(10.26)

®yuknug U} onpexenser BeposATHOCTB TOro, yro mapa k 3a-
Hata. Bup ¢yskunn Ui [cm. (10.26)] kavecTBeHHO nNOKasblBaerT,

UE A QUT. 10.13.

1
i1 Hecosmywernoe
I~ pacnpedenexie
[

—UE & (10.25)

CraasxeHnoe
pacnpege.ieHue
F Exe Depmu.

uyTo pacnpefenenve U} ABaseTcs pasma3aHHLIM QepMH-pacnpese.e-
HueM. [lpennonaras, 4ro BeJHYHHA Ay, Maja, HaXOJHM
t-—1 ray6oxo BHyTpu cthepn Pepmu (g, < 0)
H (10.27)
*—0 panexo Bue ctepnt PepMmu (g > 0).
Hcxons W3 sTHX TpeliesibHbIX CJydaeB, MOXHO MPEACTaBHTL MPH-
MepHBIH BHJI pacnpefie/leHHsl; OHO noxkasaHo Ha ¢ur. 10.13.

Uto6bl 3aBePUIHTL BLIYHCJAEHHS, Mbl JOJKHBI ONPEeReJaUTb Ay,
Ecau MmE coGupaeMmcsi Hcmogb3oBath 1,8 storo ypaBHexue (10.19),
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I'n. 10. CeepxnpoeoAnumocTs

TO npexiae Heo6xoiumo Hafitu U,V,. Tak kKak cormacHo (10.26)

HaMeeM
k 2 Eﬁ 2Ey ! ( ’ )

1o ypaBHeHHe (10.19) MoxHO 3amHcaTb B Buje

= —Z Viw ———x

K 2V€k'+ AL

(10.29)

Has onpejenenna A, HeoOXOIHMO peIHTb 3TO ypaBHEHHe.

Urobbl MOJYYHTb HEKOTOpPOe NpejcTaBJeHHE O XapakTepe pe-
uteniisi, bapanu, Kynep u Ulpuddep npeanosoxunayn, 4to B3auMmo-
nefictpue Vik paBHO HeKOTOpo# noctosiHHo# ans k u k', sexauwux

sl b OHT. 10.14.

O6aacts orauunoOro ot
HyJs B3aumonedcTBusA V,
MO NPeANOJIONKEHHID
bapauna, Kynepa
e u llpuddepa.

B c/10e hw BbIUe H HHXe noBepxHOCcTH PepMH, H PaBHO HYJAI0 BHe
storo cjosi (gur. 10.14). Ecam caenarb 3T0 mpennosioxedHe, TO
GyHKuMA Ay B ypaBHeHuu (10.29) cTaHOBHTCS NOCTOSHHOH, He 3a-
pucAwWell or k, U ypaBHeHHe 1,151 Hee MPHHHMAeT BHJ

1

l=—V .
K 2Vt - A?

[Mpeo6pasysa cymmy no k B uHTerpaj no e, mojgyuaem

ho ho
=] j_-‘%_g%—%z]V]M(O) { 7:0,—;——8-{——5

-ho

3necs M (8)—NJOTHOCTb COCTOSIHUHA /S 3HEPIHH €; BOJIH3H 110-
BepxHocTH ®epMH oHa 6.u3ka K mocrosiHHOH M (0). Pemas ypas-
HeHHe OTHOCHTeJbHO A, mojyuaem
ho
A =SV IMO)" (10.30)
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§ 6. BoabyxaeHun

§ 6

Bo3byxaeHus

Tenepb Mbl MOKEM HaHTH 3HepTHIO B030VxkAeHHH. UToObl omu-
caTb BO30YXKIEHHLIE COCTOSHHS, HEOOGXOJHUMO MPEANOJOKHTL, UTO
napa COCTOSIHMM C JaHHBIM HMIYJbCOM MOXKeT OHLIThb 3amnoJiHeHa
TOJIbKO HamoJIOBUHY. BBeneM ompenesieHus

Pk (2) = a0 (0), @ (3) = aty, @, (0). (10.31)

Torpa BonnoBasi dyHkuus |¢,> OyaeT npeiacraBJ/saTh coboil Heko-
TOPYIO JIMHeHHYI0 KOMOHHAUHIO CJeYIOMHX YeTEIpeX OPTOHOPMH-
POBaHHBIX COCTOSHHH:

[V (0> = Uypi(1) + Vi, (0) —BOJHOBasA yHKIHs
[Py>, COOTBETCTBY-
l01asi  OCHOBHOMY
COCTOSAHHIO,

[ (1)> == Vi (1) — Uy, (0) — BO.IHOBAS (yHKILHA
P> 1A Bo36YK-
JleHHOH mnaphl,

[Pi (2)> = @y (2) — BOJIHOBast (yHKIUSA
| P> onHouactuuno- { (10.32)
ro BO30YXKJEHHS,
COCTOSIHHE —k]
CBOOOIHO,

[Py (3)> == @y (3) -—BOJIHOBAS (DYHKIHSA
| P> OAHOYACTHYHO-
ro  BO30OyXKIeHHus,
cocrosinue kt cBo-
6GOJIHO.

Ecan Yk, =@k, (2) 1 b= U@y (1) + Vi (0) mpu ks=k,, 0 3nep-
rusi Bo30yXKJeHHs, KOTOopylo Mbl OyjeM 0603HauaTh uepe3 E’, onpe-
jeasiercsa Boipaxenuem (10.16). BrifepeM 3HepPrHIO OCHOBHOTO
cocToAHMA paBHOoH E;. B sToMm cayuae sg, =1 u fy, =0 u, ciaeno-
BaTeJIbHO,

E'—E, =&y, —2ex, U}, —Zkal UV U Vi, —
- Z Viek (Ui VilUilVi) = g, (1 —2U%) KZ VklkUka> UiVig-
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In. 10. Cseepxnposogumocts

3aecs Mbl yuau, uto Vi =Vi =V, .. Toassyscs (10.19), (10.25)
u (10.28), naxoaum

, / A 2 AR
o () =2t (i) = = 1099
Ecan Yk, = ¢k, (3), To sk, =1 u fi, =0, Tak 4TO MO-mpexuemy
BoinosiHsercst (10.33). Ecan x, = Vi, ¢k, (1) — Uk, ¢k, (0), TO mony-
yaeM JApyryio sHepruto E£”. Jlerko mnokasate, uTo Sk, = 2V,
tk,:— Uk,Vk, H

E"—E,=2Ey,. (10.34)

3amerum, yto Ey, > Ay, .

[peanonoxum, 4T0 Yk, = @i, (2) H Pi, = @i, (2). Torna, BHuMA-
TeJbHO CJefsl 33 TeM, uTOObl He yuecTb BKJaj € Vi ik, HECKOJbKO
pas, mnoJyuaem

E—'Eo:Ekl —f—Ekz +2vk,k2Uk,Vk, Uk,Vk, ~ Ek, %—Ek2 ,

nockobKy BeduunHa Vi Uk ViUV, Raer 6GeckoHeuno Masbiii
Braan. Takum o6pas3oM, MJIs 3HEPrHH BO3GYKICHHS HOJydaem

E2—E0:Ek1+Ekz' (1035)

Ecan i, = Vi, ¥k, (1) — Uk, 9k, (0), TO ecTecTBeHHO paccmaTpHBaTh
3T0 BO30yxJeHHe Kak jBa BO30yxKJAeHHs, Korja o6a COCTOSHHUs
k, 1 —k, BO3OyXAeHHI.

Tarkum 06pa3soM, Mbl NPHXOAHM K BBIBOAY, UYTO BO30y:/JEHHbBIE
€OCTOsIHHS OT/JENEHbl OT OCHOBHOTO COCTOSIHHS WIeNBIO H BO30Yxje-
HUsl  [IPe/CTaBJsOT co60H paspyumeHne map. TIpw 3TOoM 3Heprus
BO30YXKIEHUsl OIpeje/iseTca CyMMOH 3Heprui Ey JJs KaxKA0To BO3-
6y:#JE€HHOTO 3/JEKTPOHa B KaxJoH nape,

§ 7
KoHeuHble TemnepaTypsl

Yro6bl onpeesiuTh 3HEPIHIO CHCTEMBI NPH KOHEYHBIX TeMmIepa-
Typax, BoCcno/b3yemcs cieaytomel Gopmyoi A5 cpeaneli 3HEPTUHH:

E:Z(BepOﬂTHOCTb COCTOAAHHUA () X(3HEPTHA COCTOAHHA ().
i

Byaem onucbiBaTh COCTOsSIHHe CHCTEMbl IPOH3BeJeHUeM [I]wkj(nj)>

/
WU TIOCJIeJ0BATe/IBHOCTBIO 4HCeN 11y, f,, ..., Tae n,=0, 1, 2, 3.
Ecau Py(n) npexacraBaseT coGoll BepPOATHOCTb COCTOSHHS
| Pk > ==Y (n)>, TO BEPOATHOCTb COCTOSIHUS BCEH CHCTEMHl ecTb
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§ 7. KoHeuHsle TemnepaType
I;I ij(n/). Koneuno, EﬂPk (n)=1. Takum o6pasoM, moJyuaeM
E= 2__.HPk () [Zek Sk, (1) + X Vit (m)t;m(n,.)] =
22( 3 H Py (n,)ZPk (ny) ex,si, (n,) +

My one
NG *”t)

+12( 2 I Pk,(n,)>n2 Py, (1)) Py, ()%
,m nif;;:,n;‘«r-lml¢.m rm
X Vi, b, (1) e ().

2 L Py =11 ZPk (n)=]1 1=1
(n q!:n,)
H aHaJIOTHYHO
2 I Pym)=1.
("iqk";;.m)

CunenosareJssHoO,

E=3 3P, () eigsi, () + 3 3 P () Pa, (0') Vi e, (1), (1),
(10.36)

[pexnonoxuM, uTo fx fBAAAETCA BEPOSATHOCTHIO TOTO, YTO COCTOA-
Hue k Bo3dy:kjeHo. Torza BeposTHOCTH TOTO, YTO JaHHaf niapa
k-cocToauuil He BO30GYKAEHA, pPapHa

Py (0)=(1—fi)™ (10.37a)

BeposiTHOCTB TOTO, YTO OXHO COCTOsIHHE (CKaxKeM, k) B036y:xIeHO,
a4 JApyroe—Her, paBHa

Py(2)=Px(3)=Ffx (1 —[x). (10.376)
BepoaTHocTs TOro, uTo 06a COCTOAHHS Napel BO3OYXJAEHBI, paBHA
P, (1)="fz. (10.378)
Yuureipas (10.37), nonyuaem us (10.15)
s, (0) =2U3, t0)=UV,,
s, (1)=2V¢, t,()y==—UV,,

sk(2)=sk(3)=1, b (2) =t (3) = 0.
Takum o6pasom, u3 (10.36) n (10.37) naxonum

E=X2e [UR(1 =200+ h]+
—}—§ ka'Uk/kaUka(l_ka’)(1""2fk)' (10'38)
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fn. 10. CeepxnpoBoAmrmocTs

3nech Mbl mpeanoJaraeM, 9to Up+Vi=1, HO He mnpeamoJaraem,
yro Uy BHGpaHH Tak, 4ToOb ofecneudts MHHHUMYM E npu HYyJeBoil
temueparype. Kak Uk, Tak H fx fABAsIOTCS QYHKIHSAMH TEMIIEPATYpH.

19 JaHHOI COBOKYMHOCTH OPTOHOPMHDPOBAHHBIX COCTOSHUH
Uy u fy onpenennM COBOKYIHOCTE BeposiTHOCTeH P; 1Js cocTosinus [,
Torpa umeem

E=2EP,
S=—ky X P;InP;, (10.39)

3

F(P;)=E—TS,

rae kp-—mnocrosinHas bBoabumana. Ecau BeposiTHoCTL P, npomop-
nHoHaJabHa exp (— E;/kgT), 10 F (P,) npeacrasasier coboit cBo6oj-
HYIO 3Hepruio. Jlerko JokasaTb, YTO €CJH MHHUMH3HpPOBaTh F (P;)

OTHOCHTEJbHO P, (npu yCJ0BUH EP,.=1>, 10 P; 6ymer HMeTb
i

IpaBuJbHOe 3HaueHHe npH Temneparype T.
[Toab3ysice MeTOAOM MHOXKHTeseH JlarpaHmka, HaxoAuM

OF 52
ap;
CnenoBarenbHo, P;=exp (MkgT —1)exp (— E;/kgT).

[Tapamerp A cielyer BeOpaTh M3 ycaoBusi Y P;=1; B sToM
cayuae P; UMeeT NpaBU/JbHOE 3HAUEHHe JJIs PABHOBECHOI'O COCTOSIHHUS .

st cBepXMNPOBOJHHKOB NPH KOHEUHHIX TeMIIepaTypax MHHUMHU-
3anus F OTHOCHTeJIbHO P; 5KBHBAJ/JIEeHTHA MUHHMH3aUKH OTHOCHTE/IBHO
Uk H fk.

[lpexae ueM MepexXolHTb K BEIYHCJIEHUSM, 3aMETHM, 4TO (YHK-
uusi F, KOTOpyl0 MHl 3/lecb paccMaTpPHBaeM, OTHOCHTCH K CHCTeMe
C HeoNpefeNeHHBIM YHCJIOM 3J€KTPOHOB. [l0o3TOMY MHMHHMH3aIlHs
ROJMXXKHA INPOBOJUTLCS IPH YCJOBHHM, YTO CpPELHEe UYHCJO 4YacTHII
¢urcupoBano. Hanpumep, ¢yuKnuio P; ciefyer 3anHCHBATh B BHJE

e E, 4+ kgT (InP;+ 1)—A =0.

P(n,, ny ...), TAe Ay, A, ...— UUCJO YACTHI, COOTBETCTBEHHO
B cocTosHuAX 1, 2, ... . B nonosHeHHe K YCJOBHIO
Z P(ny, n, ..)=1
Ny, fgy v

HMeeM TaKxe YyCJIOBHe

2 (mFngtngt .. ) Plagng, .. =N,

Ry, Py o

rie N —o¢ukcupoBaHHoe uwHcao. MeTos MHoxHTeseft JlarpaHxa
B 3TOM CJyudae onpejensieT XHMHuYecKul moTeHuuaJt (cM. ra. 1, § 6).
PacecMaTpuBas cBepXIPOBOJAHHK, Mbl He BHIIHChHIBAeM B SIBHOM BHJE
XHMHYECKHH IOTeHIHAJ, MOCKOJbKY MpaBH/JbHOE ONpeJeseHHe ero
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§ 7. KoHeuHbie Temnepartypsl
ofecneyHBaeTcs COOTBETCTBYIOUIUM Bb[60pOM HayaJia OoTCYeTa
SHEPTHH.
DHTpomHA cuUCTeMbl S ONpejensieTcsl ypaBHEHHEM

~ . ;
S=-—Fky, Z (Bepoarnocts coctosnus £) 1N (BeposiTiocts coctostnun §) =
13

=—k3§2 Py (n) In Py (n).

CiefoBaTesno,
TS =—2~2 Z{fcln fic+(1—F0 In (1 —A),
OF —0=2E SE GTS
éfk Gfk (ka
= ey (1 —2U? —4}k:vkk,uklvk,ukvk (1—2f) 231 In likfk .
(10.40)

IMonoxum
Sx=er (1 —20})—2 kz:]vkk,uk,vk,ukvk (1—2fw).  (10.41)

Torna

1
fx =—=5—. (10.42)
e‘*é’k_H

Ecnu tenmeps MpPOBECTH BapHALHIO

OF _ 8E
50, T80,

Ui
= |4exUx+2 Y ViUV Vi—pt J(—=2fe)| (1 =2, (10.43)
=

=0=

TO MBI NIOJIy4aeM (B NPHHLHKIIE) CHCTEMY ypaBHEHHI, KOTOPas MOMKET
GbiTh pellleHa OTHOCHTe/bHO ABYX mepemennbix Uy # fx . Ompegesun
Teneps

Ag=— kZka'Uk'Vk'(l—-ka'). (10.44)

Torna ypasnenue (10.43) craHOBUTCS HAEHTUYHBIM YPABHEHHIO
(10.20). Ilpu sTom Bce pesyabratel (10.20)—(10.28) okasniBatorcs
CrpaBeJ/IMBBIMH UM TIDH KOHEYHEIX TeMmuneparypax. Bripakenue
(10.41) npuHuMaeT BHUI

S =ex (1—2U1) + 20 = eu (- )+22; Ax=Ex (10.45)
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Fn. 10. CsepxnpoBogumocTs

TAe GbliM Henmosib3oBanbl ypasHenus (10.44), satem (10.25) u (10.28)
H, HaxoHel, (10.24). Oxonuare/bHBI!l PE3y/bTAT HMEET BH]

Ap = —‘f; Vi %th ;ki‘;_T
Ei=ef+ AL
Uro6br YNIPOCTHTL 3TO YpPaBHEHHE, MPEANOJONHM, UTO
Viwe=—V <0 aas |e| <ho.
Torga Ak ue 3asucur or k u ypaBuenue (10.46) ynpomaercs:
o

1 de

MOV JE
0

(10.46)

E

th 2kgT’

(10.47)

rre M (0) —nJ0THOCTL SHEPreTHYECKHX COCTOSTHUM HA MOBEPXHOCTH
®epmit. Muoxureab 2, croamuit B 3HaMeHarese ypaBuenus (10.46),

0 ho
ne nossasgerca B (10.47), Tak Kaxk HHTerpaJsl S de u S de nair
-ho 0

oAnHaKoBbA BKJaaA. Ilpu T—0 ypaBuenue (10.47) naer

ho
1 o ds exp [— V&5~ A%/kpT]
W@ArShT—Q ( l/‘mé . (10'48)

[Tpeanonaras, uro BeqnunHa M (0)V maga, maxopum
2%k
A(0)’

Ll _~ln

WGV A(O)=A npan T=0. (10.48")

Jlerko mnokasaTh, yTo ¢ pocroM 7 BeJHYyHHA A yMeHblIaeTcs.
OuyeBHJHO, UYTO 3HaueHHe A He MOXET ObITb KOHEYHBIM NpH BCEX
TeMrnepaTypax, Tak KakK B Npejesie BEHICOKHX TeMIeparyp Mbl MOJy-
yaeM ypaBHeHHe, He 3aBHCsALIee OT A:

to
1 " e _ ho
M(O)V"’O 2kpT  2kgT»

a 3T0 ypaBHEHHE MOXKET IPOCTO He BLIMOJHATHCSH.

Beauunna A Bxoaut B ypaBHenue (10.47) Toabko B KBajgpare
(B suepruio B =} "e? + A%). [Ipu yMeHbIIEHHH A yMeHbIIAeTCs 3Hep-
rua E(e). Ho E(e) He MOMXKeT CTaThb MEHbIUE 3HAYEHHs, KOTODPOE
oHa umeer npu A=0. CienoBare/ibHO, BLIlIE KPHTHYECKOH TeMIe-
patyprl, Kotopas onpejeJsercs u3 ycaoBHA A =0, He cyuecTByer
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§ 7. KoHe4Hbie Temneparypob!

OTJIHYHBIX OT Hysaa pewenud aas A. Tlosaras A=0 B (10.47),
nosyuaem

ho -
1 de € e
WW:Se—th QkBTCzln<l,l4m>. (10.49)
0
[IpupaBuuBast (10.48") u (10.49), maxoanm
2A (0) = 3,52k5T .. (10.50)

Mp szanncanu 310 cooTHoweHHe a7 2A(0), Tak Kak B 3KcCrepu-
MEHTax M0 BO30yKAEHHIO CBEPXNPOBOAHHUKOB OOLIYHO OJHOBPEMEHHO

QJKT, QUr. 10.15.
17

0 Lo T/Te 3asucumocts A ot T/T,.
poxnawoTcs 31€KTpoH H Abipka. CooTHowmenue (10.50) nocraroyno
XOpOLO coracyeTcs ¢ 3kcnepuMeHToM. [Tonoxum T=T.—1 H Gynem
CYHTaTb, YTO T BO3pacTaeT, HauWHAs OT HYJEBOTO 3HauyeHus. Ecuu
apy stoM ypasHeHHe (10.47) NOJIXKHO OCTaBATLCS CNPABELJHBBIM,

c”/},rc PUTI. 10.16.

252

3aBHCHMOCTD
TEMJOCMKOCTH
CBEpPXNMPOBOAHHKA
g ! T/T, Ce s 01 TT,.

TO 3HEPrusa £ JO/MKHA YBEJHYHBATLCA OT 3HAUEHHS € HA BeJHYHHY,

nponopuxoHaaenyio 1. Ho £ = V' e* + ATar e+ A%/2e, cle0BaTeIbHO,

sesHuuHa A® nponopuHoHassna t npu T ~ T,.. Wuaue rosops,
AN =A(T.—T),

rie A—HekoTopas NOJOXKHTeJbHasi KoHCTaHTa. TakuM o6pasom,
Mbl MPHXOAHM K BbIBOAY, 4TO OOUIHH Xapakrtep 3aBucHMOCTH A (T)
JOJPKeH COOTBeTCTBOBaTh ¢ur. 10.15.
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Fn. 10. CeepxnpoBogMmOCTs

Ilpyrasi sKCIepHMEHTaJ/JbHAsl NPOBEPKA COCTOMT B ONpEIEJICHHH
3]EKTPOHHOH 4YacTH TeIJoeMKOCTH. B HOpMaJsbHOM COCTOSIHHH
tenaoemkocts C,, , nponopuHoHaabHa T

Ce, n= YT,

rje y—nocTosiHHasA. [/ CBEPXNPOBOAAUIETO COCTOSIHHS CTPOHTCS
rpad¥K TeMIepaTypHOH 3aBHCHMOCTH TeNJa0eMKOCTH C, ¢, OTHECEHHOH
kK yTc. OTa 3aBHCHMOCTb, NMoOKasaHHas Ha ¢ur. 10.16, cormacyercs
C 3KCIEPUMEHTOM.

$ 8
lNpoeepka cyliecTBOBAHUA
CNApPEHHbIX COCTOAHWUNH
M 3IHEPreTMyecKou Lenu

Jlio6oe siBJEeHHE, B KOTOPOM NPOHCXOAUT pACCesiHHE 3JEKTPOHOB,
MOXeT ObITb HMCIOJb30BAHO AJS TPOBEPKH CYIIECTBOBAHHS CIapeH-
HEIX COCTOSIHHH 3/JeKTpoHOB. [IpHMepaMH TakKHX SIBJAEHHH MOryT
CJYXHTb 3aTyxaHHe (DOHOHOB M IllapaMarHMTHAsi peJakcauHs.

Paccesinie 3/€KTPOHOB OIHCHIBAETCsl 4YacThi0 TaMHJbTOHHAHA,
coepxailled CJeAyoUHe 4YJeHb:

H' = 2 Bue, koliotio, (10.51)

ko, k’'o’

rje o—COHH 3jJekTpoHa. Beipaxenue (10.51) npeacraBasier cobo#
aMILIHTY 1y paccesiHusl 3JE€KTPOHA U3 cocTosiHus ko B coctosinne k'a’,
Kak lokasaHo Ha ¢ur. 10.17. Ecau cyilecTBYIOT CnapeHHble COCTOS-

K" DUT. 10.17.

WM‘/
\kd Paccesiuue 3seKTpoHa.

HUS 3/7IEKTPOHOB, NIpeJJIOKEeHHbe B Teopuu bapauna, Kynepa, [ipud-
tdepa (BKII), To npu paccesiHnn 3jeKTpoHa B cocTosHHH ki Bo3-
HHKaeT HHTepdePeHIHA CO CapeHHbIM 3JIeKTPOHOM B cocTosinuu — k.
KosddbruuueHt B o6bluHO o00JanaetT cUMMeTpHeH, NIOKa3aHHOH Ha

¢ur. 10.18. Caenyer pasnnuaTb ABa Caydas:
'Bk’o’; ka-_—B—k,'-—a' -k’, =0’ (Cﬂyqaﬁ I),

Bk'o'; ke — — B—k, -0: —-k’, =0’ (C./Iyl{aﬁ II)'
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§ 8. MNpoeepka cyw,eCTBOBAHMA CMAPEHHbLIX COCTOSHMM

s obblYHOrO paccestHUs Mbl MOXEM COCTaBHTb  CJAEAYIONLYIO
Tabauny:

kt k't
HauanbHoe coctosinue Sausmo Cso6oaHo
Koueunoe cocrosiuune CeoGonHo  3awusamo

Hnaue roBops, MBIl paccMaTpHBaeM pacCesHHE 3JIEKTPOHA H3 COCTOA-

Hus kt B cocrosuune k't.
k;¢o! : -K',~d"

OUT. 10.18.
Cummerpusi koappunuenra B.

Haa teopun BKII tabauuna nonxHa oJlHOBPEMEHHO €01epKaTh
cocroiuua kt m —k|. B 3ToM cayuae, ecaH ML rOBODHM O pacce-
SHHH 3JEeKTpoHA Hu3 cocTosiHudg kt B k’t, To 370 oO3Hauaer, uro
B KauecTBe BOJHOBOH (GYHKUHH Haya/JdbHOTO COCTOAHHA GepyTrcs
byHKIHA Yk = @k (2) U OYHKUHA Py = U @i (1) + Vi (0). Toraa
BOJIHOBLIMH (YHKLUHAMH KOHEYHOTO COCTOSIHHS OYAYT i = Qi (2)
H Px = Uk @k (1) + Vi ok (0). CrefoBaTennhHo, A MaTPHYHOTO 3Je-
MeHTa IIpOoLecca pacCesHHs HMeeM

<P, [ H [P> = <ow (2) | Ui (1) + Vi (0) | X

X B @i 10k 4+ B -k -k i@ Xk -k )@ (2| Uie@ie(1) +Viegur(0)> =
= By ViVie + Bk y-x Uk U = B y kot ViV == U Ue). (10.53)

3HaK ,-k“ COOTBETCTBYeT ABYM pasauuHbiM cayuaam (I) u (II)
B cooTHoweHHH (10.52). Mamenenne 3naka ¢ nJioca Ha MHHYC NpH-
BOJAHT K 3HAYHTE.NbHOMY H3MEHEHHIO aMIIJIUTYIH paccesHusi. Kaue-
CTBEHHO 3TO H3MEHEeHHE MOKHO MOHATh, €CJH PacCMOTPETh CJyuaH
k" ~ k. Toraa umeem

€ e
2 2 2 k k
k
Ve
Ecau 3Hak mnosoxuTedabHBIH, TO paccesiHHe YCHJIHBAeTCs; €CJH
3HAK OTPHIATEJbHEI, TO MOAABJSIETCH.
OKcnepHMEHTaJbHOEe HCCJAEJOBaHHE TaKUX fABJEHHH, Kak MOTJo-
HEeHUe 3BYKAa, TEMJONPOBOAHOCTE, MapaMarHHTHAas - pejlakcanms,
N0Ka3aJjo, 4YTO TEOPHSA MOXeT OMHCaTh HX JAOCTATOUHJ XOPOLLO.
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Fn. 10. CeepxnpoBogMmocTh

O6cyanuM Tenepb HEKOTOPbIE 3KCIEDHMEHTH [0 OIIPejeseHHIo
sHepreTHyeckof wmeqn. [IpeArnoJsioxKHM, YTO Mbi HMEEM KOHTAKT
CBEPXNPOBOJHHUK —TOHKHH AH3JEKTPHUYECKHH CJIOH — npyroi MeTaJ.
(HOpMaJbHBIA  HJIH CBepPXNPOBOAAIKE). [IH3/JeKTpHYECKHH cJI0i
MOXeT NpeACTaBJATb CO60H OKCHAHBIN CJA0H Ha [OBEPXHOCTH CBEPX-
npoBoaHHKa. EcaM NpusoXKHTL DPasHOCTb IOTEHILHAJOB K 3TOMY
KOHTAKTy, TO BeJIHYHHA ToKa Oy[IeT olpefesaThCcsl 3HEPTETHUYECKON
menpl. [loyKoanyecTBeHHO MOXKHO c(hopMYJHPOBaTh npobJemy
CJeNYIOmKIM 06pa3oM.

A OUT. 10.19.

Tox 4epes Kourtaxr
HOPMaJIbHBIH MeTaJs1 —
> CBePXNMPOBOAHHK NPH

0 g 4 T=0.

O6osnauyum MeTtanas Homepamu 1 u 2. HMwmeercs Hekoropas
aMIIHTya fepexoja 3JeKTpoHa M3 cocrosinug k B meTasge | B co-
crossHHe q B Metaagse 2. [lpeamnosioxkuM, 4TO amMmJuTyjAa nepexojna
B HUHTepecywuell Hac ob6macTH 3Hepruil (BOJIM3H 110BEPXHOCTH
®epmu) ABJAAETCA NOCTOAHHON H paBHOH M. BeposiTHOCTB nepexojia
3/IeKTPOHA M3 cocTosiHHA Kk B Merajne | B HEKOTOPOe COCTOSIHHE
B MetaJjJje 2 onpejeJasiercs Gopmysoh

_21.;’1 Z | M |2 X (BeposiTHOCT TOro, 4TO coCToRkHe Kk 3aHATC) X
X (1 — BEPOATHOCTL TOrO, YTO COCTUsIHME ( CBOGOAHO) x § (Ek __Eq ),

rne Ex u Eq— 3HePTUH COOTBETCTBYIOIHX cocTOosiHUI. BepositHocTs
TOro, 4To cocrosinue k saHsito, paBHa

1
f(Ek):exp (E/kgT) 1"

aHaJIOTUYHBIL BUI HMeeT BLIpa)KeHHe I/ COCTOAHUs . Ecau
K MeTajsy 2 NpUJOXHTb pPasHoCTb MOTeHuHanoB — V, To sueprus

COCTOSIHHA ( CTaHoBHTCH paBHOH Eg=Eq—V, a BepoATHOCTH TOTO,
YTO COCTOSIHHE ( 3aHATO, OCTaeTcs MnpexxHeld, a HMeHHO [(E,) =

=f(Eq-}—V). BesnuuHa rtoka, mpoTekaromero or Mertaana 1 k me-
Taaly 2, paBHa

B LM (B (1= (Ea+V)] & (Eu — Eo
- kig
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§ 8. Mposepka cylwecTBOBaHUS CNAPEHHBIX COCTOAHME

st BEMUMHB! MOJHOTO TOKa /, PaBHOrO Pa3HOCTH MEXJAY TOKOM
oT MeTaasa 1 Kk 2 u ToKoM oT meTaana 2 K 1, Haxoxnm

PSRN B (1= FEa V)]~
-4

—F(Eq+V) [1—F(Ex)]} 8 (Ex —Ey) =
=2 MP Y [F(E)—F (Eq+V)] 8 (Ex —Ey).

k. gq
3aMeHsd Tenepb cyMMHpoBanue 1o K U q HHTerpHpOBaHHEM

{ dEdEqp, (Ex) p. (Eq),

rae P, (Ex) H p,(Eq)—OYHKUHH TNJAOTHOCTH COCTOSHMH B COOTBET-
CTBYIOUIHX MeTaJjj]ax, Nnosaydaem

L) =55\ MP [ dE [} (E) =] (E+V)] by (B) p. (E+V).

Ilpu abcosoTHOM HyJsle TemmepaTypbl
0
1(0) =Z° | M j dEp, (E) p,(E+V). (10.55)
-V

TakuM o6pa3oM, BeJHYHHA TOKA 3aBHCHT OT MJOTHOCTH COCTOSIHHG
BOsH3H noBepxHoctH Depmu Ep aas AByx Mertasnaos. [Ljs Hop-

©OHI". 10.20.

Tox uepe3 kouTaxT
HODMAaJIbHBIH MeTajaa —
CBEePXIPOBOJHHK NP
0 A 14 KOHEeUHOH Temmepatype.

MaJbHBIX MeTa/JIoB QyHKIHIO p (E) MOXKHO CUHMTaTb IIPHMEPHO
[IOCTOAAHHOH, HO A/l CBEPXIPOBOLHHMKOB B3aHMOJEHCTBHE MEKIY
3/eKTpoHaMHu gedopmupyer sHepretudeckuil cnektp. CocrosiHue,
KoTopoe 0e3 yueTa B3aHMOJEHCTBHS HMeJI0 6bl SHEPTHIO €k, HA CaMOM

AeJle MMeeT SHEPTHIO lEk|=]/eﬁ+Aﬁ. st MPOCTOTHI MOJIOXKHM
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'n. 10. CeepxnpoBOAMMOCTL

Ag=A, T. e. 6yjgeM CuHTaTb, 4TO A He 3aBHUCUT OT k. CaegoBa-
TeNLHO, MMeeTcs IeJb B crnekTpe npu Ex=0. B To BpeMs Kak
dN/de (nmoTHOCTb cocTosiHiil 6Ge3 yuera B3auMojaeHCTBHH)—IpH-
MEPHO IOCTOAIHHAs BeJHYUHA, GyHKUHs

Ey) =|-2¥ __dN 1 _aN | Ex]
o (Ex _‘dEk'—‘dek [dE, jde | de VB A

CTPeMHTCSl K OECKOHEYHOCTH INpH NPHOIMKEHHH K UIEJIH H obpa-
maercss B HyJab AJs 3HEPruil BHYTPH LIEJH.

Ecau MeTaqibl 1 © 2 SIBJASIOTCA HOPMasbHBIMM, To 0, (E)
0, (E+V) mpeacraBasioT co0oi MOCTOSHHBIE H TOK ! mpomopuuo-
pagen V. Ho ecan wmerana 1 sBjasercs CcBePXIPOBOASUIHM, TO
BennunHa p,(E) B unrterpajse B (10.55) ocraercs paBHOH HYJIO
s Beex E, noka V e npepbicuT 3Hauvenus A. CuenoBaTelbHO,

HesanonmHenwsie
Jpossu ISpR——
. Hesanonnenusie
lens <Ep p———- —— | YposHL
! 4 IV
!
. S EFZ
SanonteyHsie
JposHY
1(ceepainpo6odnur) 2 (Hopmaensii
Mema)
OUl'. 10.21.
ypOBHH B HOPMaJbHOM # CBEPXINPOBOJISLIEM METaJJIaX, PasfeJICHHLIX CJ0eM
LH3JIEKTPHKA.

npy V <A 1ok orcyrctByer. Ilpu V> A, kak Jserko noxasarb
[Ip4 HallMX YIPOLLEHHUAX, TOK [ MPONOPLHOHAIEH V' VE—A:. Xapak-
Tep 3aBHCHMOCTH [ OT V coOTBeTCTBYeT KPHBOi, H300paXKeHHOH Ha
¢dur. 10.19. [daa KOHEUHBIX TeMIIEpaTyp 3aBHCHMOCTb I[IOKa3aHa
Ha ¢ur. 10.20.

Cayuaft, xorga MeTaa1 l- ABASETCS CBEPXMNPOBOAIIHKOM, a Me-
TaJ1 2—HOpPMaJbHLIM, MOXHO MOSICHHTb CXeMOH, H300pa)KeHHOH
na ¢ur. 10.21. Tpu V=0 sueprua Ep, cosmanaer ¢ Er,. Koraa
pasHoOCTb MOTEHUHANOB V MOHMKAeT ypoBeHb Er, OTHOCHTENbHO Ep,
Ha BeJHYMHy, OOJbIIYIO, YeM A,, BO3HHKAeT TOK OT MeTajjla 1 K
Metaany 2. .
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§ 9. CeBepxnpoBOAHMK C TOKOM

[lpeamonoxuM, 4ro oba Meraana | u 2 dABJASIOTCA CBepXMNpo-
BojHHKaMHu. Toria 3aBHCHMOCTb TOKa OT HaMNpsi:KEHHs HMEET BH,
nokasanuwft Ha ¢ur. 10.22. Bropas kpuBas Ha dur. 10.22 nosso-

{ 7
T=0 T>0
£ L
0 AI+AZ 0 ]AI_AZI AI+AZ
OUI'. 10.22.

Tox yepes KOHTAaKT CBEDXNPOBOJHHK — CBEDXIPOBOJHHK I[PH HYJeBOR
H KOHeYHOH Temmeparypax.

JAer onpefeauTh obe wead A, u A,. BoJee noapo6Ho Bomnpoc 06
onpeleseHHH 3HePreTHYeckoll e n obcyxkjpaercs B o63ope [1].

§ 9
CeepxnpoBogHuk
C TOKOM

B § 4 Mbl MpeANnosOXKHIH, YTO MOJHBIH HMIYJbC 3/1€KTPOHHOH
napsl paBeH Hymo, T. €. k; -k, =0. Bosee obwelt siBaseTca curya-
ousi, Korjga cymma k; +4-k, paBna 2Q —IocTOSSTHHOMY HMIYJLCY AJs
BCeX Iap; B 3TOM cJayuae B CHCTEMe BO3HHKaeT ToK. Kak
paubiiie, Mbl MOXKEM ONHUCATb APy OAHHM HMIYJAbCOM K, HO Telnepb

klzk“l—Q, k2=_k+Q
Sueprus napsl paHee pPaBHSJACH £y -- E_x = 28, a Telepb

SLENIR U YR LS L

TaxK 4To

ﬁZQz

€k, - €k, == 28k 2

[To anaJorud ¢ NpebIAyLIHMH BEIYHCJACHUSAMH ONpeaenM Vi kak

byukuno Viiq, —k+q; k'+@Q, ~k'+q. 3AMETHM, OJHAKO, YTO BeJHYLHA

Vi npubausuteanuo paBHa Vi mmoc usensl nopsjka QF uiu
menbiie. Msmenenne Vi Ha wjeHbl nopsiika Q2 aHAJOCHYHO [0OM-
MJIEPOBCKOMY CHBHTY YacTOTBI 3BVKA, H3JYYaEMOrO ABHKYILHMCH
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n. 10. CsepxnpososumocTs

o6pekToM. Ilpenebperasi ,JOMNJEPOBCKHM CJABHIOM“, Ipeobpasyem
(10.17), 3aMeHHB TOJBLKO 2ex Ha 2ey + 2h2Q?/2m. DHeprusi OCHOB-

HOTO COCTOAHHSI NPH 3TOM YyBeJHYHBAaeTCsl Ha (ﬁﬁQQ/?.m)Z,QUk

[1noTHOCTE 4YHCJa 3JEKTPOHOB @\F:EQUk, a CKOPOCTb MOKeT
k

ObiTh OompeaeseHa B BHIE v=HhQ/m. Toraa ypenuueHue sSHepruu
CHCTEMBl PaBHO

mu? _
= (10.56)
Tok B cucreme onpeneasieTcs BbIParKeHHeM

J =< |—=plw>,

rze p——onepaTop nMnyabca. Otciona cneayer 41O
J“——S‘ [(k+Q)+(—k-+Q)] Ul =—e"8 LQ k== —d\ev

(10.57)
Kak MeHsiercsi BoJiHOBasi (PYHKIHsi NPH 3aMeHe [ap C HMIIYJb-
com =k nmapamu ¢ umnyJascoM = k-4+Q? Ypasaenue 145 Uyx MOKHO
npeo6pa3oBaTb K HOBOMY BHJAY, 3aMeHHB €k Ha ek—}—ﬁ'-’Qz/Qm.
[ToMHMO J00aBKH K 3HEPrHH 3JEeKTPOHOB ﬁZQZ/Qm, Heo6X01HMO
JN06aBUTL elle OAHY KOHCTAHTy, YTOObI COrJacoBaTh HYJEBOH ypo-
BeHb OTCYETa SHEPrHH C 3aJaHHON IIJIOTHOCTBIO YHCJa 3JEKTPOHOB,
B pesyabrare HyJeBoll ypoBeHb OTCYe€Ta SHEPTHH CHOBA IIOMajnaeTr
Ha noBepxHocth PepMH, Tak uto yHKUUA Uy OCTaercs Tako ixe,
Kak ¥ panbuie, Ho renepn ¢dyHkuua Uy YK€ ONHCLIBACT aMIJH-
TYAY BEpOSITHOCTH TOro, 4To cocrtosinne k- Q sansaro.
TTpeanosoKuM, U4TO OCHOBHOE COCTOSIHHE ONMHCHLIBAETCS BOJHOBOH
dyukuuei P, (x,, X,, ...). Ham xoresnocb Obl Tak MOAHGHLHPOBATDL
3Ty BOJIHOBYIO (YHKIHIO, 4YTOObI MOJYYHTh Yq (X;, X, ...). ITY
MOAUGHK A0 MOKHO OCYUIECTBHTL, 3aMEHAA KaXKAYI0 KOMIIOHEHTY
C MMIYJbCOM P KOMIIOHEHTOH C TOH K€ caMOli aMIVIMTyIOH, HO
C HMIYJIbCOM p+ﬁQ. Huaue rosopsd, exp (t'pe-xe/ﬁ) YMHOKAeTCst
Ha exp (iQ-x,). Torga noayyaem

Yo= exp(tQ Zx >1p0_exp (z— >1p0 (10.58)

Creayer 3aMeTHTb, 4yTo BhipaxkeHus (10.56) u (10.58) siBasiorcs
IPOCTO pe3yJabTaroM NpuUMeHeHHs npeobpaszoBanus [anumes K ypas-
nenuio Ilpegunrepa. B nawem npuGamxeHHH MB paccMaTpHBaeM
CBEPXIIPOBOAHUK C TOKOM KaK CBEPXIPOBOJHHK B OCHOBHOM COCTOS-
HHH B ABHXKYVIIEHCS cHCTeMe KOOpAMHAT.

B peasbHBIX MeTannax TOK MOMKET MEHSITbCS OT OAHOH TOUKHU
obpasna x apyrofi. Ilockosabky wumnyJbcbl Kk BeJMKH BOGIN3H IIO-
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§ 9. CeepxnpOBOAHUK C TOKOM

BepxnocTH Depmiu, BONHOBbE GYHKUHH ¢ HaHHH3WeH 3Hepriuef
CYIIECTBEHHO HEe CJBHTalOTCA [0 SHEPriM, eCJH H3MEHeHHe TOKa
B NPOCTPAHCTBE MPOHCXOAHT IJIaBHO.

Urobpl NOHATh, KakK MOXHO yuecTb H3MEHEHHE TOKa B IMPOCT-
paHCTBE, NPENOJI0KIM, UTO METAJLT Pa3/e/IeH Ha HEKOTOPBIE o6.1acTH.
Kaxaplit 371€KTPOH MOKET JIBHIaTbesl TOJBKO B 3ajaHHoil ob.1acTi,
U 148 Kaxjo#l o6JjacTH TOK HMeeT cBOe 3HauyeHHe. B 3ToM cayuyae
BOJIHOBas (GYHKUHA HMEET BUJ

P=exp <L‘ —';i—lvl-Zm xe> exp <i % v, ~Z(2)xg> e Py =
—exp [‘%Ev (xg)-xe] ¥, (10.59)

rae ungexco (1), (2), ... HaL 3HAKOM CYMMbI O3HAYalT, YTO CyM-
MHPOBaHHe MPOH3BOAMTCS 0[O 3JexTpouam B obgactu 1, 2,

[TpumeM Tenepb, 4TO V(X,) MJIABHO MeHseTcsa C X,. OnHako Takoe
TpenoJoxKeHie He COBCeM NpaBuabHO. HToOH noxa3aTb noyemy
5TO npejcTaB/eHue GyHKIHK P He TOYHO, HANOMHHM, YTO BhIpaxe-
HHe AJs [JOTHOCTH TOKa COAEP:KUT NMPOU3BOJHBIC 110 KOOPAHHATAM.
13-3a TOro, uTO CKOPOCTb V (X,) HE NOCTOSHHA, NMPOHCXOAMT H3Me-

HeHHe TOKa.
Uro6Ll yJydilliTh Hallle ONHCaHHe TOKa B CBEPXNpPOBOAHIKE,

Bhi6EpeM ADYToe IIpejCcTaBJjeHHe
P=exp [ i 20(x J
HJIOTHOCTb yHcJa 3JCKTPOHOB OHpe,QEJIﬂeTCH BbIpa:K€HHEM
W’(R)z,?jgw*wé(xe—k)dxldxz...,
a MNJOTHOCTh TOKa—-Bpra)KeHI/IeM

F(R)=— 3 oo {47 — (T, 9] 8%, —R) dxid, ...

2m
e

Ecsi MB BCIIOMHHM, YTO TOK B COCTOAHHH Y =1, PaBeH HYJIO, TO
[0y 4HM

§ (R) = — Ve 2 v, (10.60)

Hanpuwmep, ecqu 0=mv-x/h, To BeIpaxeHnne aas j(R) cosnaiaer

(10.57).

OTMETHM, 4TO MBI paccMaTpHBaeM TOJbKO TY 4acTb TOKa, 1J4
KoTopoil V X j=0. B crauuonapnoM caydae V-j=0.

B KoJ/blle 3TH YCJOBHS MOTYT BBIIOJHATbLCA H /I TOKa, He
paBHOro HyJic. B 3TOoM cJayuae

gﬁj-ds:—@\PeiAa,
m
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Tn. 10. Ceepxnposogumocts

rae AD —usmenenne ¢yHKUHH O npu o6xojge xo/abua. Beanunna A0
He oOs3aTeNbHO PaBHA HYJIO, HO OHAa JA0JoKHA ObITb KpaTHOH 2,
NOCKOMBKY Tpebyercs, yToObl BoJIHOBas (yHKIHsA OblIa OZHO3HAY-
Hoil. EcJH BBeCTH OIlpeleJieHHe v:—]/al\f’e_(ﬁ/m)ve, TO

1
$v-ds=2mn—, (10.61)

rjae n-—IueJsoe 4HCJO. Ecaun BHYTpE€HHEE OTBEPCTHE B KOJIbIE CXKHU-
MaeTcd B TO4YKY, TO n MOXKET 6BITb  BOJIBLIE HYJA TOJIBKO B TOM
cJayuyae, €CJH BJOJb HEKOTOPbIX JIHHHH CBepXIIPOBO/Jsiliee COCTOAHHE

6vyaeT paspyieHo.

BBoas onpejeneHue Vv ==— j/N'¢, MBI HEABHO MPeANOJIOXKH/IH,
4TO 3Ty BEJHYMHY MOMKHO CUHTaTh cKopocTbio. Takasi unrepnpe-
TaUnfl NOJATBEpPKAAeTCs BBIUHC/EHHEM CPEeJHEero 3HauyeHHs SHepTrHH:

E:Sq)aprdxldxz .. —Sq)*,: __Ve+vJ Pdx, dx,... =
=§;—2Svew*~vewdxldx2 e vpdxdx, =
— e S R (v ) s —R)dxidx,. . +

+S¢*V1pdx1dx2 cee . (10.62)

HnmeeM
PV =gV py;

KpOME TOTO,
VP* -V = V7 - Vo + V0« [h V5 — 57, ] -+ (V0)* i,
Bripakenne (10.62) npuHumaeT Bux (ecanm E,—3Heprusi B cocros-

HUH P =1,)
E=E, +-§7 S dRiVO (R) X

X S ; [PV P — YoV o] 8 (x,—R) dx,dx, ...+
—I—Q—ﬁ;—gdaR | VO(R) Izgzxp(’;xpoﬁ(xg—]{)dxldxz =
=Eo+§gd3Rv6(R)-1o (R) + 5~ Sd3R[ve (R) 2o (R).

(10.63)
Ho B ocHoBHOM coctosiniu j, (R)=0. Torzxa

E:E0+Vd3R(%mvz>d\f°(R), (10.64)
KaK H ¢JeioBajo OXHAaTh, ecan cuutath V(R) cxopocTbio.
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§ 10. 3asucumocTe TOKA OT nons

§ 10
3aBUCUMOCTb TOKA
OT nons

B ypaBHeuuu j(r)=—AA’(r) oyuxkuua A’ ycpeiHeHa M0 He-
KoTopoil o6saacTd BOJM3M TOYKH r. JIPYTHMH CJOBaMH, Mbl JOJUKHBI
HCIO/1b30BaTh HEKOTOPHIH ,pa3masannblil* norenunan A (r). Taxoe
»pasMa3biBaHHe" MOTEHLHAJa MOXKHO OOBSCHHTH KOHEYHBIM pa3Me-
pOM 3JeKTPOHHBEIX map; 3TOT 3(P(eKT MOXKHO paccyHTarb Ha OCHOBE
teopuu BKII.

DMNHUpHUYECKOE COCTHOLIEHHE HMEeT BHJ

A@e =" Vs. o —r)] (r—r) s -
A’ <r')=C§[ S De—ar, (10,65
rie C—o/KHBIM 06pa3oM BeIGpaHHAash HOPMHPOBOYHAS NMOCTOSIHHAS
(Tak, yTOObl AJS MOCTOSIHHOTO 3HaueHHsl A yCpeaHeHHblil moTeHuHall
A’ 6ui1 pased A). 3ameruM, uto cooTHowenue (10.65) nmeer BHA
cBepTkH. Ecan 3anucars

i@ ={imeorar, A = ADEER 10.66)
Kap (@) = S Kop(r)ye tardir, Kgp (r) = Ce="/% °;4f3
1o o (@) =§Kaa(q) Ap (a). (10.67)

Hike MBI ONpeAesHM KOMIIOHEHTY TOKa j(q) B HalpaBJIeHHH
BeKTOpa-noTtesutana A (q).

[pennonoKiM, 4TO BEeKTOp-moTeHuuast A (r) HampaBJ/eH BLOJb
OCH z M HuMeeT BeaHuMHy A,e~i9*, rle BEeKTOP q MepHeHHKY -
pen A (Mbl moib3yemcsi momepeuHofl KaanGpoBkoil V-A=0). Toraa

A, = A, () emmxdix = Aydg o,
rge BCe BeJHUYMHB HOPMHPOBAHBI HAa €AMHMYHLIA 0GDbeM.

B § 1 sTo#l rsaBel Mbl [10Ka3a/al, YTO €CJH BOJHOBas QyHK-
[Hs1 SABJSETCs ,)KECTKOI“, TO MMeeTCs TOJbKO AHAMarHHTHBIA TOK

ip=— AA. Ho ecan BonHoBasi (GyHKLUHS He SBJAETCS XKECTKOH,
TO WMeeTcsl 1l NapaMarHHTHAas COCTaB/AIAfA TOKA

. e [ ., eal. s .

yj=— %m P VIP_(VIP) IP]7 Jnomn =1+ ip-

IMogoxum fi=1. Paccmarpusasi § Kak oneparop (KaK B NpeACTaB-
JeHHH BTOPHYHOTO KBAHTOBAHHsA), Mbl MOTJH Obl IOJYYUTH Omepa-
Top ToKa j(r). Ho MBI BOoCmO/b3yeMCsl HECKOJBKO APYTHM METOJOM.
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n. 10. CeepxnposogaumocTs
s onHOH wacTHIBI onepaTop TOKa j, (r) paBed
. [
I (l‘)————-%— [Plé(r_rl)+6(r—r1)Pl],

rie r,—onepatop KOODAHHATHI, & F—IIPOCTOH BEKTOp (COBOKYII-
HocTh Tpex uHces). Torza

:S<i1 r >e“'q"d3r:S<¢I!’1 |¢>e“q"dar:
—.—WSSdar asrg* (r; )[ VoO(r—r)-+8(r—r, ) J P (r,)e-ar,
[Tocsie nexkoropeix npeoGpaszoBaHui M0JyYaeM

i1 (@) = — 5 <Y | Pie=ian fe=taenp, [y,

CyMMHpysl 1O BCEM YacTHIIAM, HAXOIHM

J(@) = 225,(@) = — 5o < | X (P95 - e= i P,) [ y>. (10.68a)
4 !

N ; o o
3nech BeJHUHHA Ze“q"zP npeacraBjsier cobo#l oneparop, Heil-

CTBYIOUIH HA BCe qacmubl TOrja Kak oneparop e~‘9'TP geficTpyer
Ha OfHy 4actuuy (r u P—oneparopui). IToab3ysich npeacraBaesnamn

e=ier — g d¥xe=fa* | x> (x|

P = (2 )3 P|P><P]|,

JerkKko Inoxkas3aThb, 4To

e P~k |k — gy <k|.

B ra. 6, § 8 6b10 nokasaHo, Kak HalTH COOTBETCTBYIOIILHE Olle-
paTophl AJf NPOH3BOJLHOrO uHcgaa 4acTHI. B cooTBeTcTBHH ¢ 3THM

no.yuaem
De-fanp, — Zka (k— q) a (k)
1

H anaJoruuHo

ZPeirn = (k—q)a* (k—aq)a (k).
1
Buipaxkenue (10.68a) Torna npunHHMaer BHJ

jq)= Qm <¢[2 (2k —q) aK—qax | P>. (10.686)

336



§ 10. 3aBMcMMOCTL TOKA OT nons

{lockoabKy BEKTOp q NepNeHAHKYJAPEH OCH Z (T. €. BEKTOPY-IIOTeH-
unajay A), HMeeM

j2(a) = ——<p| Y k.ai-qa|p>. (10.69)
k

BoanoByo ¢yukilHio [P> Jerko HalTH C NMOMOUILIO TEOPHH BO3MY-
1EeHHH.

['aMH/IbTOHHAH CBEPXNPOBOAHHKA B OTCYTCTBHE 110/ cojep-
JKUT YJeH

Pt
damed O
!
KOTOpHIIl IPH BKJIOYEHHH TOJs Npeobpasyercs K BHAY

w2 [PteAm)]”
{

[Tosb3yscy ycsioBnem V-A=0 n npeneGperas 4jeHaMH BTOPOTo
nopsiika no A, HaxoJHM, YTO raMHJbTOHHAH H3MEHSETCH Ha BeJH-
qUHY
’ ¢ e . eA, +
H :——S‘ A(x,)-P, :m—cz Aeta "[Plz —aEZkza“qak. (10.70)
7 i k

MNC  damed

BosHoBas ¢yHKUHA 0pu 3TOM HMeeT Bui
0> = P> 4+ 2 hn | V0>,

riie
<l X kaf, a0
A <nlH']0 ed, Ek Fhratk

n Eo—E, _ mc E,—E, : (10.71)

37ech MBI OJHOBPEMEHHO HCIOJb30BaJH 06a 0603HaYSHH S [n> 1 |,
Hepes |P,> o603HaueHa BOJHOBAs (QyHKLIHA OCHOBHOTO COCTOSHHA,
paccmoTpenHasi B § 4 u 5. O6veanunsas cdopmy.ant (10.71) u (10.69),
foayyvaem

()~ —= [<o |3 ki qar 0> + 3 25 <n| 3 ot qai] 05 +
k n k

+an<0lzkza¢_qak[ n>J .
n k

MBI BLIUHCJIHM TPETHﬁ 4jJeH B 3TOM BBHIPa*KeHHH, IOCJIE Yero He-
TPpYyAHO 6y11eT [I0OKas3aTb, 4YTO MNEpPBLIC ABa paBHBEI HY.JIO. Hnmeem

<0| kzkzaﬁ_qak, ny = <n| (; k ,ax - qax >+ | 0>e.
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In. 10. CsepxnpoBoauMOCTL

YuuTHIBag, uTO
+ + Y + +
<§kzak_qak> =2k_‘kzak ak_q—_—;kzamqak

(rme B mocJieiHeM paBeHCTBe HCIIOJMb30OBAHO, 4TO K, - ¢,=R,), H mosia-
rag k--q=k’, nonyuaem
1 |<n|2kzaf(“,ak|0>|2
. _e24, K
j (@) = St —— (10.72)
n

Boanoras q)yHKIlHH OCHOBHOTO COCTOAHUA SBJAAETCS NPOU3BEACHHEM

YJEHOB BHIa

Onepatop  k,ay;axy, AedictBys  Ha Y (0) P (0),  Raer
kUxVie |0, —k1>|k’1, 0>. JlpyruMu cJoBaM, Onepatop ka4 a4
nepeBOJHT COCTOSHHE

kt, —ki k't, —k'}
3aHATO CBOBOLHO

B COCTOSIHHE

—k|, k't kt, —k'|

3aHATO ¢Bo6OHO,

MpHYEM aMIJIHTYAa epexona paBHa kU V. MOXHO NONYy4HTL aHAO-
FHYHOE KOHEUHOe COCTOSIHHE, MOJMb3YACh ONEpaTopoM —R,aly a_ 4.
3TOT omepaTop MEPEBOAHT COCTOsIHHE

kt, —k| k4, —k'}

c¢B06OIHO 3aHSATO
B TaKoOe K€ COCTOsSIHHE, KaKoe MoJydaercs NMpH JeHCTBHH OllepaTopa

k,ag-1axy, ¢ TOH JHWb pasHHUel, YTO aMIJIHTYAa Mepexoia Ternepb
paBaa —k,UxVk. Takum o6pa3som,

i 4, i<k u k’ Bo3GyxnaeHb [(kzalf,TaH——kzafk¢a_k,¢)]0> 2 B
/z q)“mzc; Ek+Ek' =
— €2A0 E kg (Ukvk'_vk Uk')z (10 73)

mc - E+Ep : :

TpoBeneHubie Bbime adrefpanyeckue npeocOpasoBaHMA He ABIA-
I0TCS1 A0OCTATOYHO CTporHMH. Hampumep, He GbIH CHOPMYJTHPOBAHBI
npaBusa BHIGOpa 3HaKa A MATPHUYHOrO 3JeMeHTa. YHTaTeso cie-
AVeT caMoMy Tpojesarb 3TH aare6panyeckHe BBIKJIAAKH H OpOBe-
pPHTb, B 4aCTHOCTH, MPaBUJIBLHOCTL 3HAKOB. IIpu 3TOM BaxHO cobao-
JaTh TOC/e0BaTEe/JbHOCThL TNPH BBHIUUCJAEHHSX, HAIMPHMED, CJeAyer
O/HO3HAYHO YCTAHOBHTb, Kakas (YHKIHS, ai}afu [0, 0> wniwu
afHa;T [0, 0> (koTOpble OT/JHUYAIOTCA 3HAKOM), OTBeYaeT COCTOSIHHIO
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§ 11. Tok npu KOHe4HOMW Temnepatype

|kt, —k|>. JanbHelilie BbIKJaAK{H He NPEICTaBJAIT Tpyaa:
(U Wi —Vi Uk')2 = U|2(V12(r -+ VﬁU?«—-—QU ViUV

YunrpBas (10.26) n (10.28), npaBylo yacTb 3anuchiBaeM B BHIE

i(] A Aypogy Sk'>
2 EEy :

IMpu yuere pasencrsa j,(q)=K,,(q) A,(q) Bripaxenue (10.73) npu-
HUMaeT BHI

&2 k3 A Ay ey &g
Ke: (@) = g7 Ekl E, +Ey, <1 T E.E,. )

rne Ex =}/ eb-+AL [em. (10.24)].

Bapaun, Kynep u Ilpuddep onpenennyu BCe KOMIOHEHTH Teil-
sopa Kup(q) H HalIA ero sHaueHHst NPH HEHYJ/eBbX TeMnepary-
pax. OHM MoKa3ajqu Takxe, 4YTO TNpPH HYJ/EBOH TeMneparype HX
Pe3yabTAaT MPUOJIMKEHHO COOTBETCTBYET 3MIUpHUECKOH dopMyae
(10.65), npuuem 3suauenue &, He paBuo 0,18, a JeKHT B HHTEpBa-
ae ot 0,15 no 0,27. YuurniBas Te NPUOJMKEHHS, KOTOPbIE (C/IeAVA
Bapauny, Kynepy n Ilpuddepy) Mbl HCHNOJIb30BAJNH, HYWXKHO CUH-
TaTh, YTO TEOPHS OuYeHb XOPOILUO COrJIACYeTCsl € 3IKCMEePHMEHTOM.

§ Il

Tok npu KOHEYHOM
Temneparype

Yro6bl BHUHCJIHTL 3HEPTHIO CBEPXNPOBOAHHKA C TOKOM I[pH OT-
JHUHBIX OT HYJs TeMmIeparypax, HeoOXOAMMO H3MEHHTh QOPMY.ibl
(10.36) u (10.37) B coorsercruu ¢ Taba. 10.1.

Toraa NJs 3HEPTHH HMEEM

E jz:(l—fkw)(l —fksq) (eks @ T E-ks) Uk +
+§fk+Qf—k+Q(Sk+Q+E—k+Q)Vi2(+
+2k]fk+o(l-f—k+o)8k+a+§f-k+a(1~fk+o)8-k+q+
+ k%/Vf&)'Ukakaka [(1—fkr @) d—F-r+a)—fx+af -x+a] X
X [(1—fwsa) (1 —f-w+a) —fwiaf -w+a] =
= ; [(exs o +8-k+a) Uk (1 —2fu +@) -+ 28k +afk+a] +
+k'2k, VRUViUieVie (1 —2fk +a) (1 —2fk +a)- (10.74)
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Fn. 10. CsepxnposogHmocTs

311er MBI  HCIIOJIb3OBaJiu

Vi =V_ 1w =Vic— k.

cootHoweHnnss Ux=U_x, Vi=V_y 4

Ho cux mop, oxHaxko, Mbel He onpefenuan uu fx, Hu Uy. Kax
H paHblie, HEOOXOAHMO MHHHMH3HPOBATb CBOGOJHYIO 3HEpPTHIO F =

= FE—TS, rze

TS:—[i”;;Pk (n)In Py (n) =

= ﬁ_lzk:[fk+0lnfk+0+f—k+01nf—k+o+

+(I—=fksa)In(l —frso)+ (1 —fk+a) In (1 —f_xiq)] =

= —2[3"12;4 Fk+aInfusa+ (I —frsa) In (1 —fi +a)]-

(10.75)

Tabnuua 10.1

[1pexHee BBIpaXKeHUe

Hosoe suipaxenue

gys, (0)=2e, Up
g, S (1) =28, VE
8,8, (2) = ey

€15, (3) =

P()=T}

P (2)=h (1 —fy)

P (3)=F (1 —1y)

(8k+0 +8-k+0) UIE
(ks @ Fek+a) Vi
Ektaq

E_k+Q

Py (0)=(1—Ff) (! —f)=01—=f) (1 —fuqq) (1 —=F_ +q) —Bepost-

HOCTb TOro, uyrto Hu cocrosHue (k-4 Q),
HH cocrosine (— k--Q) He BO36yXKaeRbl

fetaf -k +a

fxta (1 —7_y + q) — BeposTHOCTS Toro,

470 coctosinve (k- Q) 3auaTo (BO36yX-
neHo), cocrosHue (— k+-Q) cso6oano

f—k‘+0(1 '—fk+0)'
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§ 11. Tok npu KOHeuYHOH TemnepaTtype

Ecau Mbl npoBejieM Bapuauuio no Uyx H NOJ0XKHM
By =— ZVIRUV (1—2fi+a), (10.76)

TO TOJAYYHM COOTHOLIEHHe, aHajoruuuoe (10.20). QakTHuecKH, ecad
MBI npenebperkeM oOLIHGKaMH nopsjika QF, TO NOJYYUM COOTHOLIe-
HHe, TouHo coBmajamwuee ¢ (10.20), u Bce dopmyan or (10.20) no
(10.28) cHoBa OyayT cnpaBeiJuBbl. B Gojee ofumeM ciayuae Mol
MOxeM BBeCTH BeJHUUHY € (k) =1/, (ek.q F€-k+a) H TOTAA NpHIEM
K ¢opmyaam (10.20)—(10.28) ¢ e (k) BMecTo &.

BbINOJAHUM Tenepbh BapHAUMIO TO fy4q. B pesyabTare NOJYYHM

—2e (K) Uk + ek o + 28UV - Pt In =554 feva _

fk+Q
f -+
=gxsq—e(k)+Ex+p-tln “fkéq=
ke
=~ k-Q+E 4B In _.f"_;_‘l_:o, (10.77)
k +Q

OTKyJlla HaxoAHM
1

exp { [Ey +A* (k-Q)/m] B} +1°

frsa= (10.78)

Bripakenue (10.78) MoxHO Opl0 Obl NOJYYUTb, COBepllas Npe-
ob6pasopanue ['annnes AJas CKOPOCTH v ="hQ/m.

MoxHO OO0 OBl 0XKHIATb, YTO TOK B CHCTeMe JOJLKEH ObiTh
paBeH CKOPOCTH, YMHOXEHHOH Ha MOJHYI MJIOTHOCTb 3JEKTPOHOB.
Ha camom jgese 3To He Tak. B AeHdCTBUTEJNLHOCTI TOK OKa3hbiBaeTCs
MEeHbIIe 3TOH BeJHMYHHEl, TaK Kak BO30yXK/IeHUsM OKa3blBaeTcs 3Hep-
TeTHYECKH BBHITOJHEEe ABUTATHLCH HABCTPEUY IOTOKY UACTHIL.

ToT 3¢dexT, ONHCaHHBLIH Bhille, He cJaelyeT NyTaTbh € «IIPOTH-
BOTOKOM», KOTOpLIl BO3HHKaeT cjaeiymomum obpasom. PaccMoTpum
3aja4y O ABH)KEHHH BOJHOBOTO I1aKeTa BO30YKIEHHBIX 3JEKTPOLOB
B cBepxIpoBojHuKe. Tako# BOJHOBOH MakeT MOeT ObITh ONHCAH
HEKOTOPOH mNpuOAHKEHHOH BOJMHOBOH (yHKLHEH, KoTOpas B CBOIO
ouepe/b MOMKeT OBIThb HCIIOJIb30BaHA JAJis onpejeJeHNA 3HEPTHi u#
JIOKa/1bHbiX I10TOKOB. Ho oxasbiBaeTcs, 4TO NP WCNOJAL30BaHHH
5Toff npubauKeHHOH BOJHOBOH (YHKUHHM ITOTOK HE cOXpaHsercd.
TlpH HCnOMb30BaHHM YJAydlleHHOH 1IPOOHOH BOJIHOBOH (DyHKIHH
(KoTOpas CYMIECTBGHHO He yJIydllaeT 3HEepTHIO) NOTOK COXpalsercs.
TIpn 3TOM «IPOTHBOTOK» TpEACTaB/sieT COOOH TOT AONOJHHTEAbHBLIH
MOTOK, KOTOpHIH BO3HHKAaeT 3a CYeT NONpaBKH K IePBOHAYaJbHO
BLIGpaHHOH BOJHOBOI (YHKUMH,

ITocMOTpUM Tenepb, KakOH TOK Mbi MOJYYHM NpHU HCIOJb30Ba-
HUH BOJIHOBOH ¢YHKIMH, KOTOPYIO Mbl BLiOpaJH AJs OlHCaHHA
OlHOPOAHOTO TOKAa B CBePXIPOBOAHUKE. [IpH 3TOM 3JeKTPHUYCCKHH
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Fn. 10. CeepxnpoBoaumoCTh

TOK MOXeT ObiThb 3allMcaH B BHJE NPOH3BeJeHHA e/m Ha MOJHBbIHA
UMIYJ/bC, KOTOPHIH paBeH

anynbc=2{(Bopomuocrb coctostums i) X (HuMnyase coctosuus i) =
= 2k] 2 Py (1) X (sxaan cocrosunit = K+ Q b cpennee snavenne nmnysca) =
=2 —fusa) (1 =for@) Uk [(k+ Q5 (—k+Q)] +
—I—;fkm (1—f-k+a) (k+Q)+§f—k+Q (1—fr+a) (—k4+Q)+
+ 2kl ki Vi [(k+Q (= k+Q] =
= Q2 |20k (1 —2fx o) + 2fx+al+ Xk (fkra—/-kra). (10.79)

ITepBuldl yjeH ¢ comMHoxHUTeJgeM Q MoxeT OHITh 3amucaH B BHIE

QkZ QUE—I—QZk:(l—QUﬁ)Qf“QZQJ\rQJFQQz;‘f“Q ebgt)

[ecM. (10.25)]. Bropoe cJaraemoe D fk+ae (k)/Ex 31ech npubiu-
K

KEeHHO paBHO Hymo. UToO6bl 0Ka3aTh 3T0, PACCMOTPHM 3aBHCHMOCTh
fk+o 1 e(k)/Ex or aneprun e (dur. 10.23). ®yHKuUHA [r4q MOYTH

QUI'. 10.23.

fye

.. Dyukunn  f g

/\EF Jnepzus v e (k)/Ey.
E g — 3Heprua QPepmu.

CHMMETpHUHA OTHOCHTesNbHO 3Heprud ®epmu, a GyHKuus e (k)/Ey
nouTH aHTiHcUMMerpHuda. CrejxoBaTesbHO, HX IIpPOH3BeJEHHE NPH-
O6/1HKeHHO aHTHCUMMETPHYHO H [IPH HHTErPHPOBAHUH B CHMMETPHY-
HEIX OpejenaX JaeT HY.Jb.

Takum ofpasom, ujeH ¢ coMHoxuTeseM Q paseH N'Q. Bropoi
wied B (10.79) pasen

d%k k
Sklfura—fvsa) = 22K ra=2 | 15 o (B T (k- Qym] P+ 1°
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§ 11. Tok npu KOHeuHoH Temnepartype

C TOYHOCTBIO 10 JHHEHHHIX 4/JeHOB 1o Q IoabIHTErpajJbHCe BhIPA-
KeHhe B 3TOM H/Ji€HE pAaBHO

exp {[Ex + (k-Q/m)] B} 1 ~ ‘)ﬁEk_e_l (eﬁEk+l)2 m v

Tlocsie MHTErpHPOBAaHUSA BKJAJ J4€T TOJbKO BTOPOH 4JleH, KOTODHIH
C yYeToM COOTHONIEHHA CHMMETPUM HMeeT PHI

o &K k KQ, 2%Q "k hePEk
J— lphlk — —_——
@ (PFE 1) m 3m J (@2 (ePER 1)?

Obrennnsa oba uvaena B (10.79), HaxoquM, UTO MNOJHBI 3JEKTPH-
4eCKUIl TOK paEeH

i=—dNev,
rae s¢ipexTHBHAA NJIOTHOCTH CBEPXIPOBOASIIIUX 3JEKTPCHOB o’y =

=o' —o¥",, a JN'—nosHas NAOTHOCTb 3/1€KTPOHOB:

=2 g UL
. k2e PEy
% ¢ &k
o, =B
3m j @nys (e"Fk £ 1)® (10.80)
v=2
m

Korna Ttemneparypa CTpeMHTCS K HYJIO, BEJHUYHHA [} CTPEMHTCHA
K 0OecKOHeUHOCTH, of’, CTPEeMHTCS K HYJAO H o, npubaHKaercs
K of. Bennumna o\, ofycaoBreHa HajguudeM Bo30y/JeHHil, H ee
MOXHO paccMaTpUBaTh KakK IIJIOTHOCTb YMCJA HOPMAJbHBIX (HECBEPX-
NpPOBOJSILIHX) 3/71€KTPOHOB.

Ure6bl obseryutb aHaan3 MoBejeHHs GYHKUUH o, cleaaem
HEKOTOpHE NpuOinKeHusi. [IPeanoJioxkumM, 4TO NOABIHTEr pajbHCE
BhIDaxKeHHe B dopmyae 4 o, AaeT CylecTBeHHBIH BKJIaJ TOJBKO
BOHsH noBepxHocTH @epmu B k-npoctpanctse. Takoe npeanoJo-
JKeHHe SABJAETCS CJEICTBHEM TNPEINOJOKEeHHS O TOM, 4TO (PYHKUHs
fk+q OTJIHYHA OT HYyJAs JHWb BOMH3H mnoBepXHocTH Depmu, Kak
noxaszaHo Ha ¢ur. 10.23. CnegoBaTenbHO, MBI MOXKEM 3aMEHHTb k*
Ha R} W nepeHTH OT CyMMBI K HHTerpaJjy COIJIACHO NPaBHJIy

d®k
o S M (0) de,
rae M (0) —naotHocTs coctosiHufi npu e=0. Ilpu sTOM BBIIOJ-

HAETCA pPaBeHCTBO
4Ank2dk 4nkm kdk dmkm

Me)de =~ =T ~m =~ aw 9%
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In. 10. CeepxnposogumocTs

CJlefgoBaTeqibHoO,

drikpm
M(O)— (Qﬂ)a ‘
ITonnas nJoTHOCTD 3JIEKTPOHOB CBsA3aHa ¢ HMIYJbCOM (DepMPI cooT-
HOHNIeHHEM
4 nle

N=27 @m)®

rpe MHOXKHUTENb 2 YUUThIBAe€T CIHHOBBIE COCTOAHHSA.
O6renunss BCe 5TH BbIPaxkeHud, MNOJyuaeM

w BEK e BAVitx?
N B | det = | dvPA ey (BA),
” (ePFx 1) (ePaVieey ) '

(10.81)
rie GyHKUHs Y OHpeJIEJIHETCﬂ PaBeHCTBOM

& Vitxe

‘\ 21 1+x7+])2

«

Kax mbl yxe 3HaeM, NpH abCOJIIOTHOM HyJqe Temneparyphl y = 0.
IMpu xpuruyeckod Ttemneparype A=0, Ex=e u y=1. [[pyrumu
cjaoBamH, N'g=0 IpH KPUTHYECKON TeMIepaType, u CBEpPXIPOBO-
AAWMUH TOK OTCYTCTBYeT. KauecTBEHHO 3aBHCHMOCTH of’, OT TeMIle-
paTypH npeictaBjgeHa Ha ¢ur. 10.24.

A QUI". 10.24.
'A/'

BaBHCHMOCTh IJIOTHOCTH

CBEPXMPOBOIAMHX
- SJIEKTPOHOB o\ OT
T, Vil TeMIepaTypol.

Herpyano o0606muth 3TOT BHIBOA. BMeCTO OThICKaHusi MPOCTOrO
MHHHUMYMa GYyHKIMH F 6yneM MHHEMH3HpOBaThb F IIpH YCJIOBHH,
4TO CpejlHee 3HAueHWe HMIyJbca ¢uHKCHpoBaHo, Torja BMmecTo
YCTOHUHBOTO COCTOSIHHS MBI IIOJYYHM COCTOSIHHE C KOHEUHBIM Bpe-
MeHeM KH3HH, KoTopoe 6yjaer pejJakcupoBarth K ycToHumuBomy. Onu-
pleM B OOIIMX 4Y€PTax 3TOT BBIBOJ,.

Tenmepp BMecTO OTBICKAaHHS MHHEMyMa F Mbl 6yjeM MHHHMH3H-
poBate ¢yHKuuiO F -V, .(P>. KomnoHeHTs V, IBJAIOTCA JNarpat-
JKEBBIMH MHOMKHIEJNAMH C Pa3MepPHOCTBIO CKOPOCTH. Besnunna <P)
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§ 12. Opyras touxka 3peHus

C CcaMoro Havaja sBJSeTCA 3aJaHHOM, a B KOHIEe BBIYHCJIEHH
napamerpst V, moabupamotcs Tak, 4YTOOBl MOJYYHTL MNPaBHJBHOE
snauyenue <P>. B pesyasbrare naxoaum

j:——w\f’evﬁn 4k k
m ) (@myexp {[E +k-(V=V,)] B} + 1"

rae V=Q/m. Mol yxe BBbIUHCJAAJH HHTETPaJ, BXOISWHH B 3TO
BbIpaxKeHHE, H IMO3TOMY MOXEM Jerko MokKasaTb, 4TO

ji=—NeVLNe(V-V,)=—NeV—NeV,. (10.82)

C NOMOLUBIO TeX Ke paccymaeﬂnﬁ rnoJjgyuaeMm JApyroe paBeHCTBO

Eaurp:%@vsm VZ“}‘%QN‘an%, (1083)

rae sueprust £, BblYHC/IeHa 1PH QHKCHPOBAHHOH 3HTPONHH. MoK 1O
NoKasaTb (XOTs M HE O4YeHb MPOCTO), UTO V, ABJSETCA CKOPOCTHIO
BOJIHOBBIX INAKETOB B CBEPXIPOBOAHHKE.

Pesiomupya pesyabtater (10.82) u (10.83), mbl Moxkem cdopmy-
JIUPOBATbL CJEIVIOUlee HE COBCEM CTPOTOE YTBepxKJeHHe:

B ceepxnposodnuke umeromes 08a MUNQ 3AeKMpPOHO8 — HOPMANbHbIE
8AeKMPOHbL, KOMOPble CO30@om MoK, 3AMyxarouyuil écaedcmeue con po-
MUB.IeHUs, U C8ePXNPOBLOALLUE 3NEKMPOHbL, KOMOpble «3AKOPAUUBAIONT»
Mok, c030asaemblli HOPMALHBIMU IACKMPOHAMU.

DTO yTBEPXK/EHHE He TOYHO, MOCKOJbKY N’y M o, B neHcTBH-
TEJIbHOCTH HE OMNPeIeqsioT YHCJIO 3JeKTPOHOB. Besuunna o,V
olipe/esieHa HEKOTOPLIM HHTErPAJIoM, a BEJIHYHHA o\, paBHa pasHOCTH
N —cV,. Tlon06HBLIM ke 00pa30M MOXKHO OIMCATb KHUAKHH reauil
B paMKax JABYXXKHIKOCTHOI MOJe/ H, PHYeM B HAwWEM c/ydyae 3Ta
MOJIe/Ib TAK>Ke MOXKET JaBaTh Pa3yMHble Pe3yJbTaThbl, €CJ/H [10Jb30-
BaTbCsl € 0CTAaTOYHO OCTOPOXHO, XOTSl M He CJe1yeT OTHOCHTLCH
K Hefl CJHUIKOM Cepbe3Ho.

$ 12
Hpyras Touka 3peHus

C nomouibio BapHalHOHHOTO MPHHIHIA MOXKHO [OJYYHTL YPaB-
HeHue Illpenunrepa B BHe

8§ .9 dsxdt —o, (10.84)
rae nJIOTHOCTHb JIal‘paH)KHaHa onpeneJjasgercsa paBeHCTBOM
& (P, v*, VY, VYE, , PF) =
L/ hk gA * I3 gAN , hows
= [(F V=2 )] - [(F7—L) 0] +avwror T wri.
(10.85)
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I'n. 10. CeepxnposogumocTs

3anaua onpenenenns ¢yHKLHil P H P*, COOTBETCTBYIOUIHX SKCTpe-
MVMY BeJHYHHbI de3xdt, 3KBHBa/JeHTHA DeELUEHHIO YPaBHEHHH

82 LB

22 e

=0, =0, (10.86)

rje, Hanpumep,

3
%i:_@{_iﬁ_ 4 _oF (10.87)
[:

Ioarsysice (10.87) copmectno ¢ (10.86), noayuum ypasrenue [lpe-
JIHHTePa H KOMIIIEKCHO COMpSIKEHHOE €My ypaBHeHHe.

Ecan 3anucath Y B Buie Y=} pe®, To Z Moo paccMmatpu-
BaTL Kak QYyHKLHIO 0 U O B HUX npousBoiHbiXx. Toraa

8L _ 0L 9y | 8F oyt _
H =5y o T s =0 (10.88)
H
8L
56

Ilepexons k nepeMenHbIM p H 6, 3anuiem

F =m0 (ﬁvO—?)zﬂ-%(VVE)'(VI/E)-H]VP %—ﬁ'p(H-%.d

OTClO,[La CJENYIOT YypaBHeHUs

e T
5 mv* - gV U #o, (10.89)

V-pv—i—bzo,
rape
(ﬁve—%A) " U=__E_lp-\'2|/5. (10.90)

Tenepsn

= {v (F—EA) v [(Fr—a)u] o) o

AIB/JSETCA NJIOTHOCTBIO TOKAa BEPOSAITHOCTH, @ HE 3/J1€KTPHYECKHM
TOKOM.

Kax npumenuts Bce 5TH  dopMyasl K CBEPXIPOBOAHHKY?
B cBepXnpoBojHHKAX B OCHOBHOM COCTOSHHH 3/I€KTPOHBI C npoTH-
BONOJIOXHBIMH CIHHAMH 06pasyioT mapel. JIHHEHHYI0 KOMOHHALHIO
TAKHX Nap ¢ HauHH3UIEH 3Hepruedl MOXKHO pacCMaTPHBATh KaK ua-
cruuy. ITocKosbKy ee CHMH paBeH HYMI0, 3Ta ,4acTHLA® NOJUK-
H7eTcs 603e-CTaTHCTHKE, H B OCHOBHOM COCTOSIHHH CBEePXNPOBOAHHKA
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§ 12. Qpyras Touka 3peHus

{IMEETCSl OTPOMHOE YHCJIO ,4aCTHL® B OJHOM H TOM K€ COCTOSHHH.
Ecan p BuiGpath Tak, uToObl GYyHKUHA P Gbl1da HOPMHPOBAHA, TO
ypasuenue (10.89) onuceiBaeT ABM)KEHHE OTAEJBHON ,UacTUIB.
O1HaKO MOCKOJBLKY ,4YacTHIUB ABAAKTCA G030HAMH, TO B OJHOM U
TOM € COCTOSIHHH MOXeT HaXOAHMTbCH NDPOU3BOJBHOE YHCJIO ,ua-
CTHI, H P MOXET ObITh MJOTHOCTBIO UYHC/A ,4aCTHI®.

3aMeTUM, 49TO ¢=2¢ W m TpeIcTaBaseT coboii YABOCHH V1O
sQeKTHBHYIO MacCy 3/ME€KTPOHA. 3aMeTHM TaKiKe, YTo eCJH p sB-
JSIeTCA TJIOTHOCTBIO 4HC/Id YacTHI, TO % HEOGXOJAHMO MOAH(pHIH-
poBaTh TaKHM 06pa3oM, 4TOOL! 3HAYEHHE O HE OTKJ/OHAJOCH CJHII-
KOM CHJIbHO OT XapakTepHOoro A./1s1 AAHHOrO MaTepuaja 3HAYeHIA,
cKaxeM p,. IlosToMy Mbl JO/KHBI 106aBHThL K & 4jeH BHIA

'(;_ (p —ps)z’

rl€ o He onpeiessieTcss U3 3JeKTPOCTATHKH, TaK KakK M3 3JCKTPO-

CTaTHKH CJE1YeT TOJbKO PaBeHCTBO of’s o, =const, rae o, =p.

Mel He 6yneM Gojee obCyxAaTh CNOCOGHI ONMpPEAENEeHHS o.
Ypasrenuns (10.89) Moryt 6biThb 3aMEHEHbI ypaBHEHHSIMH

., Op
V'J“}"W: ’
o ; (10.91)
|G+ -¥)v]| =g®-+vxB)+ VU
rae
E=—vW——1%, B—yxA

Ypasuenusn (10.91) npencrasasior cofoil He 4To HHoe, Kak ypas-
HeHHsl THAPOAHHAaMHKH. [lepBoe fABJsieTCA ypaBHEHHeM Hepaspbls-
HOCTH, @ BTOpO€ onpejensieT NeHCTBYIOUHe HA YaCTHLL CHJIE F = ma,
npuuem U urpaer poab jgaBjaeHus. M3-3a HaJgHUHS TOTOJHHTE.Ib-
Horo uieHa (a/2)(p—p,)* B & BeqnunHa U yxe He ompese.siercs
Boipaxennem (10.90). Ilono6Ho TomMy, Kak ypaBHeHHs MaxkcBenia
OTIHCHIBAIOT JBHXKEHNE OO0JbUIOT0 4YHcaa (OTOHOB B OZHOM U TOM
Ke coctofHun, ypaBHeHHA (10.91) aApasiorTcst MaKpPOCKOMHUCCKUMH
ypaBHeHHAMH Aas 00JbWIOro 4Hc/aa CBEPXMNPOBOAAMIIX ,4aCTHI
B OJHOM H TOM € COCTOSHHH.

CorunacHo (10.90), Benuunna mv -- gA/c = hv0 ssasercs rpaiiex-
TOM; CJej0BarTe bHO, ee poTop paseH Hymo. Ecau Bektop B=V A
paBeH HYJ/O, TO VXV =0 H JIBHKEHHE KHIKOCTH SfBJIACTCS Ge3-
BuxpesbM. Coraacho (10.90),

(4

ﬁ(ez-—el):i(mv—%ﬁ)-ds.
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Fn. 10. CeepxnposogumocTs

Ecau Touky | u 2 coBnapawr, TO

ﬁ(an):Sg(mv—}—‘%)-ds=%9§<”%+A)~ds=
=7 § Wi+A)as,

rae n—ueJjoe uucao H A’ =me/gp, = —2m c/2ep,. Vimeem
55(A'J'+A)'d5== —2';:10 na—(2,09.-10-"Tc-em) . (10.92)

Jlasiee 3aMe@HUM 1 Ha —H.

JJns OLHOCBA3HOTO (T. €. HE MMEIOUEro OTBEepPCTHH) CBepXIIpo-
BOLHMKA GYHKUHH V ® A BCIOAY HenpepwiBHBI; No3ToMy # =0,
Otciona caeayer, 4ro A= —A'j"?, [Ipeinosokum Tenepb, 4TO
CBEDXINPOBOJHHK HMeeT (popMy KoJbua. [loje He NMpoHHKaer rJjy-
60KO0 BHYTpPb KoJbua (cM. § 1), Tak uro B ray6HHe KOJblla TOKa
HeT. [lo3TOMY NpH HHTErpHPOBAHMM MO 3aMKHYTOH KPHBOH, .exa-
el B6IH3H cepelHHBl AOCTATOYHO TOJICTOIO KOJbIA, MOJYUHUM

56(A’i+A)'d5255A'dS=SS B-dS=2,09-10""n. (10.93)

Ypaeuenue (10.93) mokaswlBaeT, YTO NMOTOK 4Yepe3 KO.bIO KBAHTO-
BaH; 3TO IIpeacKasaHue NOATBEPKAAeTCA 3KcIepUMeHToM. DBoJee

OHI. 10.25.

CoEpTIPOBOOHUR

Y1

Cseprnposodyux
2

Cno#i nusnexTpuka
TOJLUHEOR Ax Mexny
1BYMSl OJHIIAKOBHIMH
CBEPXNPOBOLHHKAMH.

TOro, ecad Obl BeJHYHHA ¢ Oblja paBHa e, a He 2¢, TO KO3(pH-
IIHEHT NpH n Obl1 6B B ABa pasa 6oJblue 3KCNePHMEHTAJLHO Hali-
JIEHHOTO 3HAYeHUA.

VIMeloTCsl H ApYTHe OuYeHb HHTepecHble NpPHMEHEHHSI TeopeTHye-
CKOro 1ojaxoja, H3JI0XeHHOro B 3ToM mnaparpade. Paccmorpum
JH3JIEKTPUK, NMOMEMEHHBIH MEeXAY ABYMsS OJHHAKOBBIMH CBEDPXIIpPO-
BOAHHKaMHu # (¢ur. 10.25).

Y 310 ypaBHeHne coBnajaeT no BHAY ¢ ypasuenHeMm (10.2). Hanomuum, uto
B (10.2) j aBAseTCST 3/EKTPHYECKHM TOKOM, @ He MJAOTHOCTHIO TOKA BEPOATHOCTH,
KAK B BHILIENPHBEJEHHOM yPABHEHHH.

? Tecpuio TyHHeabHBIX 3eKTOB B CBEPXNPOBOAHHKAX (3hPeKT Jxoszegcona)
¢M. B pabote [3].— [Tpum. ped.
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§ 12. Apyras TOouka 3peHus

Ecau pasmep Ax J0ocTaToyHO BeJHK, TO JBa CBEePXNPOBOAHHKA
He BJHMAIOT ApPYT Ha JApyra H

_,E‘pl = Ellpl:
—-?’q}z = E2‘P2'

Ecau K 1M3J€KTpHKY TNpuJIOKEHA pasHOCTh I[OTeHLHastoB, To E,
MOXET oTaH4aThes OT E,. Ecanm tosamuna Ax oueHb mana, To 6Jla-
rojaps npocauuBaHHIO '{acTHU. yepes IOTeHUHAaJbHbLIH Gapbep BoJ-
HoBasi ¢ynkuus Y, Oyser NpoHHKATL B 00JACTb BOJHOBOH (PyHK-
und ¢, ¥ nao6opor. Ilockosbky ypasuenue lllpennnrepa sBasercs
JUHefiHpIM H OJHOPOAHBIM, TO CKOPOCTb IpPOCAaYyHBaHHsl B 06JacThb 1
(uau 2) nponopuxoHanabHa P, (Hau ;). MoxHO NoKasaTb, 4TO NPH
3TOM BbIIIOJIHAIOTCH YPaBHEHUSA

—ﬁl_lpl = E, -+ avy,,
—_“lpz E ¢2+a ‘P]’

(10.94)

rie a— Ae¥iCTBHTE/bHAS BeJHYMHA, €CJIH BeKTOD-IOTeHIHaJd paBeH
Hymo. Jas OTAHYHOIO OT HyJsA BeKTOpa-NOTeHIHana

ay = a,exp <%C—A-Ax>.

B}'D.EM paccMaTpHUBaThb JeACTBHTeJNbHBIE 3HAUeHHH a, pacuer AJd
boee obuiero cjayuast npeaJaraeM 4MTaTeJl0 BBINOJHHTBL CAMOCTOS -

teabo. ITpeacraBum P B BHae Y=} pe¥; Torna ypaBHeHus (10.94)
AawT

— =0 ROV B = E Vi aV B exp (i (9,—0,)]  (10.95)

M aHAJOTHYHOE ypaBHEHHe ¢ 3aMCHOH HHJAeKcoB 1 Ha 2 M maobo-
por. IlpupaBHuBas AeficTBHTeJbHbI€ dYacTH ypaBHeHHs (10.95),
HaxX01HM

9, =a S‘Cos(e 0+ E,
M, MEHSs MecTaMM HHIeKckl 1 u 2,
h9,=a S—;cos(ﬁz—ﬂl)+E2.
AHa/NOTHYHO H3 paBeHCTBA MHHMMBIX uacTell HmeeM
. 20, ) — . ‘
P1= —_ﬁ' Vplpz sin (ez‘_el) = —Pg-
Tox, NpOTeKAOUIUi uepes KOHTAKT, j= —p
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In. 10. CsepxnposoaHMOCTb

Beenem omnpejenenue

. 2 —= 2a0p,
62(62—61)» /o:_‘fal/-plpzz [;ip .

IIpu p, ~ p, mosydaem
j=1j,sind,
45 _E,—E, _qV _ 2V (10.96)
dt h N A

rae V———paanocn: [TOTE€HUHA/JIOB, [IPpHJO0XEHHAass K KOHTAKTY.

b 4, SUT. 10.26.
%

J},MH i Kormaxmst pum— jﬂmﬂ
2 Cxema ¢ AByM#
6 6; KOHTAKTAMH.

[IpeanosoxUM Temepb, 4YTO MBI COOpa/lH cXeMy, I[OKa3aHHYI
wa ¢ur. 10.26. Ecau 6=0,—0, u 8 =0,—0], To noJHBIH TOK,
NpPOXOJISIHE Yepe3 BCIO CXeMy, paBeH

nomn = Jo (sin 6 --sin §"). (10.97)

Jlis BHyTpeHHell uacTH cXeMbl, ofpasywoulell cBepXmnpopoisLiee
KoJb1o, umeeM VO = (1/h) (mv--gA/c), Tak uTo H3MeHeHHe (asbl O
npu of6xoje KOJblla PaBHO

2nn=6’—6+¢‘%(mv+%A>-ds.

Ho ecnn CBEPXNpOBOJAAICE KOJbIO H KOHTAKTHI JOCTAaTO4YHO TOJ-
CTble, TO CKOPOCTb V MaJja, H

2m=6'-6+ﬁ199A-ds=6'—6+‘;—(P, (10.98)
c 114

Tle ¢ = S B.dS —noToK uepes KoOJbIO.

Ypasuenue (10.97) MoxHO NpeAcTaBHUTh FpadHuecKH, 3ameuas,
uTo

iun:m =Im jn (€[G+ef5’)_

Xapakrtep moBejdeHHsi j uaoctpupyerca Ha dur. 10.27. [Ipu ne-
60/1bIIOA  pasHOCTH moTeHuuatoB O u 8 MOryT 3aBHCETb OT Bpe-
MEeHH, HO pasHocTe &' — & siBaseTca (yHKUHEH JHIUb MOTOKA uepes
Kosibllo. [Ipd 3ajanHoOM IIOTOKE uepes3 KOJbIO MaKCHMa/JbHOe 3Ha-
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§ 12. Dpyras Touka apenus
UEHHE [po;y MOXKHO OMpPELEJHTb C MOMOIILIO NPOCTOTO TeOMeTpHue-
CKOro IIOCTPpOEHHA, KOTOpoe paet

& —08
2

=2j0cos%qci. (10.99)

Ha ocnoBanuu sT0#t (opmyJibl MOXKHO NPEACKa3aTh, YTO 3HAYEHHE
Imaxe AOJKHO TIEDHOAHYECKH MEHSTbCA B 3aBHCHMOCTH OT @, Kak
noxkasaHo Ha ¢ur. 10.28. Paccrosinue Mexay MoC/eA0BaTe bHEIMH
MaKCHMYMaMH DpaBHO OY€Hb MaJOH BeJHYHHE MOTOKa, IMOPAAKA

jmakc = 2j0 cos

our. 10.27.

JHDJIH 51
jg PR,

Tok j, B KoMmIexkcHoit

0 TJIOCKOCTH.

10-7Tc-cm®. Huoraa peficTBUTesbHO HAGJI0AA€TCA 3aBHCHMOCTS,
nojoBHas usobpaxenHol Ha ¢ur. 10.29. [To cpaBuenuio ¢ ¢ur. 10.28
KpHuBas Ha ¢ur. 10.29 umeer ciexyoine TPH OCOGEHHOCTH:
1. Macirrabn rpadukos He coBmnajalor.
2. C pOCTOM @ OCLHJIALMH 3aTyXaloT.
3. Ilpu yBesNHYEHHH @ TOKH CTPEMsITCSi K HEKOTOPOMY OTJIHYHOMY
OT HYJsl 3HauYEHHIO,

Jrane ouUr. 10.28.

IMpenckasuiBaeMoe

TeOpHeH nepHOAHYECKOe

>  H3MCHEHHE MacUMallb-
[ HOrO TOKA fyake.

OnucanHbIf Bblllle 3KCIEPUMEHT aHAJOTHYEH H3BECTHOMY B ONTHKE
9KCIIEPHMEHTY IO HHTepQepeHUHMH Ha ABYX wmeasx. Ecaum menan
MMEIOT KOHEUHYIO IIHPHHY, TO HabJlojaeMas B ONTHUYECKOM 3KClle-
pHMEHTEe HHTEHCHBHOCTL HHTEP(EePeHUHOHHLIX MaKCHMYMOB OIpeje-
asierca AHGMPaKIHOHHOH KapTHHOH OT ONHOH WeJH H i GOJBLIHX
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n. 10. CsepxnposoaumocTs

YIJ0B OCUM/IANMH 3aTyXaloT. B waliem skcnepUMeHTe H3-3a HaJH-
YMsi MArHUTHOTO M0Jisi, TPOHHKAIOLIEr0 B 30HY KOHTaKTa, ¢asbi §
u 6’ He OJHOPOAHBLI MO MOBEPXHOCTH KOHTaKTa. BesinuHHa HeOaHO-
poaHoCcTH 6 BJ0JIb KOHTAKTAa COOTBETCTBYET INHPHHE MIEJH B ONTH-
YECKOM 3KCIIepHMEHTE ¢ JBYMs LIeJsIMH, H 3Ta HEOJHOPOJHOCTb
IPHBOAUT K aHAJIOTHUHOMY 3(PHEKTY.

VWV A~

14

JMaIf C

OHUT. 10.29.
DKCNepUMEHTaTbHOE H3MEHEHHE fyage.

OrsiHuHOe OT HyJs MpejenbHOEe HHXKHEe 3HauYCHHE, K KOTOPOMY
CTPEMHTCSI TOK TNocJe 3aTyXaHHs OCUHJAAUHH, O0YC/IOBJIEHO TeM,
YTO CKOPOCTb V 3JEKTPOHHOIl Mapel He paBHa Hy/0. B cxewe,
u3obpaxeHHo#l Ha ¢ur. 10.30, BepxHsisi U HHXKHsIA YaCTH HE IKBH-
BAaJICHTHBLI IPYr JApPYyTYy, MO3TOMY HHTerpa. ‘ggv-ds He JOJKEH ObiTh

paBeH Hy.IO.

™~
Orucs ‘ . /C BERTICEaTHLN

O, 10.30.
CxeMa CHCTEMH ,,C IBYMS LIeJAAMUY.

Eciy MarHuTHHA NOTOK Yepes KOJbLO CO3TaeTCsl COJICHOHIOM,
TOMEUIEHHBIM BHYTPH KOJblla, TO OCUHJ/ISLUHH He 3aTyXaloT, Tak
KaK MarHUTHOE MOJiIe He MPOHHKaeT B o6JacTb, TjJe TeueT TOK. Ta-
KHM 06pa3oM, H3MEHEHHEe ¢ IPHBOIHT K H3MEHEHHIO [,,uc- OTO
MOKasbiBaeT, 4TO HMEHHO BEKTOp-NOTeHLHal A HeNOoCPeACTBeHHO
BJMAET Ha JBHkKeHHE 3;1eKTPOHOB. OOBIYHO 17151 ONUCAHHS JBHKEHHS
yacTHI BBOAMTCs noJsie B, mocko/sbKy OHO ompenefsieT CHJbI, KOTO-
pele 1efCTBYIOT B TOH TOYKe MPOCTPAHCTBA, TAe JaHHbIE YacTHIIBI
HaxogaTcsi. B Hawewm cyyae Takyio poJib HTPaeT BEKTOP-MOTeHUHA.
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§ 12. Apyras TOuka 3peHus

PaccMOTpuM cxeMy, H3oGpaxkeHHYwo Ha ¢ur. 10.31, rae MOXHO
NponmyckaTb TOK uYepe3 HHXKHUA CBEPXMPOBOAHHMK. EciaH HHxHHI
CBEDXI[IPOBOJHUK MpeAcTaBjsieT coGOH CJAOXKEHHYIO BIBOE IJIEHKY,
TO MAarHHTHOE IIoJe B KoJble He Bo30yxjaercs. Ho tenepp k pas-
HOocTH a3 §—38' HeobxoiuMO L0OABHTH 4YJeH

m m m
- v-ds:——j"ds: S j-ds.
ki J ﬁps ! ﬁqps 9

KouTyp HHTErpHpOBaHHS MNPOXOAHT IO HHXHeH 4YacTH CBepx-
NpoBofHHKa. M3mepsasa 3JEeKTPHUECKHH TOK, HEOOXOJHMBIH AJd
obecnieueHUA 3ajaHHOTO CABHra MAaKCHMYMOB OCHHJIJALUME, MOXKHO
Ha#TH BeJHUHHY m/ﬁpsq. HanoMuumMm, uto A =p.q/m.

D)

OUI'. 10.31.
Ta xe cucreMa, uro ¥ Ha ¢ur. 10.30, Ho HuxHSS
IJIEHKa CJOXKeHa BIBOE.

MoXHO OCyuleCTBHTb M JAPYrofl 3KCNepHMEHT: HMeHHo, Oynem
BpallaTh Cxemy, nokasanuytoo Ha ¢ur. 10.30. Ecan b— nekotophiil
BEKTOP, TO €ro NPOU3BOJAHAA 110 BPEMEHH, H3MEDEHHas B CHCTeMe
KOODJAHHAT, Bpaulawounencs ¢ yrJjoBo# CKOPOCTbIO @, PaBHA

db db
<F>Bpam= —LF——(D >< b

HaanMep, €CJM T10JIOKEHHE 4YacTHIUBI OnpeleasseTCcsa BEKTOPOM F, TO

(v) _ (4 =V—@XT,
e dt /spam

dvy dv
pauy _ %Vspaw -
>Bpam X (V)Bpam -

@y (2 >
_av dr

—E—mxgt——(ox(v)npam=

=a—oX [(V)Bpam_l"mx l']—-(l)X (V)Bpam:
=a+2 (V) XO—O X (©XT).

[TpeneBperasi ujeHaMH BTOPOTO NOPsJKa N0 ®, HAXOLUM, YTO BO
Bpauawouleiics cHcTeMe KOODJHHAT nosiBjasercs aob6aBounas sdgex-
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I'n. 10. CeepxnposoanmocTs

THBHAA CHJA
v ¢
Qm(v)Bpame=g(-l;ﬂx2”;m.
Takum ofpasom, 3sbhdeKTHBHOE MaTHHMTHoe INoJse ecTh B =2mwoc/y.

Bo3spaiasick K KBaHTOBOMEXAaHHUECKOH 3ajaue, HAXOAHM 4YTO
5TO 3(PQPeKTHBHOE MarHMUTHOE MOJie NPHBOAHT K IMOSB/JCHHIO 3(eK-
THBHOTO BeKTOpAa-NOTeHIHala A B ramuabtcHHaHe, [IpH 3ToM B Ha-
1IeM 3KCNEePHMEHTe C BPAaUALUIHMCA KOJBLOM Mbl GyAem Hab.1101aTh
H3MEHEHHE MaKCHMaJbHOrO 3HAaueHHs TOKa IPH H3MEHEHHH YIJIOBOMH
ckopocTd. C MOMOLLbIO 3TOTO 3KCHEPHMEHTA MOXKHO U3MEPHUTL BeU-
YHHY g/m.

CxeMbl OIMCAaHHOTO BBLIIE THNA MOTYT HMETh CaMble pa3/iHYHBblE
npuMeHeHHs. [TocKoMbKY CKOpOCTb HX cpabaThiBAHHsI OYEHb BEJHKA,
TO CYLWECTBYET MHEHHE, YTO OHH MOTYT OBITb HCMOJIL30BAHBLL A4
JETeKTHPOBAHHA DAXMOCHTHAJIOB MO KOJeGaHHsM MarHUTHOTO 10J4.
Bosee BeposiTHO, 4TO 3TH ycTpoficTBa HaHAyT npuMeHeHHe A
H3MeDeHHs caalblX MAaTHHTHBIX [0Je€H C TOMOLIbI [POCTOro
nojcyera 4dcaa MakCHMYMOB B OCHHJ/JHPYyOHEM ToKe. BoamosHO,
YTO OHH MOTYT OBITb HCMOJB30BaHLL B yCTPOHCTBax, MO3BOIAIOUIMX
NOJAEPIKUBATh [IOCTOAHCTBO MarHHTHBIX NoJed (K", CKopee, MOTO-
KOB) C O4€Hb BLICOKOH CTeMeHbIO TOUHOCTH. BeposiTHO, OHH OYAVT
MOJIe3HE B 3JeMEHTax MaMATH BBIUHCAHTE bHBIX MAUIHH. BO3MOMHE!
TaKHE CUTYalHH, TAe OHH MOTyT OBITb MNPHMEHEeHBl KakK JaTYyHKI
HanpskeHHa, 1Ja 3TOro HeoOXOAHMMO IIpH IOCTOSIHHOM mode B
onpejefsiTh H3MEeHeHHe MJOIAAH KOJbla.
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CaepxTeKyyecTb

$ |
Beepnetue.
Mpupopna dhasosoro
nepexoga

B xuikoMm remun He* npu Ttemneparype 2,18 K mpoucxonmut
$a30BbIil epexos, KOTOPHI MOXKHO INPOJEMOHCTPHPOBATh 3(derT-
HbIM O6pasoM. Ecau HopmaJbHBIE KHAKHH Tesuil, H3BeCTHBIH Kak
Hel, oxaaauTh BIoJb JMHHM kKuneuus jgo 2,18 K, To kuneHnue BHe-
3aMlHO NpEeK pallaeTcs, KHIKOCTh YCIIOKanBaeTCsl H BO3HUKAeT HH3KO-
TemnepaTypHas MoAHduKauus xuakoro reaus—reaud I1 (He II),
KOTOPBIA He KHMHUT. DTOT BHe3aNnHbIH Iepexo] MOxHO Hal/i04aTh
Takxe, H3Mepss TenmaoeMkocTb (¢ur. 11.1). dopma KpuBoit TemJo-

[

! ! 1 ! !
1 2 b 4 5 TR

QUr. 11.1.
TennoeMkocts resnsi BOJIH3H TeMIEPATYpH
nepexona.

€MKOCTH HanoMHuHaeT OYKBY A, M No3ToMy ¢a30BLIA Nepexoxk Mpu
temneparype 2,18 K nasbiBaior A-Toukofl. YnesabHas TenJ0eMKOCTb
no o0e CTOPOHK! OT A-TOYKH OIIHCBIBAETCS CJelylouweld sMOIBHpHUecKoN
dopmyaoit [cM. onpenenenne (1.9)]:

a-
Cy = }+b1n0( | T—Tar ),
a<
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Fn. 11. Caepxrexyuects

rae MOCTOAHHAR as OTHOCHTCS K obaactu Temnepatyp T > T (He )
M ac—kK obaactu T < Ty (Hell). dror pesyabraT 10 cux nop He
YAaJOCh MNOJYYHTb TEOPEeTHYECKH, H OH OCTAeTcsl ONHOH H3 He-
PElIeHHBIX 32124 TEOPHH cBepxTeKyuyecTH. IIpH oyeHb HH3KHX TeM-
neparypax TeNJOeMKOCTh INpONOpilHOHAaJbHAa T3; 3Ta 3aBHCHMOCTH
uMeeT cBoe obbsacHenne. PasoBan gHarpaMma TeqHs BOH3H A-TOYKH
nokasana Ha ¢ur. 11.2.

QM. 11.2.
S
S —
&
S i
Q[
A -moura
I ! ! !
1 A 3 & 5 daszoBasi gMarpaMma reaus
BOJTH3H TeMnepary pal
LK nepexoua.

CsoficTBa Kuakoro readsi. JKUIKHE TesHil HHXKe A-TOUKH, T. e.
HeIl, uau ,cBepxTekyuui“ resui, uMeeT PpfJ 3aMeuyaTeIbHbIX
CBOHCTB. ’

1. Kak yxe ormeuasoch, He II He KMMHT (XoTs MOxeT Hcra-
pATbCA). DTOT (aKT MOXKHO OOGBACHHThb, NpeinoJaras, 4To Tel.lo-
npoBojgHocTh He Il cranoBuTcA 6GecKoHeUHOH.

2. Bonee 3ameuaTesbHbIM CBOICTBOM, uyeM OGHapy:KeHHas Gec-
KOHeYHas TeNJONPOBOJHOCTb, SIBASETCH ([IPH ONMpejeseHHBIX YCJI0-
BHfIX) HyJ/eBasg BASKOCTb, HJaM cBepxTekyuecTh Hell. Brlnio
10Ka3aHO, 4TO NPU CKOPOCTH, Jexaulell HHKe HEKOTOPOH KDPHTH-
yeckoit V,, Hell npoTekaer Ges Tpenus uepes TOHKHE KaNHJIAPHI
uau wean?, TIpy 3TOM BeJMYMHA KPHTHYeCKOH ckopocTu V, naxe
BO3pacTaeT ¢ yMeHblueHHeM JaHaMerpa kanujasipa. OaHako u3Me-
PUTh BSA3KOCTh 'MOXHO He TOJbKO MNyTeM HaG/IONeHHs TeyeHHs
KHIKOCTH MO Kanu/aIapy. Ecau B BaHuy ¢ xuakum He Il nowme-
CTHTb UIHJHHIAP H BpawarTb €ro, TO MPOMCXOJHT Neperaya uMIly,/bca
OT BPaulalouerocsi NHJAHHAPA K TeJHIO;, 3TO NOKa3bIBAeT, YTO MNpPH
HEKOTOPHIX 3KCMEPHMEHTa/bHLIX YC/JIOBHAX BA3KOCTb He pasHa HYJIO!
DKCIIEPUMEHTH! 110 H3MEPEHHIO BA3KOCTH MOXKHO Ka4eCTBEHHO 0GbsiC-
HHTb, €CJH TNpeamnosoxurb, uyto Hell cocrout H3 cBOeo6pasHoi
CMeCH JBYX XKHIKOCTeH: OIHA XKHIKOCTb HMeeT HYJIEBYIO BA3KOCTb.

b Slenenne csepxrekyuectw y He Il 6wto otkparro [1.J1. Kanuueit B 1938 r.—
Ilpunm. nepes.
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§ 1. Beepenue. Mpupoaa dasosoro nepexoga

H IJIOTHOCTb O, APYTas— HOPMaJbHYIO BS3KOCTb H ,IJIOTHOCTE® 0, 1),
CilenoBare/ibHO, yepe3d KalHJIsPbl NPOTEKaeT KOMIOHEHTa ¢ HYJe-
BOH BSI3KOCTBIO, a € BpaWAUHMCS LHJIHHAPOM B3aHMOAeHCTBYeT
HOpMaJ/bHasi KOMIOHeHTa. [Ipu 3ToM AJs 06bsCHEHHs HAbMI01aeMbIX
pe3yJbTaToB HEOGXOAUMO MPeINOJIOXKHUTb, YTO OTHOWEHHE 0,/0,
ABnsfeTcA QYHKUMEH TeMmmepaTypsl.

OMI, 11.3.
A B
BTy P, +DF, T +AT
TepmomexaHnuecKH i
Hell Hell obheKT.

3. Tperbum 3ameuaresnvHbiM cBoficteom Hell siBasiercs tepmo-
MexaHHuyecKu#l 3(dexT, HAH 3¢deKT OHTAHHDOBAHHUS, C KOTOPBIM
CBSI3aH MEXaHOKaJOoPHUYeCKHH 3¢(deKT.

Paccmorpum Aga cocyaa ¢ Hell, coennteHsibie TOHKHM Kanui-
asipom (¢ur. 11.3). Byjzem mojgnep:kuBaTh MJOTHOCTb 0 H Pa3HOCTDb
TEeMIeparyp B OOOHX cOCYAaX NOCTOSSHHBIMH. TOr1a BO3HHKAET IOTOK
cBepXTeKyueil KOMIIOHEHTBHl uepe3 KAaMHJAAAD, KOTOPBIH MNPoOjO.I-
)KaeTcs Jo Tex IOp, MokKa yBequueHHe 1aBJieHHs AP He cTaHOBHTCA
paBubiM AP =psAT, riae s—yaenbHasi 3HTPONUs. DTO sABJEHHE

OHI. 11.4.

Tennoe —— Hell

Abderr doHTaHHpOBAHUA.

¥3MeHEeHHUsl JaB/IeHHs, BLISBAHHOTO H3MEHEHHEM TeMIepaTyphl, HA3bi-
BaeTCs TepmomexanuueckuM sddexktom. Ecam oamn us cocynos
npejacTaBjasieT CO00H y3Kyl TPyOKy, TO YBelMueHHEe [aBjeHHs
NPHUBOJAUT K MOSB/JEHHIO (OHTAHA XKHJIKOro reaus (pur. 11.4).
EcJau Mexay cocyiamu Ha ¢ur. 11.3, pasHocTb AaBjeHHH B KOTO-
PBIX [OAJEPAUBAETCSH NMOCTOAHHOH, BO3HHKAeT IOTOK Macchl oT A K
B, 10 cocyn B HauuHaeT OXJa)JaTbCA. DTO siBJeHHE HA3LIBAETCH
MexaHoKaJopuuyeckum sddexToM. Ecn pacliHPUTL ABYXXKHIKOCTH VIO
MOjlesib M IIPeAlNoN0XKHTh, UYTO CBepXTeKyuas KOMIIOHEeHTa ofsianaer

L TIpnynHa, MO KOTOPOH TePMHH ,IJIOTHOCTH® Mbl B3#/JH B KaBbliKH, CTaHeT
ACHOH NO3JHee. ’ B ‘ ’
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Fn. 11, CaepxTekyuects

He TOJIbKO HYJIEBOH BfI3KOCTBIO, HO M NEPEHOCHT HYJEBYIO 3HTPO-
NHIO, TO TEePMOMEXaHHUeCKHH H MeXaHoKaJopuuecKHH 3ddeKkThl
yjpaeTcss OOBACHHTh KaK KaueCTBEHHO, TaK H KoJHdecTBeHHO. Ha-
NpHMep, OXJaxJeHHe Cocyaa B npH MexaHOKaJopHuecKoM addexTe
TOYHO COTJIACYeTCsl C OXHJAeMbIM Ha OCHOBAHHH Mpe]NoJOXKeHHS,
YTO [OTOK MacChi HMeeT HYJIEBYIO SHTPONHIO H, CJeJ0BaTe/bHO,
HYJEBYIO TeMIepaTypy.

CyliecTBOBaHHEe CBepXTeKydyero MNOTOKa XKHAKOCTH € HYJ/eBOH
SHTPOMHEA H HYJEeBOH Bf3KOCTbiO OGBSCHAET TaKikKe aHOMaJjbHO
BLICOK VIO TerionpoBojiHocTh He IT.

BOMBIIMHCTBO JAPYTHX ,cBepxTekyuux“ cpoiictB He Il Mmoxer
ObITh 00bSICHEHO Ha OCHOBe OMHCAHHBEIX Bhie s(pdexkToB. Hanpu-
mep, xkuakuil He II, nagutei#l B nabopaTopHbId cTakaH, HauHHaeT
NoJ3TH BBEPX [0 €ro CTeHKaM H BHIIHBAaTLCA depe3 Kpal., ITo
NpPOJOJ/KAETCH [0 TeX MOp, INOKa CTaKaH He ONOPOXKHHUTCA (IpH
YCJOBHH, 4YTO TeMmlepaTypa rejus Bce BpeMf HHXKe A-TOUYKH). ITO
BeCbMa CTpaHHOe IOoBejeHHe MOXKHO OOBSICHHTL B paMKax OObIUHOH
¢U3UKH HCMapeHHs € YYeTOM OEeCKOHEYHOH TeNJONpPOBOJHOCTH H
nyJeBol Bszkoctn Hell.

Ecan 6ul B cTakaH Oblja HaJguTa awo6asi HopMaJibHas XKHJAKOCTb,
TO BCJEJACTBHE BaHAEPBaAaJbCOBCKOrO NMPHTSKEHHA MEXKIY MOJEKY-
JaMH XKHJKOCTH H CTEHKaMH CTakaHa Ha CTeHKaX JoJKHa Obijga Obl
06pasoBaThCsl TOHKAfA NJIEHKa, TOJUHMHA KOTOPOH yMmeHbIlaJach Obl
¢ BhicoToll. ©OnHakKo BO Bcex xHUAKocTAX, Kpome He II, o6paso-
BAHHIO MJEHKH MPensATCTBYeT CyLiecTBOBaHHE He6OoMbIIOH, HO KOHey-
HOH Pa3HOCTH TeMIepaTyp, a CJeJ0BaTesJbHO, ¥ JaBJjeHHH mapa Ha
CTeHKe H B XKHJAKOCTH. EcJH cTeHKa TenJee »XHJIKOCTH, To OyjeT
NPOHCXOJUTh HCHapeHHe IMJIEHKH, €CJH K€ CTeHKa X0JOJHee, TO
6yner HaG/aM0AaThCA o0pa3oBaHHe Kalle/b, NajawliX Hasal B XKHA-
kocTb. B He Il u3-3a aHoMaJ/bHOH TENJONPOBOJHOCTH HE MOXKET
BO3HHKHYTb Kakaf-Ju60 pasHOCTb TeMMepaTyp, IM03TOMY TJeHKa
OyJeT TOJ3TH N0 CTEHKe W IepernoJssaTb uyepes kpall cTakana.

HeyxxkuakoctHas teopus Jlanpay. Kak Mbl BUACH, 5KCNEPHMEHTHI
Mo OMpejefieHHI0 BS3KOCTH, a TakKe TepPMOMeXaHHUYEeCKHH abdexT
MOTYT ObITh MPHOGJHKEHHO OOLACHEHDI ¢ NTOMOILBIO ABYXXKHAKOCTHOH
mojean xuakoro He Il. denomeHoJ/iorHueckast TeOPHs, HCHOJb3Y-
olas ABYXKHUAKOCTHYIO MOjieJIb, Oblaa npejJjoxena B 1940 r. Tuccoi®
H B HecKoJabKo apyro#l ¢opme B 1941 r. Jlannay [4—6]. TTockoabky
teopusi Jlanpay ocHoBana Ha GoJjee ry0OKOM NOAXOAe, Mbl OCTa-
HOBUMCS Ha ero (opPMYJIHPOBKe.

Tlpeanogoxum, uro He Il cocrouT u3 HjieasnpHOH KHUIKOCTH,
obpasyiomell ¢GoH (M HMewouled HYJAEBYIO SHTPONHI0 H HYJIEBYIO
BSI3KOCTb), M BO30YKJAEHHH HEKOTOPOro THIA, KOTOPHIE NMOKa OyleM

1) Hekortoprle uaeH Tuccel HazoxkeHw B paborax [1—3].
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§ 1. Bseaenue. Mpupoaa dasosoro nepexopa

cuuTaTh (OHOHAaMH. Ira npocras THUIOTe3a O0OBACHAET GO/blLOe
yHcsao cBepxrTekyudx cpofictB. (Takas Moze/db B HekoTopoil cre-
NeHd aHa/JordyHa MOJeJIH TBepPJOro TeJa KaK HemoJABHKHON
pemweTku —QgoHa —u GoHOHHBIX Bo3Gyxzenuil.) Bosbyxgenus, co-
rJacHO TOUKe 3peHus JlaHnay, BAAIOTCA HOPMaAbHOH KOMIOHEHTOH.

Bo-mepBbIX, TEmgoeMKocThb ,,OHOHHOIO Ta3a“ NMpPONOpUHOHA/bHA
T? npu HHU3KHUX TemrepaTypax, 4TO COIJaCyercs € 3aBHCHUMOCTbLIO
Ha ¢ur. 11.1. Bo-Bropeix, TpPH TeYeHHH HJEAJbHON XKHIKOCTH IO
Kanujisapy (OHOHBI TOPMO3STCS H3-32 CTOJNKHOBEHHH CO CTEHKaMH
Kanuaaapa. CienoBarte/bHO, Yepe3 KamHAJAAD NPOXOJHT HIAzasbHas

PalP
1

A-mouxa

1 J 1 . 1

0 I z J
K

OUr. 11.5.
Peayabrar 3KCNEPUMEHTa AHIPOHHKOLIBHIY.

KHAKOCTh, He coiepikamas Bo30OYxKIEGHHI H ofJjajgamolnasf MO3TOMY
HyJaeBoii sHTpomuel. JBYXKHAKOCTHas MoJeJb [OATBEPXKAAETCs
Tak)K€ TOHKHMH 3KCIE€DHMEHTaMH, [OCTaBJeHHHIMU AHJIPOHHKO-
wsuau [7]. HMsmepanca nepuos KPYTHJLHBIX KoJseOGaHHH CTONKH
6JIH3KO pacroJ/ioXKeHHHX AHCKOB B BaHHe ¢ He JI. Ha cBepxre-
KY4yIO KOMITOHEHTY 3TH KoJe0aHHA He BJHAIT, a (GOHOHH (M Jiobble
npyrue Bo30Y:KACHHS) 3aXBaTLIBAIOTCA AHCKAMH, O00yCJO0BJIHBAs
H3MeHeHHe MOMEHTa HHEepIHH, KOTOpOe MOXKHO H3MepHTh. ITHM
crnocoGoM ynanochb W3MEPHUTh ,OAOTHOCTL® p, UHEPUHAJbHOH, HUIH
HOpMAaJIbHOH, KOMIOHEHTH »KHAKOCTH (pur. 11.5).

M3 ABYX»KUIKOCTHOH MOJeJH CJeAyeT, 49TO jBe KOMIIOHEeHTbI
MOTYT KoJebaThcsi B NpoTHBOGAse TakHM 06pasoM, 4YTO MOJHas
njgotHocTe He Il B qooilt Toyke GynerT MOCTOSIHHOH, HO pPasHOCTHb
HJAH OTHOIIeHHe IJOTHOCTeH CBepXTeKyued M HOpMaJbHOH KOMIO-
HeHT OygeT MeHAThCsA. OQHAKO NJOTHOCTb BO30YXKIEGHHI sBJsETCS
(byHKIHEH TeMIepaTypel; cJAef0BaTebHO, IPH H3MEHEHHH OTHOIIEHHS
P,/p IOJIKHA MEHATbCA H Temmepatypa. DTo BejeT K MOSBJCHHIO
HOBOTO THIIA pachnpocTpa SIOWHXCA KoJgaeGaHHA, H3BECTHBIX MOJ
Ha3BaHHeM ,BTOpOIl 3ByK“. BTopoHl 3BYK mnpeiacraBadeT cofof TeM-
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Fn. 11, Ceepxtexyuects

nepaTypHble BOJHBI, KOTOPHE Jerye BO30YAHTH C TIOMOIIBIO TellJio-
BbIX HMIYJbCOB, Y€M HMIYJbCOB JaBJeHHS.

Cornacso teopun Jlanzay, BTOPOH 3BYK MOXHO paccMaTpHBAThb
KakK BOJIHBI IJIOTHOCTH B (POHOHHOM rase. Ecsau cKopocTb ¢OHOHOB
s6amuzn T =0 paBHa ¢ (¢, pa3yMeeTcsi, CKOPOCTb NEPBOTO 3BYKa),
TO H3 OOBIYHOH TEOPHH pacnpoCTPaHEeHHsA 3BYKa cJejyer, YTO CKO-

POCTL BTOPOrO 3BYKA ¢, A0/KHA ObThb paBHa ¢}/ 3 mpu T —0
(cM. Takxke ra. 9, § 2). Tucca cBA3bIBaj BTOpPOH 3BYK ¢ KoJeGa-
HUSIMH CBepXTeKyueH KOMIOHEHTbI, a He HOpMaJbHOH ((QoHOHAMH),

G A

I~ A -movr
1 1 ! i /1 b
1 A J
T K
OUT. 1.6,

CkopocTh BTOPOIO 3BYKa.

B pe3yspTare 4Yero OH MNPHIUEJ K BBLIBOAY, YTO CKOPOCTb BTOPOrO
3BYKA C, JOAXKHA CTpeMUTbcs K HyJ o npu T — 0. B reuenne nexo-
TOPOro BpPeMEHH CYmeCcTBOBaJH IPOTHBODEUMBbIE MHEHHs MO 3TOMY
BOMpPOCY, HO 3aTeM 3KCIEPHMEHTaJbHO Obl1a JOKa3aHa CHpaBelJIH-
BOCTh BeCbMa TOUHOrO mpeiackasaHus JlaHjay o ToMm, 4TO C; cTpe-

mutest K ¢/} 3. (dakTHuecKM NpPH OYeHb HH3KHMX TeMIEpATypax,

menbux  0,6K, ¢,>¢/}) ' 3) HcTuenas 3aBHCHMOCTH CKOPOCTH
BTOPOrO 3ByKa OT TeMIlepaTypbl npejacrasJjeHa Ha ¢ur. 11.6.
Yro6nt oObACHHTL XapakteD KPHBOH Memay A-toukod u 1K,
{1e06X0MHMO IPEANOJIOXKHTb, YTO, MOMHMO (JOHOHOB, CYIIECTBYIOT
M apyrde Bo30yxkaenHsa. JlaHnay SMIOHDHYECKH MOCTPOHJ CIEKTD
BO30yKJ€HUH, noxasaHubd Ha ¢ur. 11.7; nosgHee 3TOT CHEKTp
6bla mosyueH H TeopeTHuecKH'. TIpH OueHb HU3KHX TemIllepaTtypax
cpeaHss AMHHa cBOGOAHOro npodera (OHOHOB CTAHOBUTCST GOJLWIOH,

1) CriekTp 3/eMeHTapHBIX Bo36ykJAeHHH YKa3aHHOTO THINA TEOPETHYECKH BIep-
pole Ob1 noaywen H. H. Boroaw6opwim [20] masi MofienH cjaa6o HeHzeaJbHOTO
6o3se-raza, OTKYJa C/IEA0BaJl BHBOJL O eJMHCTBe CrekTpa ¢OHOH-POTOHHHLIX BO3OYyK-
pennil.— [lpum, nepes.
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§ 1. Beepenve. MNpupopa cdaso:zoro nepexopa

MO3TOMY BO3HHKAKOT TPYAHOCTH C H3MEDPEHHeM CKODPOCTH BTOPOro
3BYKA.

T1pH HH3KHX TemMmnepaTypax 3HeprHs Bo3OYXKIEHHH omHChIBaeTCs
dopmyoli  E(P)=cP n B030yXaeHHA ABIAIOTCA (QOHOHAMH.
B o6sactH HMnNyJabcoB B6.u3H P,

(p)__A_*_LP_)_,

rae A—Hexkotopaa noctosinHasi U p— addexTuBHas Macca. Jlanpay
Ha3BaJ 3TH BO3OYXKJIEHUS ,,pOTOHAMH.

EF)L.

' /- Pomonst

QCoHOHET
L ! 1

I o
B P(umnync)

OUT. 11.7.
CnexTp Bo36ykJeHHSI (POHOHOB H POTOHOB.

JBYXKHIKOCTHAA Mojenb Jlanjay MoxeT ObITh HCINOJb3OBaHa
JJIs KOJIHYECTBEHHBIX OLEHOK, €CJH PacCMOTPeTb CTAaTHCTHYECK YO
MeéXaHHKY (OHOH-POTOHHOTO Trasa.

CpofoaHasi 3HEpPTHs ONpejeJAeTCsl BhIDaXKeHUEM

~E (p)/ a?
F:kBTU(ln(l—e ) s P (11.1)
OueBHIHO, YTO HU3KOIHEpTeTHUYeCKHEe BO3OYKACHHS (QOHOHBI) H BO3-
OyKAEHHA € HMOyJabcaMH, OJH3KMMH K P, (pPOTOHbI), AT HaM-
GoablwHil BKJAax B HHTerpaj. OpHako NpH TeMmnepaTtypax, MHOTO
menbmiix 1K, Bkaag or ¢doHoHoB npeobnanaer. Boime 1K npeo6-
JlajaeT BKJaj OT POTOHOB.

Cpeansisi 3HepPrHf H YyJeJbHas TeIJOEMKOCTb, 00YyCaOBJEeHHas
dononamu (E = Pc), onpejensiorcs C/eyIomHM o6pa30M Cpennee
3HaueHHe uHcjga (OHOHOB ¢ 3Heprued E paBHO

-8 (nE)
%,0 ne

i —-B (nE)

n=0

= "Pc/kpT .
ke _

FE 1 1
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n. 11. CeepxrekyuecTs
Torpa monyuaem

Pc 4nP2dP _ 4a’ kBT _16nP kBT
LFkgT __\ (omh)3 15k3cs * T®OMOR T yoses

Edmﬂon = (1 1 2)

St 8

TennoemxocTh, ofyciaoBaeHHas poOTOHaMH [E=A--(P—P,)%/2u],

paBua
2u'/2PiA® T | 3 /kgT\2
CPOT:(21)3/2k1/2;3/2ﬁ3 [1 _I_ ki _I_T< i ) ]e_A/kBT' (113)

; B

Yrobbl DOHATb 3KCIEPHMEHT AHADOHHKOWIBHJH H (H3HUECKHI
CMBICJ IIIOTHOCTH Q,, HEOOXOAHMO paccCMOTpeTb CTATHCTHUYECKYIO
MeXaHHKy ABHiylLlerocs (oOHOH-pOTOHHoro rasa. [lo-Buaumomy, anas
3TOro IpOoLIe BCEero NpeanoJ/ioXKHTh, YTO CBEPXTeKyuas KOMIIOHEHTa,
sBasomasca (QoHOM, JBHKeTcs co ckopocTeio V. Torza sHeprus
Bo3GyzkaeHHs (HOHOHA HJIM POTOHA OMNpelefsieTcss BhbIpaKeHHEM

E=E(P)+P-V,. (11.4)

IMonobHoe ke BhIpaxeHHe OblJIO IOJYYEeHO MIJsi CBEPXIPOBOAHHKOB.
DTO COOTHOIIEHHE MOXKHO IOJYUYHThb cJienyiouiuM o6pasom. Ilpearo-
JOKHM, YTO KPOIICYHBIH JA€MOH, IONAaBMIHH B KHAKOCTb, ymapu.l
rno He# W BHI3BAJ Bo30ykaeHHe ¢ HUMnyJbcom P. TIpH 3ToM cKopocTh
BCeHl JKMIAKOCTH yMeHbllaeTcs Ha BeauuuHy P/M, rne M -—wmacca
JKHJAKOCTH, cocTaBjslouled ¢oH. Ecau Teneps XKUAKOCTh JABHKETCS
co cKopocTelo Vg M B Hell HMeeTcsi BoO30YxKIeHHe, TO paHee OHa
JoJ/KHa Oblj1a HMeTb CKopocTb V4 P/M u obaagate ToH sHeprref,
KoTopas ymJja Ha cosjande Bo3OyxaeHuda. Iloanasi sHeprus, ciae-
JoBaTeqbHO, JOJXKHA ObliTb paBHa (M/2)(V,+P/M)s+ E(P)=
~ (M/2)Vi4+P-V,+ E(P). Dueprusi KHIKOCTH, ABHXKyleHcA Ges
BO30yxKAeHHA co ckopocthio V,, paBua MVZ%/2. CaegoBatesibHo,
SHeprud, HeoOXomumas AJA CO3JaHHs BO30YKAEHHA B KHAKOCTH
0e3 M3MeHeHHsl ee cKopocTH, paBHa E (P)+P-V,. Ilpumensia reneps
OObIUHBIE METOIBl CTATHCTHYECKOH MEXaHHKH, HaXOAHM, 4YTO cpeaHee
YHCJI0 (POHOHOB ¢ HMIYJabcoM P paBHo

No = 1
P Xp[E(P)FP-Vy)jkgT [—1"

(11.5)

[MToanasa naoTHOCTL MMNYJbCa, OueBMAHO, paBHa pV,+<P>, rae

P aspP
<P>"j exp [(E4-P-V)/kpT]—1 (2nk)?

_ gP(P-VS) LB ep
eal  (5%BT _1)* (onhys
-+ (Yaens Goaee spicokoro nopsiaka no V) = —p, Ve (11.6)

362




§ 2. CeepxrekyuecTe. PaHHue Teopun

Ilo onpexeneHHio

E/k gT
p":g P2 . 43P (11.7)

J 3rgr (78T 1) (onhys

ApyrumMu cJjoBaMH, COrJacHO NPHHATOH 3JeCh TOUKe 3peHus,
f, ABJAETCA YCJOBHOH BeJHuUMHOH, BBEeJeHHOH NO ONpeleeHHIo, a
He KakKoH-1HO0O KOHKpeTHOH njaoTHocThio. W3 Beipaxenus (11.6)
BHAHO, uYTO (p—p,)V,=pV,, Tle p,—IIJOTHOCTb CBepXxTekyuefl
KOMIIOHEHTHI,

Kaxk n B ra. 10, § 9, Mbl MOKe€M paccMOTDPeThb CJyydail HeycTOH-
YHBOTO COCTOSIHHA, MUHUMH3UDPYSA E— TS NpH yCJ0BHH, UTO CPEHEe
3HaueHHe MMMy bCa 3aAaHO. [IpYTrHMH CJOBAMH, MOMXKHO PACCMOTPETH
apeiid Bo3Oyxaenuil. B sToM ciayuae moJsydaem pacnpejiesieHHe

1
exp {B[E(P)—P-V,--P-Vs]}—1"'
rae <P>=—p,(V,—V,).

Np=

$ 2
CeepxTekyuecTs.
PaHHue Teopum

B npeabiaymiem mnaparpade Mbl BHJAEJH, YTO NBYXKHUAKOCTHAs
Teopust JlaHaay H 3MNHPHYECKH MOJIYUEHHBIH CIeKTP BO36YXKAEHHH
(dur. 11.7) oOBbACHAIOT 3HAYHTEJIbHYIO YaCTh CBEPXTEKVUHX CBOHCTB
)uakoro reausd. Takum oGpasoM, s ray6OKOro NOHHMaHUSA fBJe-
HUA CBEPXTEKYYECTH HEOOXOAHMO TEODETHUYECKH BBIBECTH CIEKTp
Bo30yX/eHHH H, KOHeuHo, o0bsCHUTb (a3oBblil nepexoix. B uacr-
HOCTH, Mbl JOJ2KHBI OOBACHUTHL CJejyloLlee:

1. TloyeMy B KHAKOCTH IIPH HH3KUX 3SHEPTHAX CYLIECTBYeET Tax
MaJo THNOB BO36Y:xkAeHUH? (DTO CBOHCTBO SBJISETCH CaMbIM BarKHBIM
AJf1 CBEPXTEKY4ecTH.)

2. Tlouemy cnekTp B036yX/JeHUH HMeeT TakoH BHJ?

3. Tlouemy npoucxoauT ¢a30BbHIH Nepexon?

4. IlaTb KOJMYeCTBEHHOE ONHCaHHe nepexoja.

da3zosbiit nepexox. J[oxascem, umo ceepxmexyvecmo He 007vAC-
HAemca Kksarmosol eudpodunamuxoii. X0oTs OTBET Ha BONPOC, NOUYEMY
NpoucxoAHT (a3oBhi mepexod, OblI H3BecTeH Yyxe naBHO [8,9],
5Ta npobJjeMa HMeeT BecbMa HHTepeCHYI0 HCTOPHIO. CorsacHo TeopHuu
koHjeHcauun bBose—3inmrefina (ra. 1, § 9), udearonowi 603e-ras,
UMEIOHHA NJOTHOCTh XHJAKOTO TeJHsl, LOJIKEH HCIBITHIBATL De3Kuil
nepexog npu 3,2K, T.e. npu Temmeparype, BechMa O6JH3KOH
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Fn. 11, Ceepxrekydects

K A-touke (2,18K). JKuakufi He* nopunnsercs craTHcTHke bBose,
HO, KOHEYHO, He SABJSETCHS HIeaJbHBIM Tra3oM. TeM He MeHee B
TeyeHHE JOJTOro BPEMEHH INpeAnoJarajoch, 4To nepexoJ] B A-TOYKe
siBjsieTcsl cBoeoOpasHOH KoHAeHcaudeHd Dose—2fHiiTelHa, H, Kak
MBI MTOKaxeM no3jHee, 3TO JeHCTBHTEJLHO Tak.

Oxnako B 1941r. Jlanpay npensoxuna kak 6yaro Gl apyroe
ob6bsicHeHHe nepexoja. [lonb3ysach KBaHTOBAaHHEM ypaBHEHHA THI-
ponMHaMHkH, JlaHAay BbIBeJl CHCTEMY KOMMYTAUHOHHBIX COOTHO-
LIEHHH AJS OonepaTopoB MJIOTHOCTH H TOKa, H3 KOTOPHIX, KaK Ka-
3aJ0Cb, CJ1€J0Bajo CyLleCTBOBAHHe 3HEPreTHYeCKoi mieJqu, ¢oHo-
HOB, POTOHOB H T. A. OITH BeJH4HHbl JIaHaay He BbIYHCIAJ.
Ecan, o0JHaKo, MNpPeAnoJOXHTh, YTO KBAHTOBAasf THUIPOJHHAMHKA
IiaeT CeKTp BO30YKJEeHHH, TO BIIOJIHE [1PaBAONONOGHLIM NPEICTaB-
JisieTca JONYIIEHHE, YTO H BCIO CBEPXTEKyuecTb, BKJo4aa ¢asoBbiii
TiepexoJ], MOXKHO OOBACHHTL HA OCHOBE KBAHTOBOH THAPOJHHAMHKH.
Bousee Toro, mocko/abKy KBaHTOBas THAPOJAHHAMHKA COBCEM HE YYH-
TBIB2€T CTATUCTHKH (B TOM BHJAe, B KakoM ee pasBHBaa Jlanpay),
TO H3 CIpaBeAJHBOCTH Meroja Jlanjay caenoBaso Gbl, uto He?,
kak U He!, ucneiTeiBaeT $a3oBulfl Nepexol, H NOITOMY KOHIEHCALUA
Bose—DiiHliTefiHa He ABJseTCH NPUYMHOH MMEpexojad.

Takum o6pa3oM, B TedeHHe HEKOTOPOro BPEMEHH CYIIECTBOBAJIO
JBa pa3JIMUHBLIX MTOAX0Aa K OOBsICHEHHIO (a30BOro nepexoja B xHA-
koM Teqaun. To o6crosTebeTBo, uTo B He® He obHapyxuBaeTcs
nepexoa® mnpH JOCTHXKEHHH Bce 0ojlee HHU3KHX Temmeparyp, Bo3-
6yX[1aJ0, BO3MOXKHO, COMHEHHE B CIpaBejIHBOCTH THNOTE3bl JlaH-
nay. Onnako, Kak A 1yMmawo, MHe YAaJoch J0KasaTb, YTO KBaHTOBAA
FHAPOJHHAMHKA He IIPeICKa3blBaeT CIeKTpa BO3OYKIEHHH, KaK 3TO
paHee mnoJaranu Jlanzay W apyrue ucciegoBarenu. OOUIHE MeTon
JIOKa3aTeJbCTBa COCTOHT B CJIELYIOIIEM.

PaccMOTpuM XKHAKOCTh B JlarpaHKeBOH cHCTeMe KoOpIHHAT. 3To
O3HauyaeT, 4YTO COCTOSSHHE KHAKOCTH OIHCLIBAETCA CMelleHHAMU
R(ry, t) ans xampaofl yactuun. Koopaunara r, onpejenser nosoxe-
HHEe 4aCTHUL B MOMeHT BpemeHH {=0 H BBOAMTCA AJs Hymepaluu
YaCTHL, TaK 4TOObl UX MOXKHO OBbLIO pasnauyaTh. JIBHKEHHE KaxKI0H
YACTHIb OTIHCLIBAETCA KBAHTOBOH MEXaHHKOH, H, MOCKOJbKY 4acTH-
Ubl pPa3JUYHUMBbl, KBAHTOBOH CTATHCTHKOH I[0JIb30BATbCA He HAJO.
Jlanee MOXHO YCTAaHOBHTb COBOKYITHOCTb KOMMYTAUHOHHBIX COOTHG-
LIeHHA H NTOKa3aThb JAOCTATOYHO IPOCTHIM NYTEM, YTO HUMEETCH 3HAUH-
TeJIbHOC YHCJIO HHU3KOJeXKamHux Bo30Y>KIAEHHH (T. €. OTCYTCTBYeT
snepreTHyeckas meab M T. 4.). Tenepb MoKHO NMpeo6Gpa3oBaTh KOM-
MYTallHOHHbIE COOTHOLUIEHHA AJs JarpaHXKeBOH CHCTeMbl KOOPJIHHAT
K 9H/epOBOil cucteMe KoopauHAT. B sfinepoBoli cucreme- koopauHat
NJIOTHOCTb, CKOPOCTh W JAPYTHe BEJHYHHBE SBJIAIOTCA QYHKUUAMH 7

b HepasHo o6Hapy)eHO HECKONBKO THIOB (ha30BbIX NEpexofion B CBEPXTeKYyuee
coctosiiie B (pepmu-xxuakocty Hed [23 24).— [Tpum. ped.
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§ 2. Ceepxrekyvecte. PaHHHe Teopuu

¥ t, Tae r-—QuUKcHpOBaHHAs TOYKa B IpocTpaHcTBe. B pesygbrare
OKa3blBaercs, 4YTO IMOJydYeHHble TakUM o00pa3oM KOMMYTalHOHHbIE
COOTHOlUIEHHA B 3HJIepOBOH cHCTeMe KOOpPAHHAT B TOYHOCTH COBMa-
JalT ¢ COOTHoLleHUAMH JlaHzaay!

CienoBarenbHO, KBaHTOBasi THAPOAMHaMHKa Jlannay aoJIKHA
NPHBOAHTbL K MHOXKECTBY HH3KOJeXalllHX BO30OYXKAEHHH, TaK 4TO 3Ta
Teopus He oObsicHAET cBepXTeKyyecTb. Ounbka JlaHaay cocTOHT B
TOM, UTO, HESIBHO NpefrnoJaras pasJIHYHMOCTb 4acTHI, OoH HpeHe6per
>pdeKTaMH KBAHTOBOH CTAaTHCTHKH .

Teopus cBepxTeKyyecTH. Tenepbp HaM XOTeJoChb Obl OOBACHHTH
CBEPXTEKYy4YeCTb W3 MNepPBbIX NPHUHUHMIOB, paccMaTpHuBasd cHCTeMy N
atoMoB He* ¢ nmoTHOCTBIO 0. JIBYXUaCTHYHBLIH MeXKaTOMHBIA MOTEH-
uMan npuBeied Ha ¢ur. 11.8, oTKyAa BHAHO, 4TO aTOMbI Te/IHA MOXKHO

A ®UIr. 11.8.
0

ESEVE

5 PN

8 0 ] { | }

2 1 Z 3 4

T 9

§ o

< ol MeorcamonHoe paccmoarue, A Jlpy xuacTauHbi

MEXKATOMHBLIH TOTEHIHAJ.

paccMaTpuBaTh Kak TBepAble apukH auaMetrpom 2,7 A. ITockoab-
Ky [pH HOpMaJ/bHOH MJIOTHOCTH HA KaXJblH aTOM IPHXOAUTCA 00b-
eM 45 A®, aTOMBl B XKHAKOCTH He IUJIOTHO IPHXKAThl APYT K JpYTY.

[Tpexnge Bcero Bo3HukaeT Bornpoc, noueMy Het ocraercs KHAKHM
npy T =0 0pH HYJeBOM BHelUIHeM JaBJeHHH. Ecau BBIYHCIHTB
NOTEHLUHAJbHYIO SHEPTHI0 A/ peUIeTKH, COCTaBJEHHOH H3 aTOMOB
reqiuf, H H0OaBUTh K HEH KHHETHYECKYIO 3HEPIHI0 HYJEBLHIX KoOJe-
GaHuil, TO Mbl MOJYYHM MOJHYIO 3HEPrHI0O HYJEBbIX KojebaHHI,
KoTopas umeer npubau3uTeIbHO TpaBu/abHOe 3Hauenue. OpHako
KHHeTHYeCKasd HJH KoJsebaTesbHAas 3IHEPTHA OKa3biBAa€TCA CTOJb
GoJsiblIOH, YTO aMOjauTyAa KoJgeGaHHH M0 TNOpPSAKY COBNajaer ¢
nocTosiHHOH pelreTkH. [TosToMy pellerka ,J1aBUTCA“ H3-3a GOJIbLIOH
aMnJIUTynb KoJebaHuii. 3a uckiaoueHueMm He?, He cyuiectsyer Apy-
TUX BelleCcTB, KOTOphie HMeJTH Obl CTOJb BBICOKOE OTHOIUEHHE KUHe-
THYECKOHl 3HEPTHH HYJEBRIX KoJeGaHHA K MOJHOH 3HEpPruH. 1o

b [ocnepoBaTenbHblll BHIBOA YPaBHEHHH THIPOAMHAMHKH caepx’rexyqeﬁ KHI-
KOCTH. HCXOI5 M3 ypaBHEHHH JBHXKEHHS CHCTEMbl TOXKIECCTBEHHbIX 603e-YacTHU, AaH
H. H. BoronoGossim B patore. [21). — [Tpun. nepes.
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Fn. 11, Ceepxrekyuecrs

O6yCJIOBJIeHO T€éM, 4TO MacCa aTOMOB T€JHsA O4Y€Hb Ma.la (H, CcJ1eJ0-
BaTeJbHO, yacToTa KoJebaHHH HX OueHb BEJIHKa), a HX BHelHAsA
3JIEKTPOHHAas 060J10uK a 34I10JHE€Ha, BCJICACTBHE 4Y€TO Me>KaTOMHLIe
CH./1BI MaJibl.

§ 3

Onpegenexne BoNHOBOW hyHKLMM
M3 MHTYUTUBHbIX COOBPAXKEHWA.
OcHoBHoe cocTosiHWe

O6parumcsl Teneps K HauGosee BaxkHOMY cBoiictBy He II, xo-
TOpOe COCTOHT B TOM, 4TO YHCJO HH3KOJEXallHX BO30YKAEHIILIX
COCTOSIHUH oueHb Majo. BMecTo Toro 4tobsl M3yyaTb TaMHJbLTOHMAH
CHCTeMbl, MBI BOCTOJIb3YyeMCsl PacCyXJAeHHAMU ,Ha Naabllax“, T. e,
fyneM INOJb30BaTbCS AHAJOTHSIMH C 6oJiee IPOCTBIMH CHCTEMAMH,
pHCOBaTh CXeMBl, JeJaTb pa3JMYyHble BecbMa MpaBjoNo o6HLIE Npej-
MOJIOXKEHHSI, OCHOBAHHbIe Ha (PU3KWUECKOH MHTYHMIIHH, H NOILITAEMCSH
TakHM 06pa3oM NOJYUYHTb KAauecTBEHHYIO KapTHHY Xapaktepa pewre-
"ol (BOJHOBBIX yHKuul). Kak 6yaer nokasaHo, 5TOT KauecTBEHHLIH
10J1X0]1 OKa3blBaeTCs BeChbMa YCIIELIHBIM, .

QUI'. 11.9.

©

Y

©
2,7
@ © O
Kondurypauus atomos

refiHsl B TPEXMEPHOM
MPOCTPaHCTRE.

PaccMOTpHM  BOJIHOBYIO  (YHKLHIO  OCHOBHOTO  COCTOSIHHS
¢ (R, R,, ..., Ry), e R,—paauyc-Bekrop i-ro atoMa. Kaxzaas co-
BOKynHocTh 3N uucen (N —paauyc-BekTop) O6yJeT HasbBaThes
»KoHturypauuei“, Koropass MoxeT ObITb H300paxeHa N TouKaMu B
TpeXMepHOM IPOCTpPaHCTBe, I1peACTaB/AOIHMY 10/0KeHH N aTOMOB
requsi (pur. 11.9). Kaxznana KoHbHIypauus xapakTepH3yeTcs aMil-
JIUTYJIOH, HJIM YHCJOM (p, KOTOPOE BEJHKO [IJ/s1 BepOSITHBIX KOH(E-
rypauuii M maJjo AJs MaJoBepPOATHHEIX KoHpurypauufi. Pasauuue
MeXy ABYMs KOHGUTYpaLHaMH, cKaxkeM A U B, Mbl MOXeM ONHCaTh
CJIOBaMH, TOBOPS, YTO aTOMBI ,JBHTalOTCA“ H3 Koudurypaunu A B B,
BripaxeHnue ,BHraloTCs* He MOJApasyMeBaeT Kakoi-jiu6o IHHAMHKH.
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§ 3. OnpepeneHne BONHOBON QyHKLUM

Yro rtenepn Mbl MOxeM cka3aTb O (QyHKUHH ¢? Ipesxae scero,
nockoabky Het aBasercss Gose-sfiHITeAHOBCKON KHAKOCTBIO, ¢YHK-
UHA ¢ go/xkHa ObiTb cuMMeTpHuHa. MHaue roBopsi, mepecranoska
ABYX 4aCTHLI He MeHsieT ¢. [lanee, KaKk H 1A CTAUHOHAapPHBIX CO-
crosinuil 6o/1ee NPOCTHIX 6o3e-cHCTEM, (GYHKLUHS @ AeHCTBHTENbHA
H He uMeer y3j0B. IpyrHMu csoBaMH, QYyHKUHS @ BCEr1a MOJOXKH-
TeJIbHA.

YTo6bl MOKa3aTh, YTO (GYHKIHIO ¢ MOXKHO BEIOPATb AeHCTBHTE/Ib-
HOH, paccMoTpuM ypaBuenue Ulpexunrepa aaa @:

B St S vy |e—Ee

L <<y

OueBnano, ©* yA0OBIETBOPSAET TOMY K€ YPaBHEHHIO; C/IEJOBATE/LHO,
6o ¢, JHGO ¢+ @* AB/IAETCA HEHYJNeBBIM AEHCTBUTE/bHBIM pelue-
HHeM ypaBueHHsA UlpennHrepa ans suepruu E.

Ecin uMeercs HeCKO/IbKO BLIPOMIEHHBIX COGCTBEHHBIX dbyHKIUiI,
TO BEIGEpEM CHAYaja OIHO pelleHHe, HCMOJNb3yeM €ro Ajs NOCTpoe-
HHsl JeHCTBHTEebHON cOGCTBEHHOH (DYHKUHM @, 3aTeM paccMoTpuMm
NPOCTPAHCTBO BEIPOKAEHHBIX COOCTBEHHBIX (DYHKIHH, OPTOTOHANbHBIX
K @;, W NOBTOpHM npouenypy. TakuM croco6oM MBI CMOXKEM IOJY-
YHTb COBOKYIIHOCTb AEHCTBHTENBHBIX COOCTBEHHBIX GYHKUHMA 1,15
sHepruu E.

N

a g

QUI'. 11.10.

BoauoBasi dywxuus ¢ yamamu.
OTcrona BHIHO, YTO BCEra MOMKHO HAliTH pelleHWe ¢ GoJiee HH3KOM 3Hepruefl.

Uro0bl npofeMOHCTPHPOBATh, 4TO (YHKUMS @ He ofpalaercs
B HyJb, €C/IH OHA COOTBETCTBYET HAaHMHM3IIEMY COGCTBEHHOMY 3Ha-
YEHHIO SHEPTHH, Mbl NOKaXKeM, KaK HaxXoAuTh (GYHKLHIO AJs1 GoJgee
HU3KOH CpejHEH 3HEPTHH |x), ecH H3BeCTHA QYHKIMS ¢ C y3/laMi.
[TockoabKy | x> HMeeT HauHH3Iee BO3MOXKHOE 3HaYeHHe B OCHOBHOM
COCTOfIHHH, TO OTCHOAA CleAyeT, 4TO 3ajaHHast QYHKIHS ¢ He siB-
JAsieTCsl BOJIHOBOA (yHKIHEH OCHOBHOIO COCTOSIHHSI H 4TO (DYHKIIHS
OCHOBHOTO COCTOSIHHS HE€ HMeEeT Y3JIoB. I[IpealosoxKHM, 49TO Mbl
3aUKCHPOBAaJM BCe AapryMeHTHl @, KpoMe &, H NycTb (YHKLHS
@ (%1, X5y -+ -, &, ...) =D (E) uMeeT Bu, MoKasauHblil Ha Qur. 11.10, a.
[TocTpoum Torza HOBYHW BOJHOBYIO (DYHKLHIO, KaK I[OKAa3aHO Ha
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Fn. 11. Ceepxrekyuects
¢dur. 11.10, 6. d1oli BoNHOBOH (QYHKLUHH COOTBETCTBYIOT T€ K€ CAMbIE
3HaYeHHA

dp\2 Jop \2

oY, (& Ho@l

J¢ 0x;
a, NOCKOJIbKY SHEepPTHsl MOXeT ObiThb 3alHcaHa B BHIE

[ otioavR | [(h‘zm) PAGDED) vfpj ¢VR
l 92N R = J (PszR

. (11.8)

HOBaA BOJIHOBAsl QYHKIHs OTBeYaeT TOH XK€ SHEPTHH, YTO H NPeXKH:AA
¢yHkuHsa. Tenepb MOXKHO MOHH3HThH 3HEPTHIO, CrJIaXKHBasi BOJIHOBYIO
¢GhYHKIHIO, Kak NokaszaHo Ha ¢ur. 11.11, T.e. MOXHO CVLIECTBEHHO
yMEHbIHUTE (V)? BOIH3H y3Ja GYHKIHH, He YBeJHYHBAas CHJABHO 2.

OUTl. 11.11.
Cryia;keHHblH BaDHAHT BOJHOBOH (YHKIHWH,
H306pakenHo# Ha ¢ur. 11.10, 6.

Orciopa caepyeT, MexAY NpOUMM, YTO COCTOfIHHE C HaHHH3LIeH
sHeprieidl He BbIpoXxAeHO. Eciau 6Bl 0HO 6BIO BLIPOXKAEHO, TO MBI
MOTrJIM 6Bl NPH MOMOILM NOAXOAAILEro BHIOOpa KOPPHLHEHTOB ¢; M
¢, CKOHCTPYHPOBaTb BOJIHOBYIO (QYHKIHIO

= €19, + Co Py

Koropasi umeJia Obl y3Jbl H, CJ€10BaTeJbHO, He OTBeYaja Obl HaH-
HH3wWel Bo3MOXHOH 3Hepruu. Takum o6pasoM, Mbl MOXKeM BHIODATb
BOJIHOBYI0O (DYHKLHIO COCTOSHHA C HaHHH3WeH 3Heprued AeHCTBH-
TeJbHOH M BCIOLY HEOTPHLATeJbHOH.

B coorBetcTBuM ¢ GHT. 11.8, aTOMBI Tesiusl MOXHO paccMaTpHBaTh
Kak I04TH TBepible wapuku. CJeloBaTeNbHO, aMIIHTyAa J06oi
kondurypauun (cM., Hanpumep, ¢ur. 11.9}, KoTopas copepxHT ABa
nepekphBAIOMHUX APYr Apyra artoma, odeHb Mana; Oyaem Has3bBaTb
ee HyJeBoil ammautynod. Kak nokaseiBaer Broipaxkenue (11.8),
3HEPTUs CTAHOBHTCA OOJbIIOH, KOrAa CYINECTBYIOT 60.blLIHE TpaiM-
edThl ¢yHKUMH . CrenoBate/bHO, HaM HYXHO, 4TOOHl BOJHOBas
(GYHKIHA OCHOBHOTO COCTOSIHMA ¢ MEHsJach KaK MOXHO MelJeHHee.
PaccmorpuM Tenepb ¢ur. 11.12, rae NpoucXOAuT ,ABHXKEHHE" aTOMa,
[IOMEYEHHOTO KPECTHKOM, B TO BpeMfl KaK BCE€ OCTaJbHble aTOMBI
OCTal1cs Ha CBOMX MecTaXx. PyHKIUHA ¢ 115 KOHQUTYpalHu 6 10/KHa
6bITh OYeHb MaJjoil; B MNPOTHBHOM CJyuae NOsBUTCA 60/bLIOH Tpa-
JIHEHT TNPH TlepeMeleHdy OTMEYEHHOTO aTOMa Ha MaJjioe PacCTOsHHE
H3 KOHburypauuu 6 B KOH(}pUrypauuio 6. JpyruMH cJ0BaMH, KOH-
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§ 3. Onpepenerime BONHOBOM PYHKLMM

¢urypauud, B KOTOPHIX [Ba aTOMa paclOJOKeHbl GJAH3KO APYr K
APVTY, O4Ye€Hb MAaJOBePOATHEl, H HanGoJ/ee BEPOSTHHIMH KOHQHTYpa-
IHAMH B OCHOBHOM COCTOSIHUHM SIBJSAIOTCS TakKHue, TJ€ BCE aTOMbl
pacnpenesieHsl pUMepHO paBHOMepHO (dur. 11.12, a).

Takum o6pa3om, MB NPHXOAHM K BBIBOAY, uTO GYHKUHA @
ABJSETCS CHMMETDHYHOH, JeHCTBUTENbHOH, Bcerja MOJOXKHUTENbHOM,
HMeeT HaHuOoJbllee 3HayYeHHe INIPM DPaBHOMEPHOM pachpejeseHHH

O

O 1. 0

o o | o Q@
O O

O
o O

a 0 8

OUT. 11.12.
Kondurypauus, B KOTOpoH O1HH aTOM ,,ABMKETCA®, TOTAA KAK OCTaJbHEE OCTAICTCS
Ha CBOHX MecTax.

dTOMOB H HaHMeHBIlee, KOTJa aTOMbl COIIpHKAacawTcs. 3rum Tpe-
OOBaHHUAM YAOBJIETBOPAET CJICAYIOINEE BbipaxKeHHe a4 BOJIHOBO#

QYHKUHH:
¢ = exp [—;gw} :g F(ry), (11.9)

rae r;;—paccTosiHHe Mex1y (-M H j-M atomamH. ®yHkuua F mpu-
Oauxenno usobpaxena Ha ¢ur. 11.13. Bux dyuxkuuu F npoussosen;
HanpHMep, €e MOXKHO aNNpOKCHMHPOBATb, Kak Ha ¢ur. 11.13,
NPOCTHIM BbIpaxeHueM F =1 —a/r;.. [TockoJbKY ¢ BbipaxaeTcs yepe3
€JMHCTBEHHYIO QyHKUHIO F, BO3HHKaeT eCTeCTBEHHbIA BONPOC, NOYeMy
Obl He BOCIMOJb30BaTbCsl BapPHAIHOHHBIM NPHHUHIOM /IS ONpeje/e-
nusg F. TpyaHocTb 3TOro Meroja COCTOMT B TOM, YTO HHTerpaJ Tno
BceM 3N mnepeMeHHBIM He yjaeTcsi BHIPAa3UTh B IIPOCTOM BH.le yepes F.

OTmeTHM, 4TO BBHIY OTCYTCTBHS BbIPOKAEHHSI OCHOBHOTO COCTOSA-
HHSl OHO fBJISIETCA CHMMETPHYHBIM COCTOSIHHEM st JI0G0H MHOTO-
YaCTHUYHOH CHCTEMBI C TOMAECTBEHHBIMH YACTHUAMH. 3TO J0KAa3bl-
BaeTcs cJelywomuM o6pasom. [1ocK0MbKY raMHJIbTOHHAH HHBAPHAHTEH
OTHOCHTE/IbHO NePeCTaHOBKH P TOXJEeCTBEHHBIX YacCTHUL, TO QYHKUHUA
¢ (PR) Tak:Ke 20J1KHA ObITh BOJHOBOH (yHKIHEH OCHOBHOT'O COCTOA-
HHUsA, ecau @ (R) sBasercst TakoBo#i. Ho, MOCKOJbKY BBIPOMKIEHHE
OTCYTCTBYET, JOJIXKHO BBINOJNHATBCH COOTHOLIEHHE

¢ (PR) = app (R).
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Fn. 11. Ceepxrekysects

Taxk kak ¢pyukuug ¢ (PR) Bcerga noJoxure/1bHa 1 JeHCTBUTE /IbHA
(s3TuMH cBoficTBaMH 00/1aa10T Bce QYHKIHH @), To = 1. Cjae1oBa-
TeJbHO, QYHKLUHS @ MNOJHOCThIO cuMMmerpHuHa. (Hamomuum, uro sra
(YHKIIHS MOXKET He YJIOBJIETBOPSATL TpeGOBAHHSIM CTATHCTHKH YacTHIL
H nostoMy He OyjeT pelleHHeM 3a]auH.)

F r OUl. 11.13.

Bua oyuknun F,
a r Bxoasuwed B (11.9).

Bo3Gyxnenuble cocTosHud. OGbscHeHue ceepxTekyuecTH. [10/b-
3ysch aHajioTHell ¢ foJiee MPOCTHIMU GO3e-CHCTEMaMH, HaXOAHM, 4TO
BOJIHOBAsl (hYHKIHSI NepBOro BO30OYXKACHHOTO COCTOAHMS P JO/MKHa
UMETh OfHH y3eJ H ObiThb cHMMeTpHuHOH. [JocKOJABKY DYHKUHA ¢

BCEIJa IOJIOKHTEJNBHA H S(ptp d¥R =0, dyHKIHA P 10JKHA HMETb

NOJOXHTEIbHbBE 3HAYUEHHS /5 OJHOH NOJOBHHBEL KOH(UIrypauui H
OTpHIlaTeJbHblE 3HAUEHHs [/ APYyroil noJoBuHbl. [lokaxkeM Tenepb
OCHOBHOE [10JI0KEHHE TEOPHH CBEPXTEKYUCCTH: eOUHCMBERHbIMU HU3KO-
JIEXKAIHUMH BO30YKJIEHHSIMU sIBJIAIOTCA (OHOHBI. POHOHBI NpeACcTaB-
Js1I0T coO60H BO30Y:KAEHHBIC COCTOSHHA [J BOJHBI CKaTHsA, HJH
COCTOsIHHS, OOYCJIOBJIEHHBIE MAJILIMH CMELICHHAMH KaXJ0ro atoma,
NPHBOAALIMMH K H3MEHEHHIO NJOTHOCTH. YTo6b (OHOHBI HMeJH
HU3KYIO 9Hepruio BO3OYACHHH, (IYKTYalUHH IJOTHOCTH MOJ2KHEI
IPOHCXOAUTh Ha GOJ/IbILHX PACCTOSIHUAX; APYTHMH CJOBaMH, (POHOHH!
JIO/DKHBl HMeTb GoJiblline JJuHL BoJH. LlenTpanbHas npobsema
Tenepb —OGBACHUTb, IIOUeMY HHKaKHe JpYyrHe COCTOSIHHS, KpoMe
3TUX (POHOHOB, HE MOTYT HMETb CTOJIb K€ HH3KYIO 3HEPrHi0 BO3-
OyKIeHHH.

BosnoBas ¢byHKUHS {, KOTOpas 1O MPeAIoJoKEHHIO He ABJ/IAETCH
(DOHOHHBIM COCTOSIHHEM, JOJKHA OBITh OPTOrOHaJjbHA KO BCeM (o-
HOHHBLIM COCTOSIHHSM, 4 TaKxXKe K ¢. DTO O03HauaeT, 4TO (yHKIHA |
JOJ2KHA MEHSIThCA OT MOJIOXKHTEIbHBIX 3HAUEHHH K OTPHIATE/bHBIM
NpH TaKUX H3MEHEeHHSX KOH(UTypalluH, KOTODbie He MEeHSIOT Kpyn-
HoMacmitaGHoe 3HaueHdHe IJOTHOCTH. Ecan ¢yHkuMsa P JoskHA
OINKHCBIBATH COCTOSAHHS € HH3KOH »3Heprueil, To H3MeHeHHe 1 OT
NOJIOKHTEJIbHBIX K OTPHUATENbHBIM 3HAYEHHU SIM JOJI2KHO NTPOHCXOAHTh
OueHb MeJJIEHHO, T. e, 3TOMY H3MeHEeHHIO JOJKHLI COOTBETCTBOBATh
OoJsibllie «IepeMenieHnsi» atomoB. Ho H3-3a Toro, uTo waCTHUH
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§ 3. Onpepenenue BONHOBON yHKUMM

TOXIECTBEHHBl H NOAUMHATCS 003€-CTATHCTHKE, TaKOe «Iepemelie-
HHE» OKAa3blBaeTCs HEeBO3MOKHBIM!

[TpouuTHpyeM paccy:KAeHHs, NPUBEJEHHbIE B Hawe#d paGote [8].

®yHKIUS ) HMeeT MAKCHMAJbHOE IOJOMKHTEeNbHOE 3HAYeHHe s
HeKkoTopoil Koudurypauuu aroMmos. Haszosem 31y xoudurypaumo A,
a TOJOMKEeHHUs] aTOMOB B AaHHOH KOH(HIYpPalHH — C-TOJOKEHHSIMH.
MBI nokazaaM paHee, 4TO B O-TIOJOXKEHHSX aTOMBl JOJKHBEL OBITh
pPacroJoKeHbl JOCTATOYHO JaJeKo JAPYr OT Apyra, Tak 4TO OHH He
nmepeKkpelBalOTCs; Gojee TOro, HX MJIOTHOCTL paclipeje/eHUs Ha
60BUIHX PacCTOSIHHAX NOJXKHA ObITb INPHMEPHO OAHOpPOAHA. AHa-
JIOTMYHO TY KOHOQUIYDANMIO, AJAA KOTOPOH | MPHHHMAET CBOE HaH-
Gosbluee OTpPHIATENpHOE 3HAYEHHE, Ha3oBeM B KoH)HTrypaluei H
MOJIOKEHHS aTOMOB B Heid —f-Tos0XKeHHsIMH. Mbl  XOTHM, 4TOOHI

QUr'. 11.14.

e goudurypauHn (u3obparxeHHble
CIVIOWIKBIME ¥ TYHKTHPHBLIMH KPYXKKaMh),
BO3HHKAIOWHE NPH GOJBIIOM NepeMelleHHy

aTOMOB, H300PaMKCHHOM IJIHHHBIMH
crpesikamu [8].

B cHAY HepassAHYHMOCTH aTOMOB 3TH Ke
KOHGHUrypalUHH MOLYT GbITE MOJYYeHbl npHu
ropasfo MeHblleM IepeMelleHHH aToMOoB
(KODOTKHE CTpPEeJIKHU).

KOHGHUrypauns B Bo3MoxHO Gosbule oTinyanach or A. Has 3toro
HY2KHO, 4T0Obl nepexop or A K B OB CBA3aH ¢ BO3MOKHO GOJIbUIHM
YHCJOM MepeMelieHHil aToMoB Ha OoJbline paccrostusi. Munaue
GyaeT MeHSATbCS CJOHIIKOM OBICTPO OT MOJIOXKHTEIbHbIX 3HAYeHHH
K OTPHIlaTeJbHLIM, BOJHOBast GyHKIHA OyaeT HMeTb 0GO.JbLIOH Tpa-
AMEHT H 3HepTust 3TOr0 COCTOSAHHS He OyJer J0CTaTOYHO HH3KOH.

[MonbiTaeMcsi ZOGUTLCST TOro, 4TOOBI AJsT NEPexoja H3 KOHQUry-
panun A B B mpeGosanocy GoJblioe NepeMellenye atoMoB. CHadana
MOXKeT MOKa3aThCsl, 4TO 3TO NMPocTo clenars. Hanpumep (dur. 11.14),
BO3bMeM HeKOTOpLIe aToMul B KoHdurypauun A B JeBo# yacTH cocyja,
cojeprKalllero XHIAKOCTb, NMEpPeMecTHM HX uepe3 Bechb COCYHA B Mpo-
THEOMOJIOXHYIO 4acTh, ¥ HAa30BeM [0JYUHBIIYIOCS KOH(Hrypaunuio B,
OfHO H3 BO3Pa’KeHHH IPH 3TOM COCTOMT B TOM, YTO TIPH NepeMe-
[leHHH aToMa M3 OJHOM 4acTH cocyja B ADYTYIO CJeBa MOsBJSETCA
ABIPKA, a CpaBa BO3HUKAET JHUHHA aToM, T. €. NPOHCXOMUT H3MeHe-
HHe MJIOTHOCTH YacTHIl. UToOH H30exKaTb TAKOH CHTYaLHH, MBI MOXKEM
cebe MpejiCTaBUTb, YTO B TOT Ke CaMblH MOMEHT APYro# arom Okl
nepeMenied CrnpaBa HaJjJeBO, a BO3HUKIIHE JLIPKH H YIJOTHEHHS
aTOMOB OblH BLIPaBHEHLl C MOMOIIbLI HeGOJbIIOR NMepecTpoHKH He-
CKOJIbKHX COceJHHX aToMoB. Takoe mepemerieHHe JBYX aTOMOB,
OJHOrO C/jeBa HampaBo, a JAPYroro clpaBa Ha/JeBo (KaxXA0TO Ha
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Fn. 11. Ceepxrekyuectb

paccTosiHde Mopsijka pasMepa Bcero cocyjla), siBJsieTcsi NeHCTBH-
TeJIbHO GOJILIIHM [IepeMellle HHeM, TaK 4TO, Ka3aJloch Gbl, KOHQHUTIYpauHH
B u A 10/XKHBI CHJIBHO OTJIHYATBCHA APYr OoT Apyra. Ho Ha camom
JeJie 3TO He TakK.

ATOMBI HYXKHO CUHMTaThb TOXAECTBEHHBIMH, H aMIJHTyAa (BeJH-
YHHA BOJHOBOH (YHKUHH) He [OJKHA 3aBHCETb OT TOTrO, KaKoii
aToM 3aHHMaeT JaHHoe mnoJsoxkeHHe., PYHKIUA P He MOKeT H3Me-
HHUTbCS, €CJH NMPOCTO ITOMEHATb aTOMbl MecTaMH. [lostoMy GoJbline
nepemelleHHst aTOMOB MOTYT ObITh NPOBefleHbl B ABa lpuema. [lepe-
CTaBHM CHavaJ/ia NofJexallie NepeMelleHHI0 aTOMEl B &-II0JIOKeHUd,
HaxojsuHecs: GJHXKe BCErOo K KOHEUHHIM IOJIOKEHHSIM, B KOTOpLIe
JIOJIKHBI TONAcTh aToMbl B B-Kondurypauuu. Ilpu stom ¢yHkuus P
He MeHHAeTCs, TaK KakK BCe aTOMbl OCTAIOTCH B TOH ke caMoH KOH-
¢durypaiiu B Q-N0JOXKEHHAX. 3aTeM OCYLeCTBHM MNEPeX0i K KOH-
durypauuu B; oH ocyiecTBasieTc s HeGOJIBILNM llepeMellleHHEM aTOMOB:
CMellleHHe JII0OOro aToMa He [peBbIIAeT NOJOBHHL Me:KAaTOMHOTG
paccrosinusi. [1pu 3ToM He6Go.bIOM NepemelneHHH GYHKIKA P 10JKHA
ObICTPO M3MEHATHhCA OT I10J0KHTE/IbHBIX 3HAUEHHH K OTPHUATENLHEIM,
H [03TOMY 3HEpPTHsi He MOKeT OblTb MaJsoifl. IlockosabKy BOJIHOBas
(yHKUHA He MeHseTcA IPH [epecTaHOBKE AaTOMOB, HEBO3MOXKHO
N0JIyUHTh KOH(HMrypauuw B, 3HAuUTeNLHO OTJIHYAOWVIOCA OT A.
[Tpu 3sToM BoOGLle He MOTYT MOSBHTbCS HHKAKHE HH3KO3HEPTeTH-
ueckHe BO30yxkIeHHs (KpoMe (DOHOHOB).

B ciyuae (OHOHOB MbI paccMaTpHBaeM KOH(GHTYpAaLHH, B KOTOPBIX
NpH H3MeHeHWH 3HaKa 1 MeHsileTcsd TIJIOTHOCTb pacipejle/eHus.
M3meHenne MJOTHOCTH He MOXKeT OBbITh NOJYYEHO C NOMOLLBIO Tepe-
CTaHOBKH aTOMOB. MMeHHO no3sToMy yueT 603e-CTATHCTHKH He BJMAET
Ha (oHOHHbIE COCTOAHKA. Ho oHAa NpPHBOAUT K TOMY, YTO 3TH COCTOA-
HHSl OKa3bIBAIOTCS €JHHCTBEHHLIMU Haubo/iee HH3KO JexalliuMH cOCTO-
SAHHAMH CHCTEMBI, TaK 4TO TeM/JOEMKOCTb CHCTEMBbl CTPEMHTCS K HYJIO
IIPH CTPEMJIEHHUH TEeMIepaTypel K HYJIO COTJIacHO 3akoHy [lebas,
T.e. Kak 7% B 3TOM COCTOHT OCHOBHOe MOJIOKE€HHE, Heo6XOjHMOoe
JJ1S1 TIOHMMaHHsi CBOHCTB kHAKoro requst [8, 10, 11].

DOHOHBI M POTOHBI
Brile MBL BBeJM NpeANoJIOXEHHE, YTO KPYMHOMACIUTAGHLIE H3Me-
HeHHs IJIOTHOCTH NPEACTABAAIOT c0GOH [JMHHOBOJHOBLIE (DOHOHLI.
CnpaBel/IHBOCTb 3TOTO YTBEP:KJAEHHs MOMXKHO NOKasarh CJelYIOIHM

obpasoM.
Beenem naotHocTe kupkoro renus p (R). ®ypbe-pasioxenue

¢ (R) umeer BUR
e (R) =X que ¥,
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§ 4. ®DOHOHbLI M POTOHbLI

TaK 4YTO AJad TraMHJILTOHHAHAa nonyqaeM Bblpa)KeHHe
l .
H=Y% 5 (qk+C°K"qx). (11.10)
K

STOT raMHILTOHHAH ONHChbiBaeT cHcTeMy 3N HE3aBHCHMBIX FapMOHH-
YECKHX OCUMJJIATOPOB (HOPMAJbHBIX KoJeGaHHH), Kamnoe H3 KOTO-
peix HMeeT yacToTy o=KC. Kaxnaas Moja KBaHTOBaHa, TaK 4TO
ecan K- Mona BO30yxKJIeHa [0 SHEPrHH EK:ﬁKC(rl—i—l,’Q), TO
B COOTBETCTBMH € OOLIENDHHATOH TePMHHOJIOTHEH Mbl GyJeM TOBO-
PHTh, 4YTO BO30YxJeHO n GoOHOHOB ¢ 3Heprueii KC. Bo.anosas
¢yHKIHSI OCHOBHOTO COCTOSIHHSI CHCTEMbI HE3aBHCHMBIX OCHHJIISTO-
POB HMeeT BHJI

1 9k I 9K
K

Huskoaexauemy Bo36yxAeHHOMY COCTOSIHHIO /151 O/1HOTrO (hOHOHA
C UMNyJbcoM K CcOOTBETCTBYET GYHKILHSA

/1 Ik < 1 9k
XK:eXp\—§ Z W gk €Xp —?W :l]KX. (1112)

K’ 5 K

Onnako B cayuyae XKHIKOTO TeHs 7y HE AB.JseTcs NPaBHAbHOI BOJ-
HOBO# (pyHKuUHeli OCHOBHOIO COCTOSIHHS, NOCKOJbKY OHa He obHa-
PYyAHBaeT HY2KHOIO MOBEJEHHS Ha MaabIX paccTosHuaX. Hanpumep,
H3 ee BIja He CJelyeT, YTO HEBO3MOXKHO NePeKPEITHE ABYX aTOMOB
H T. 1. IlpeimoaoxuyM, uT0 ¢ ABJSETCH NOpPaBHALHON BOJHOBOM
GyHKUHEIl OCHOBHOIO cOCTOSIHHS, KOTOPAsh YYUTHLIBAET KOPOTKOefCT-
BywwHe Koppeasund. Toraa no anasorun ¢ (11.12) npasu.ibnas
BOJIHOBasl (PYHKUHS HH3KOJeXKalmero Bo30YKIEHHOTO COCTOSHHA g
3anHCchIBaeTCs B BH/e

Yx == ggp’. (11.13)

Ilpu 3TOM peub MZeT 0 AJHHHOBOJIHOBBIX (DIYKTyanHaX MJIOTHOCTH,
Koria snavenue K Mano. Ilockosibky oneparop njorHoctd p(R) =

= 28 (R—R,), noayuaem
ge={p(R) R AR =Fe" ", (11.14)

H, corsnacvo (11.13) u (11.14), BonnoBasi ¢yHxkuHs AAs ¢ouoHA
C MaJbiMH 3HaueHHAMH K HMMeeT BHA

¢K=<t2e"K'Ri>cp. ’ (11.15)
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Fa. 11. Csepxrekyuects

B 1eficTBHTEHLHOCTH MBI JOJKHB OblAH Obl 3amHcaTh MJOTHOCTh
B BHje
Ny . ‘
0(R) =2 (gxsin KR +gkcosK-R),
K
Torja BMmecto (11.10) umesnn 6wl gss ramuIbTOHHAHA

.7

H:; <L§ —"—}) + CK* (gk+9'%) -

OIHOYACTHYHLIMH BO30Y K IEHHBIMH COCTOSTHHSIMH SIBJISIOTCA Pk = kP

H Yk = gk¢. Toraa coctosinue P -+ i \Pg Takxe npeacraBaser cobol o1-
Y .

HO(OHOHHCE COCTOSTHHE €70 MOKHO 3aTHCATh B BH e [Z exp (iK - R,-)J .
{

Cootnolense (11.15) momoraer HaM MOHATH, NOYeMY HEBO3MOXKHO
NpeiCTaBUTb JBHXXEHHE OTJeJbHOrO0 aroMa B KUJAKOM TeJHH Kak
B030 YK/ IeHHOE COCTOSIHHE He(POHOHHOIO THUMA ¢ HU3KOH 3Hepruell. Bo.-
HoBasl (pyHKUHS TAaKoOro Bo30y:xzaeHus uMena 6ol Buj [exp (iK-R;)] ¢,
T. e. Oblja Obl HecUMMeTpUuHOH ¢yHKuHeH. CHMMETPH3YS 3Ty GVHK-

LHIO IpOCTefiiHM 06pa3oM, osTyyaeM Bripaxenue | X exp (iK -R,.)} @,

L
KOTOpOE IPeJICTaBsieT yxe QoHOHHOe BO3OYxaeHue. MoxHo, 01nako,
MOJIYYUTb CHMMETPH30BAHHYIO BOJIHOBYIO Yy HKIHIO [Z exp ((K-Ry) | ¢
i J

W B cJayuae, Korja BeJuydHa /K uMeer mOpSIIOK MeaTOMHOIO
pacctosinusi @. COOTBeTCTBYIOIAS] 3TOMY BO30YKAEHHIO SHEPTHS PaBHa
A2k fi2

om " 2ma?

yTC oueHb OJHM3KO K 5HEPrHH BO30YXKJIEHHS DOTOHA.

Potonel. Bo3byxaenns Gosee Buicokoii snepruu. Kak Mbl Buje.u,
BO3OYKJEHHS C HHU3KOH 3Hepruell HeOHOHHOIO THIA HEBO3MOXHHI.
JIpyruMu cjoBaMi, He MOTYT CVYUIECTBOBATh QoJbliNe MepeMelleHHs
aToOMOB, KOTOpble He MeHfJIH Obl NJAOTHOCTH KHUAKOCTH. [losTomMy
NONLITaeMcsl MOCTPOUTh TAKYI0 BOJHOBYIO (YHKIHIO P, KoTOpas
MeHsl1a Obl 3HAK C MJIOCAa HA MHHYC He 3a CuYeT U3MeHeHHs MJOT-
HOCTH; HPH 3TOM TaKoOe H3MeHeHHe JOJIKHO MPOHUCXOAUTH HACTOJbLKO
Me1JeHHO, HACKOJbKO 3TO BO3MOXKHO, H JOJ/MKHO ObIThb O0YCJIOBJIEHO
TO.IbKO NepeMelieHHeM aTOMOB Ha MaJible pacCTOSTHHUS.

[os0KHUM ONsSiTh, YTO KOHQHrypanuu A COOTBETCTBYET MAaKCH-
MaJ/JibHOe I0JOMKHTEeJbHOe 3HaueHHe (YHKUHH P, a KOHQHIypauuH
B—muanboJblliee (D0 MOAYJIO) OTpHlUATeJbHOe 3HaueHHe . [loso-
JKEHHS aToMoB B KoH¢urypauusix A u B O6yleM Ha3blBaTb COOTBET-
CTBEHHO «o- U fB-nojoxenusMu. Ilepexon u3 Koudurypauun A B KoH-
¢urypaumio B JoJKeH NPOUCXOAHTb TOJNbBKO fiyTeM HeB0JbLIOro
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§ 4. POHOHEI U POTOHSLI

CMEIIEHH sl KaXKJOr0 H3 daTOMOB H B TO XK€ BpeMs B UeJIOM MpPHBO-
AHTb K MakKCHMa/JbHO BO3MOKHOMY H3MeHeHHI0 KOHbHrypauun. Kak
HaM H3BECTHO, O-TOJIOXKeHHs1 B KOHburypauun A J0JKHB GbITh
paBHOMEPHO pacrpeineseHsl B NPOCTPAHCTBE; TO Ke OTHOCHTCA H
K (-mosoxeHusM aTtoMoB B B-koudurypanuu. M3 3tux  ycaoBuii
cJjel1yeT, 4TO C-MOJOMKEHHS N0JKHBI HAXOAHTBCSl MeXay [-monomxe-
HHSIMH, KaK mokas3aHo Ha ¢ur. 11.15.

OUT. 11.15.
@ ® i
&)

Kondurypanns, B koropoi
B-tiosnoxenns saxoparcs
MCKAY Q-NOJOKEHH S MH.

[IpeanoaoxuM BpeMEHHO, YTO KaxKAblH aToM Haxo1uTcest aubo B o-,
Jau6o B f-nogoxeHHH, d 0003HAauuM uepe3 N, # Ny uncao atomos
B KaxjaoMm u3 nonoxeuuii. Toraa dyukunsa $=(N,—Ny) ¢ umeer
HanbosbUIee INOJOKUTEJIbHOE 3HaueHHe jgasi Koudurypauun A, na-
nbo/bllee OTPHIATE bHOE 3HAUYCHHe N5 KOHQHTypauuli B H NaaBHO
MEHsIeT CBOe 3HAYeHHe INPH nepexoje oT KoHndurypauun A k B.
Maremaruueckn ¢yHKUHIO P MOXHO 3alHCcaTb B BIJE

IP::[};/“(R,-)]@. (11.16)

rie Mbl BBen ¢ynxkuHwo [(R;}, Koropas, no onpeneleduo, pasna
-+1 a1s koopaunar R; B a-nmonoxennsx u —Il aas R; B B-nodo-
KeHuax. a5 npoMeXxXyTOYHBIX NOJOKEHHH (T.e. AJs MOJTOXKEHHH,
Korga R; naxoantcs Mexay o- U B-NONOKEHHAMH) (GYHKIHS P
fyaer NJaBHO MeHATbeA, ecad ¢yuruusa f(R;) naaBHo mensiercs
B HHTepBafte or +1 ao —1.

Bocnoab3yemcsa Tenepb BapHaUUWOHHBIM MPUHUHIOM AJS HAXO0XK-
JeHus Hauaydwed ¢ynHkuuu f(R), ecau

w:;f(n,.w:ﬂp, F=i2f<Rf). (11.17)

CpeznHee 3HaueHHe 3HEPTHH, KOTOPoe HeOOXOJHMO MHHHMH3HDOBATH,
BbIpaXKaeTcsi Yepes WHTErpas

[ [Zmivip+Vivr] R
CEy ==

. (11.18)
(lopasir
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Fn. 11, Ceepxrekyvects

Ecan Y= F¢@, To 3TOT HHTerpaj MoxeT ObITh 3amucaH B BecbMa
ofweM BHJe (NPH YCJOBHH, uTO QYHKIHA ¢ AeHcTBUTeNbHA H ofpa-
uiaeTcsl B HYJb Ha O@CKOHEUHOCTH), KOTOPbIH NpejcTaBJsieT ompe-
nesenuslil uHTepec. 3amenss P Ha Fo B (11.18), nonyuaem

<E> {2-2% [(1F 1 (v.0) (Vip) ¥R+ ( (F*V.9) @ (V,F) d*VR +

1§ (Fvi0) 0 (7P ¥R+ § ¢ 0,F [ s8R ] +
+SVIF!“P2"3‘VR}'{S |FPe*d¥ R} ™. (11.19)

Brinosdsisi B nepBoM usieHe B npasoll gactH (11.19) unrerpuposBanue
o yaCTM H COBepllasg MNoAcTaHoBKY H¢ =E @, OKOHYATeAbHO
noayuaem

2 ( thrzm)| wiF 1o yd® R
g=CE>—FE,=-

: : (11.20)
(1Fpoyee™R

rie

on(R,, ..., Ry)=¢*(R,, ..., Ry). (11.21)

DYHKIHA Oy, OYEBHIHO, ONHNCHIBAET BEPOATHOCTb AaHHON KOHQHUIY-
panyu, e siBJAeTcsl sHeprHell Bo30yxIAeHHA H E,—3HEpPrusi OCHOB-
HOTO COCTOSIHMA.

BosBpawascs K npobJeMe XKHJIKOMO TeJius, Mbl JOJKHbI N0CTAa-

BHTh F:Zf(R[) M MHHHMH3HDOBaTb (11.20), urobur onperenuts

14
Hauayuuit BeGOp ¢yHkuuHu [. 3Hamenarte.ab Bolpaxenus (11.20)
NpHHEMAaeT BH/

S !KF -sz d3¥R :211214 S f*(Ri)f(Rj) {S ON kgidﬁRkJ d"R[d;‘Rl-:
=0, { I*(R)[ (R, g (R, —R,) &R, &°R,, (11.22)

rje
0o (R, —R,) = X X 8 (R; —R,) 8 R;—R,) o d**R".
i

3nech GYHKLIHA (¢ HOPMUPOBAHA TaKHM 00pa3oM, UTo S on A3VR =N —
YHCJA0 aTOMOB, Q,—IJOTHOCTH YHCJ4 YACTHIL B OCHOBHOM COCTOSIHHH
n ¢yukuusa g(R;,—R,) onuchiBaeT OTHECEHHYIO K eluHHIle o0neMa
BEepPOSITHOCTL HaXOwJIeHUH aroma B Touke R,, ecau npyrofi artom
Haxoautcs B Touke R;. Uucauresp Boipawenus (11.20) moxker GbITh
3anucadH B Bule

2 S”;% | ViF [P on d*VR =po—§,-gl vi(R)Pd*R.  (11.23)
{
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§ 4. ®oHOHLI M POTOHbI
Bripaxenue (11.20) renepn MoXHO mepenHcaTh CJELYIOUIAM 06pa3oM:

d22m) § 1v F(R) 12 R
{7 (ROF(R) g (R, ~Ro) R, R, |

£ =

(11.24)

UroGbl onpeienuTh MHHHMYM g, mojioxxuM Oe=0; B pesyJjbTare
NOJYYHM HMHTErpo-auddepeHrIHalbHOE ypaBHEHHE

L sz(R)=8Sg(R—R’)f(R’)d3R’. (11.25)

T om

Pewenite ypasHenua (11.25) umeer Buj f (R) = e*K-R’, CrenoBare/ibHO,

w:(?,e“"“f)@ (11.26)

123¢ i
o= gusiiy > Me SK)=[eXRgRaR.  (1127)
dyuxuua S (K), npeacrasiasiiomas coboil dopmbakTop aJsi pacces-
HHSl HEHTPOHOB B JKHJIKOCTH, MOXeT ObIThb OnpefesieHa SKclepu-
mMeHTaapHO (¢dur. 11.16). CorsacHo (11.27), ona saBasercs ¢ypbe-

S(K)
10 ! i, 1 L TN !
’ 7 2 3 7 5 N6
05 - k A1
0
OUWT. 11.16.

PeaysbraTel SKkcnepHMeHTaJbHOrO onpejelieHus gopmdarropa
A5 pacCesiiHs HEHUTPOHOB B KHIKOCTH.

o6pasoM ¢yHkuuu g (R), Koropas onpesnesnseT OTHECEHHYIO K eUHULIE
ofbeMa BepOSTHOCTb OOHApYXKEHHS aToMa Ha paccTodHHH R OT
JAHHOTO aToMa B KMAKOCTH B OCHOBHOM COCTOSIHHH.

IToCKOJIbKY COCTOSIHHS ¢ Pa3/IMYHBIMH HMIYJbCAMH OPTOTOHAIbHBL
IPYT ApYry, To Bhlpa)keHHe A7s sHeprud (11.27) okasniBaeTcs cmpa-
BEIJIUBHIM He TOJbKO AJs1 3HayeHu# K BOM3H POTOHHOTO MHHH-
MyMa, HO M B HEKOTOpOH OKpecTHOCTH 3TOH ToukHM. XoTs npu
BuiBoge (11.27) npennosaraJgock, 4to K~2n/a, rie a—MexaTroMHOe
paccrodHue (T. e. yro K BeJHMKO), NOJY4YEHHOE BBIpAXEHHE chpa-

BeAnuBo a8 Bcex K, noka w:[zf(R,-)](p ABJISI€TCS JOCTATOYHO
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In. 11. Ceepxrexyvecrts

xopotue#t BonHoBOH ¢yHKRnueH. Kak Buguo us (11.15), aas manmx K
dyHKIHA Y= [Zf(R,-)] ¢ onucelBaeT (QOHOHBI U $BJAETCA OUEHb
i

xopoie# BonHoBo# ¢yukuueli. CnenosatensHo, Brpaxenus (11.26)
1 (11.27) cnpaBenauBH pJisi Bee#l o6nactu sHadeHu#l K. ITosb3ysich
Bblpaxennem (11.27) u ¢ur. 11.16, MBI MOKeM NOCTPOUTH (QyHK-
nuo & (K).

MunnumMyMm ¢yukuun e (K) JexuT BOJH3H 3HaueHHH K~1/a,
H BO30GYyXKJIeHHS B 3TOH 006J1aCTH SIBJASIOTCA POTOHAMH.

f QUr. 11.17.
40 - .
Teopus PeanMana
30 -
£ /
[N NN /
3 20 S’ ) SRcnepumenm
8
v 0t 4
i S pronsr Pormons!
] 1 1 P ;
> DKCHepUMeHTAb b
0 10 40 ‘5;.,0_] H TeOPeTHUYeCKUH CIEKTpPhI
Hwnynsc (sonHosoe wucno, A”) BO3GYKIeHHS [4].

VIHTepecHO OTMETHTb, YTO CIEKTp BO30YkKIEHHH, H306pa’KeHHbIM
Ba ¢ur. 11.17, MOxKeT GuITb M3MepeH HellOCPeACTBEHHO 10 MOTepaM
SHEPrud HEHUTDOHOB IIPH paccesiHHW C Ilepefadyell HUMMyJbca hK.
J1s1 KaXaoro yrJia paccesiHHst CYLIeCTBYeT MHHHMA/NbHOE 3HaudeHHe
nepefaBaeMoH 3HePrHH, KOTOpoe K SABJSETCS 3HePrHed ONHOYACTHY-
Horo Bo30yxaeuus & (K)2,

)
PotoHb!

HarnsaHo poTOH MOXKHO NpPeACTaBHTh cefe Kak rpynny jeres,
KaTaruuxcsa ¢ ropxH. ,Jopkof“ sasisercs yacth AB na dur. 11.18.
CKaTHBIIKChH € TOPKH, JeTH CHOBa BO3BpallaloTCs Ha Hee, oberas
ee KpYrom.

YacTb, omuchiBarouias oOpaTHHH INOTOK, He BKJIOYEHAa B PoO-
TOHHYIO BOJIHOBYIO yHxkuuio (11.26), sanucanHyio B BHIE

w:(‘Ze‘.K'Ri)(poc“, (11.28)

1 O6cyxaeHHe BKCIIEeDHMEHTANbHbIX DPe3yJbTaTOB MO H3MEPEHHIO CNEKTpa BO3-
OyXjeHHl B XKMAKOM eJIHH COLEPKHTCS, HanpHMep, B pabote [22].— [Tpum. nepes.
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§ 5. PotoHbi

HO ee MOXKHO MOJNYYHTh CJefyIHHM ob6pasoMm. Bo3byxienue, mo-
CTPOEHHOE B BHJE BOJIHOBOI'O NakeTa POTOHOB C BOJHOBOH (yHK-
uueli (11.28), saBasiercs J0KaJU30BAaHHEIM BO30YXAeHHEM. ITOT
JIOKAJM30BAaHHBIA BOJIHOBOU NakeT He ABHXETCS, TaK Kak TPymnIio-
Basf CKOPOCTb POTOHHOTO COCTOSIHHS PaBHA HYJIO, Kak BHAHO U3
¢ur. 11.17 (rne de/dk =0). C 3TuM JI0KaJH30BAHHLIM BO30OYy:KAEHHEM

/O*““O\ OUI. 11.18.
O
%A O
O\

CBSI3aH HMIOYJbC hK. Ecin BBYHCJHTD KBaHTOBOMeXaHHYECK YIO
NJOTHOCTb TOKA j AJIsl POTOHA, TO Mbl OOHAPYXHM, YTO OHA He paBHa

HYJII0:
j==0. (11.29)

Taxkum obpa3oM, moJyuaeM KapTHHY paclpeje/eHHsi TOKa, [OKa-
3anuyio Ha ¢ur. 11.19. M Buaum, uto j==0 B JOKaAK30BaHHOM
ob6aactu 1 j=0 BHe 3ToH o6.jacTH. ITO NPOTHBOPEYHT YPABHEHHIO
HlpeauHrepa, Tak Kak TOK AOJKE€H COXDPaHAThbCH.

O

OB

< Ny

CxeMmaTHUeCKoe M300pamerue
IBHKEHHS B POTOHE.

\O

0O «——0

OUT. 11.19.
J=0
BosaHoBoli nmakeT poToHOB.

YKa3aHHYIO TPYJAHOCTb MOXHO OGOATH, BBOAA MelJ/eHHbIH oGpar-
HbIH TMOTOK YaCTHUU [/ BOJHOBOI'O MaKeTa, KaK II0Ka3aHO Ha
¢ur. 11.20. Urobsl 0TPasuTh 3T0 MaTEMATHYECKH, HYMKHO HCIIPaBHThb
BosHOBYIO ¢yHKuuo (11.28), 3anucaB ee B Buie

z{;exp(ix-n,.+;f<ni—k,>]}@m (11.30)

¥ BpIOpaB Hauaydiuum ob6pasom gopmy ¢yHkuuu f(R;—R;). [Tocse
BapbHPOBAHUs HAXOAMM HaHJAYYIIYIO GopMy GYHKLHU:

EezKR<1+ ZIR—-R/P)(P““' (11.31)

BonnoBas dyuxnua B stofl dopMme COXpaHsieT MOTOK,
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rn. 11. Ceepxrekyuects

Kak Buano u3 ¢ur, 11.18 u 11.20, poToH moxox Ha KJaccH-
yeckoe Koablo abiMa (¢ur. 11.21). Hmeercs, onnako, ogHo OTJIH-
ype. JIpIMOBOE KOJBIO [ABHXKETCS, B TO BPeMs KaK POTOH, KaK ViKe
OoTMedaJoch paHblue, MOKOHTCA. ITocKOMBKY IBa BHXPS, MMEIOLULHX

OUI'. 11.20. OUr'. 11.21.
CoxpaHeHHe TOKa. Poton (mo dopMe poToH
HaNOMHHAET KOJbUO AbIMA).

NPOTHBONOJOXKHOE BpalleHne, nputaruBawoTca (dur. 11.22), cyue-
CTBYET W JApPYToe Ba)kHOe DPasjHuHe: AJd KOJblla AbiIMa 3TO MPHUTHA-
JKEHHEe KOMIEHCHPYETCS MOTOKOM HpPOXORAUIETO 4Yepe3 Hero BOo3-
IyXa, TaK YTO KOJbIO He CXKHMaercs B TOUKY. POTOH ke, MOCKO/IbKY

, OUr. 11.22.
Vo \
{ \_/
Jlomox S~ Ipa xonbia AwMa,
6osdyza T BpAMIAIOMHXCS B
N NPOTHBONON0KHBIX

/\ HanpaBJACHUSX.
,ﬂ\ Takupe KoJNblUa NPHTATHBAIOTCA

ApPYr K Opyry.

OH TIOKOHUTCS, CJKHMaercs, Tak UYTO ero JIHaMeTp YMeHbIaeTcs J0
aTOMHBIX pasMepoB.

Koraa atom B nojsoxennun A ma ¢ur. 11.18 nepexoaut B mo-
JoxKenHe B, cucTeMa BO3BpallaeTcs B NepBOHAYaJbHOE COCTOSHHE.
Oro Hasaraer ONpeleJeHHBIE YCJOBHA Ha BeJHuHHY K B ureHe
exp (iK-R;). Umenno, K okasmBaerca nopajgka l/a, rae a—cpegnee
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§ 6. Kputnueckas ckopocTs

paccTofiHHe MeXjJy aToMamH. Jra BeauunHa K coraacyercs ¢ no-
JIOXeHHEeM POTOHHOTO MHHHMyMa Ha kpusoit Ha dur. [1.17. Takum
06pa3oM, poToH obJajaer ONpejpeJeHHBIM UMIYJbCOM H CKOPOCThIO,
KOTOPbIe NPHOJHKEHHO COCTaBJIAIT
hi hi

p=-—> = (11.32)
Korna B cHcTeMe BO3HHKaeT 0oJiee OJHOrO POTOHA, OHH HAYHHAIOT
B3aHMOJeHiCTBOBATh. ITO B3aUMOJAeHCTBHE CTAHOBHTCS CYUIECTBEHHBIM
NpH BLICOKHX Temneparypax. JlaHgay u XaJaTHHKOB BBIUHCJ/IHJIH
3aTyXaHHe MepBOro0 H BTOPOTO 3BYKa HAa OCHOBAHHH KHHETHUECKOH
TEOPHH, MPHHHUMAs BO BHMMaHHe paccesiiie (GOHOHOB Ha (oOHOHAX,
(OHOHOB Ha DOTOHAaX U POTOHOB Ha POTOHAX Y.

§ 6

Kputuueckas ckopocTb

OnpeaenuM sHePrHi0, HEOGXOAMMYIO AJISl CO3JaHHsl BO30YKJAEHHA
¢ umnyascom p. IlpeanmosoxkuM, 4To Teqao Maccofi M, umetoulee
cKopocTh V, cosnaer Bo30GykJeHHe, mocJge uyero mnpuobperaer CKo-
poctb V'. CorJjlacHO 3aKOHY COXPaHEHHs HMIYJbCa, MOJyyaeM

MV =MV’ L+p,

TaK 4YTO HOBO€ 3HaAueHHe KHHeTHQECKOﬁ BHEPFHH TeJa paBHO
Lyye— Ly vopr £ (11.33)
2 2 2M !

O603HaYuM SHEpTHi0 Bo30YykaeHHs 4epe3 € (p). BoabykaeHne MOKET
BO3HHKHYTb TOJBKO B TOM cayudae, €CJiH

5 MV*> o MV +5(p),

TaK 4TO

2
e(p) <V-p—gy =V, (11.34)

ecqu M 10OCTaTOYHO BeJHKO.

CJleoBaTeIbHO, KPUTHUECKasi CKOPOCTb, HeoOXxoiumas JJs Co-
37aHUs BO3OYIKIEHHS, ONpeje/IsieTcs HAKJAOHOM KacaTe/bHOH K KpH-
BOH €(p), KaK MoKasaHo Ha ¢ur. 11.23.

KpuTHueckasi CKOPOCTb, NOJYYeHHas TaKHM 00pasoM, COCTaB-
asier npumepuo 60 m/c.

1) JleTasbHoe OBCYKAeHHe H CCHIKM Ha pa6oThl NpHsejennl & Kuure [12).
(Cwu. Takxke [13]. —[lIpun. nepes.)
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Fn. 11, Ceepxrekyvects

Mpr Moran  Gwl CKasaTb, 4YTO CBEPXTEKYYeCTb IeJus KaK pas H
obbsicHseTcs OTCYTCTBHEM B036Y)K}.IGHPI$1 npyu MaJlbiX BO3MYILIE€HHAX.
XOTsl KauyecTBEHHO Takoe 00bsCHeHHEe [IpeacTaBJ/A€TCAd YJI0BJETBO-
PHTE/JIBHBIM, Ha CcaMOM JeJie OKa3hIBaeTcda, 4TO B036Y)K}.IEHHH BO3HH-

(P)

Kpumuyeckoe yenosue
&p)=Vp

)3

OUTr. 11.23.
OnpejieseHle KPHTHUECKOH CKOPOCTH.

KpuTayeckas CKOPOCTb ONpefiensieTcsi HAaKJOHOM KacaTeJbHOoMH
K KpHBOH € (p).

KalT IIPH cKopocTsAX oKoJo 1 cm/c. TlosTomy HaMm HeoGXxogumo
[epecMOTPEeTh Hall BHIBOJA M HAWTH NMPHYUHY TOTO, MOYEMY B KH[-
KOM T'eJIHH BO30Y:KAEHHS MOTYT BO3HHKATb IIPH CTOJb MaJjblX CKO-

pocTAX.
$ 7
Bessuxpesoe
CBEpXTEKyyee TeuyeHue

Ecau BcA Macca KHAKOrO reJiust JBHXKETCsS CO CKOPOCTbio V, TO
BOJIHOBaA (YHKUHSA CHUCTEMEL] HMeeT BHJ

P =exp <;%2 v-R,-><pm. (11.35)

Cnenyer oOpaTuTb BHHMaHHEe Ha DasjHyYue MEXAY BbIparKeHHeM
(11.35) n poronHoil uiM (OHOHHOH BoOMHOBOH ¢yHKumMed (11.15).
[Tokasaresp skcrionenTsl B (11.35) MOXHO IepenucaTtb CaeRyIOLHM
o6pasom:

I @
P~Ru.M=NmV-<WZ.R,->=mV-2_]R,-, (11.36)

rie P—umnyabc Bcedt cHcTeMbl, R, ,—KoopauHara ueHTpPa Macc
n N-—4HCJIO "aCTHI B CHCTEMe.

Kak u 1npu oOCy:IeHHH CBEPXIPOBOJAHMOCTH, TNPENNONOKHM,
YTO [PH HEOJHOPOLHOM DPacClpefeJieHHH CKODOCTH [BHXKEHHA KHJ-
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§ 7. Be3suxpesoe ceBepxTexkyyee TeueHwe
KOCTH BOJIHOBas q’)yHKHHﬂ HMeeT BH]
Y =exp [t§e<R,->]cpoc,, (11.37)

rie saBHCHMOCTb moJjisA ckopocreft V(R) oT kKoopamHatel R ompe-
neasiercs ¢ynkuuelt 6 (R) cornacHo COOTHOLUEHHIO

V(R)=—,’:”7v6(R). (11.38)
Kak caenyer us (11.38),
VxV(R)=0,

TaK 4TO ABHXKEHHE B ONHOCBSA3HOH cHCTeMe ABJsieTCst G€3BHXPEBLIM.
Ecnn cucrema JAByCBfi3Ha, TO HHPKYJsALMs BeKTopa V B cHCTeMe

OUI'. 11.24.

Uupkyaauusi BekTopa V
B JIBYCBSi3HOH CHCTeMe.

MOXET He paBHATLCA HYJIO, KaK 3T0 MNokasaHo Ha ¢ur. 11.24.
[lonoxum
0 =rko.

IIpu takom BwiGope O ckopocth V (R) mepnenankyJspha paauycy,
a ee BeJIHUHHA DaBHa

lik

V=0

mr’

npuuem k MOXET NPHHHMAThb TOJBKO IEJible 3HaUeHHs, Kak 3TO
cnenyeT M3 TpeGOBaHHSI ONHO3HAYHOCTH BOJHOBOH (yHKIHMHV:

0=na,
f 11.39
|VI=W n, ( . )
fv.dS=2n L
m
Enunuiell KBaHTOBAHHA ABJsAETCA BeJHUHHA
2n%=2n-1,5-10" cMi/e.

1) KpauToBaHHe BHXPeBbIX JHHHI 6EUI0 BRepsbe npeinoxeno Oucarepom [14].
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in. 11. CeepxTeKkyyecTo

KaxkoBa xuHerHyeckasi 3Heprusa sroro noroka? Ecau p,—nJoTHOCTH
JKHIKOCTH (4Mcao aTOMOB B 1 cM®), TO KHHETHuecKas 3Hepruf
(nas n=1) paBHa

b
Evn=5 | 0o <>2nrer (11.40)

rie a H b—panuycel, nNokasaHHble Ha ¢ur. 11.24, u L —roamuHa
CJIOSl KHAKOCTH B cocyje. CrenoBaTesNbHO, HEPrus BO30YKAEHHSA
OJHOTO BHXPs Ha €JUHHLY JJHHBEI paBHa

[ # 1n< )—10'81n< >3pI‘/CM (11.41)

rjle Mbl BOCIIO/Ib30BAJIHCh 3HaueHHEM p, = (3,6)~2 A3 = (1/45) As. Ecan
npeHefpeub aTOMHOH CTPYKTYPOH H CUYHTaTh, YTO KHAKOCTbL IIpei-
cTaBJsieT COGOH KJACCHYECKYI0 XKHJKOCTh C IIOBEDXHOCTHBIM HaTd-
JK€HHEM, TO IIPH 06pa3oBaHHH BHXDEBOH HHTH H3-32 NOBEPXHOCT-
HOTO HATsI}KEHHs [OJKHA BO3HHKATh I10JIOCTb, Paflyc KOTOPOH, Kak
II0Ka3bLIBAET OllEHKa, cocTaBJjser Bcero JHmb 0,4 A. DTo o3Hauaer,
YTO HOJOCTh NMPAKTHYECKH He BO3HHKaAeT.

Duepruio o6pa3oBaHHsi BHXPEBOH JHHHH MOXKHO OUEHHTb, o6pa-
masicb K coorHomeHuio (11.41). Bynem cuHTaTh Ipeaes HHTETDH-
poBaHus a B (11.40) Be.lMUMHOH INOpsAAKA MEXKATOMHOrO paccros-
HHSl, TaK KaK Ha pAaCCTOSTHHAX IOPSAAKA MeXaTOMHBIX IPHHATOe
BLIDAXKEHHE JJI CKOPOCTH TepPseT CMbIc/ (CJeIyeT YUecTb TaKiXKe,
YTO B LIEHTPe BHXDPH INJOTHOCTL MaJja). s TOYHOro OIpeje/ieHHs
BeJIHUMHBl (@ HaM IOTpe6oBaJjioch OBl PEIIUTb CJOXKHYK KBaHTOMe-
XaHHYeCKyl0 3ajauyy. B OosblipHCTBE MNPAKTHYECKH HHTEDECHBIX
c/yyaeB OTHOLIEHHE b/a OuYeHb BeJHKO, a €ro JorapudMm croJib
BEJHK, YTO Ma/j0 3aBHUCHT OT TOYHOCTH Bmi6opa a. Ilostomy Mbl
He OyJeM IHITaTbCSl MPOBOAHTb TOYHHE BHIYHCJEHHs, a BhGepeMm
3HaueHHE a OJHM3KHM K MeXaTOMHOMY paccTosHuw. MoxHo, Ha-
npumep, cuutaTh a=4,0 A.

$ 8
BpaweHne cBepxTeky4en
xuakoctn "

PaccMOTPHM COCTOSIHHE BDALIAOUIErocsl MKHAKOTO TelHA B CO-
cyze (¢ur. 11.25). TIpaxTHYeCKH 3TO COCTOSIHHE MOXKHO IOJYUYHTb,
ecJH BHayaJie B COCYJe HAXOMHTCHA TBEPAbA Teqdi (IPH JaBJeHHH
6ouee 25 at™ BOaM3K O K). CHavasa npuBeseM BO BpalleéHHE COCYQ

4 Cm. pabory [8].
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§ 8. Bpauwiernne csepxTekyuei WMAKOCTH

C TBEPABIM TeJiHeM, a MOTOM CHHMeM BHeLIHee JaBJjeHue, yTo6n! ero
pacnaaBuTb. B pesyabrate s3TOr0 XHAKHH Tenuii Gyier Bpamarbcs,
IpHYEM €ro MOMEHT KOJIHUeCTBa IBHXKEHHsi OyIeT paBeH TOMy 3Ha-
Y4EHHIO, KOTOPoe OblJI0 MEePBOHAYAJBHO COOOLIEHO TBEPIOMY TeJ/IHIO.
KakoBo KoHeuHoe cocrosiHMe reausi? Hac uHTepecyeT HadHHu3IIee
SHePTeTHYECKOe COCTOsIHHE BPALlalOEerocs reJus.

Jasi CHCTEMBI C 3Q0QHHLIM MOMEHIMOM KOAUHECMBa 08udeHUs KH-
HeTHyecKas 3HepPrus MHUHUMajJbHa B TOM CJyyae, KOrja yrJjoBas
CKOPOCTb BpaueHHss ® MNOCTOSIHHA /s Bcell XxuikoctH. OnHako
3TO JABUXKeHHE HE siBJsieTcs 6e3BUXPEBBLIM, TaK Kak Y XV =20 u aa4
COOOILIEHNA BpalEHHs o060 MaJjiol YacTH KHJAKOrO Tejius Tpe-
Gyercsa 3arpara Gosbllol 3Hepruu [cM. (11.41)]. Ecim npumars,

QUT. 11.25.

Bpamatouuiica
COCYA C reJIHeM.

yTO BpalleHHe XHAKOrO TeJIUsl NMPOHCXOIHT TaK Ke, KaK H TBep-
J0T0 Teja, TO MbI [OJYYHM pasyMHOe 3HauyeHHe JJsi SHEPrHH Bpa-
I'eHHf, OJHAKO Mbl He MOXEM CUHTaTb TleJHH TBepAbIM. DHEPTHd,
HeobxonuMmasi /s o6pa3oBaHUS »KECTKOH CBSI3H MeXJIY aTOMaMH,
CYLIECTBYIOILEH B TBEPJOM TeJe, OUeHb BeJHKa U ee CJelyeT YuH-
TBIBATh, €CJAH Mbl XOTHM BHIYHCJHUTH JHEPTHIO OJHOPOAHOrO Bpalle-
HHSI, IPH KOTOPOM BO BceX uyacTsix cucremMbl VXV, 0. Cnpasex-
JIUBOCTb 3TOTO 3aMEYaHHsi MOXKHO MPOBEPHTb Ha MPOCTOM NpHMEpe
CHCTeMBI M3 JBYX aTOMOB B I0Je€ TapMOHHYECKOTO MNOTeHlnana.
JHeprus Bo30YyKIeHHsS OXHOrO aToMa paBHa

hio =Hh ]/-%—

Ho ecau 6bl aTOMBEI MOXKHO OBIJIO JKECTKO CO€IHHHTb APYL C ApY-
rOM, TO 3Heprusi BO3GYXKIeHHs cTaja Gbl paBHOH 7 (k/2m)'/>. dto,
Kasajgoch Obl, 03HAYaeT, 4TO Ha/JHYHe CBSI3U CO BTOPHM aTOMOM
NOHHXKaeT 3Hepruio Bo3byxnaeHus. Ilapamokc, ofHako, paspellaeTcs,
eCcJIH y4yecTb, UYTO Kakasf-TO 3HEPIUs 3aTpPavHBaeTCs Ha COejJHHeHHe
aToMOB ADYr ¢ apyroMm. Eciu 3Heprus cucreMbl HMeeT JHLb KO-
HeyHOoe 3HaueHHe, TO HOYTH BCA KHUAKOCTh JOJKHA HaXOJHUThCA
B ocHOBHOM coctosinuu. OTciofa chaejgyer, 4To MOYTH BCIOAY JIOKaJb-
Hoe 3HAYyeHHe MOMEHTa KOJHYeCTBa [BHXKEHHS pPAaBHO HYJIO, T. €.
¥ X V=0; HCKJIOUeHHe COCTABJSIOT JHUIIb HEKOTOPbe 06JacTH pas-
peiBoB. IlpeamosouM, yTo MOMEHT KOJIHYeCTBa ABHXKEHHS IepeHC-
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Fn. 11, Ceepxrekyyects

cutcd BO3OyxaeHusimu. HMHaue rosops, B KHIKOCTH Jaxe IPH
temnepatype 0K uMetorcsi BO30Oy:xAeHHs, HanpHMep POTOHBEI H ¢o-
HOHBI. UHCJ0 U THD BO30GYkKAEHHH MOXHO oONpeje/uTb, HaXoAs
MHHHMYM 3HEpPrHH MpPH 33JaHHOM 3HAaYeHHH MOMEHTA KOJHYecTBa
neuxenns. OpHakKo AJs cocyja CAaHTHMETPOBHIX DasMepoB, Bpa-
1LIAI0ILerocs: CO CKODOCTbIO OKO0J1I0 1 paj/c, 3Ta 3HEPrUs OKAa3bBaeTcH
routn B 10* pas Go.blle HepPTHH TBepJAOrO Tesa, BpallaloLlerocs
c TOH e yrJoBoH cKoOpocTblo. I[T03TOMYy MBI JOJIXKHBI OTBEPrHYTH
TaKyl MOJEJb.

CaenoBaTe/bHO, YTOGBI IIPH TAHHOH YrJOBOH CKOPOCTH IOJYYHThb
COCTOsIHHE CHCTeMbl ¢ 6oJiee HM3KOH 3Hepruef, Heo6XOXUMO HccJe-
JIOBaTh MoJie CKOpPOCTeH, KOTOpoe HMeeT paspeiBul. Kak Obl1o no-
KasaHo B § 7, HUPKYJSALHUA BEKTOPa CKOPOCTH MOXeT ObiThb OTJHYHA
OT HYyJd, €CJM B LEHTpPe COCYAa C KHAKOCTbIO HMMeeTcst CBOOOAHAs
H0JI0CTh. IT03TOMY MOXKHO TNPENJIOKHTH ClAeAylolliee pelleHHe: XHJ-
KOCTb 00pa3yeT BOKPYr NOJOCTH BHXPh C MOCTOSIHHBIM 3HauYeHHEM
LUPKYJISAIUH, Kak obcyxpaatocs B § 7. IlpH sToM CKOpOCTH H3Me-
Hsercsi o6paTHO NPONOPIHOHAIBHO DajHyCy, NIPHHUMAS CTOJb 6OJMb-
IIHe 3HAYeHHUs BOJM3H LEHTPAa BHUXPS, UTO CTAHOBUTCH BO3MOXKHBIM
o6pasoBaHue CBOGOJAHON OT KHMAKOCTH II0JIOCTH 3a CYeT [1eHTpobex-
HBIX CHJ. DHEprus TAaKOTO COCTOSIHHSI BCE JKe elle OCTaeTcs 3Ha-
YUTENbHO 6O0Jbllle KUHETHYECKOH 3HEepPruy TBEPJOTO Tesa, MOCKOJIbKY
B 3TOM CJydYae CKOpPOCTb BMECTO TOTro, 4TOObl YBEJHYHBATHCA IIPO-
MOPILHOHAJBHO pajuycy (Kax B TBEPJOM Tese), yMeHbIIaeTcs C yBe-
auueHueM paauyca [cMm. (11.39)]. Tem He MeHee sHeprusi B TakoH
MOJEJIM Ha HECKOJIBKO TMOPSAJKOB HUXKE, UeM B PAacCMOTPEHHOH Bhilile
MOJeJIH HeNpepLIBHOTO MOJIS CKOpPOCTed ¢ BO3OYXKIEHHSIMH.

QUI. 11.26.

Heckosbko BHxpef,
BPAIAIOIHAXCSA B OJHOM
HanpaBJIeHHH.

ITocko/bKY MBI JOMYCTHJH BO3MOXKHOCTb CYIIECTBOBAHHA DPasphi-
BOB CKOPOCTH V, MOXXHO MOoAyMaTbh O TOM, KaK NOJYYHTb COCTOSIHHE
¢ Gosee HH3KOH 3Heprueil B 3sToM ciayuae. I[Ipeanosoxum, uTO
B XKHJKOCTH MMeeTCss He OJHH BHXPb B LIEHTPe COCYJa, 8 HeCKOJBbKO
BHXpell. Hanpmmep, npeamosioxuM, uTO, KpOMe LEHTPAJbHOrO,
HMeeTCsl ellle HEKOTOPO@ HHCJIO BHXDeH, DaclOJIOXEeHHBIX IO KPYTy
paauycoM R/2 (R—paauyc Bcero cocyla), IpHYEM BCe 5TH BHXDH
BpalaloTcs B OJHOM HalpaBJeHHH, Kak IoKasaHo Ha ¢ur. 11.26.
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§ 8. BpaweHne csepxTeKyuel MMAKOCTH

Ecnn uncno Buxped Ha pacCTosHHH R/2 OT UEHTpPa JOCTATOYHO
BEJHMKO, TO TaKOe COCTOSHHE MOXKHO DacCMaTpHBAaTh Kak BHXPEBYIO
MIOBEP XHOCTb, Ha KOTOPOH TaHTeHIHAaJbHas COCTABJSIOUAS CKODOCTH
MOXKET MEHATbCS CKAauKOM [pH [epexoje ¢ BHYTPEHHeH CTOPOHHI
NOBEPXHOCTH Ha BHEIUHIOW, KaK oKasaHo Ha ¢ur. 11.27. Beiurpeiw
B 3HePruH, BO3HHKalOMHKH 32 cueT 6oJsiee BLITOJHOrO paclipejeseHust
CKOpocTeH B 3TOM cJyuae, MOMKeT ¢ H3OBITKOM KOMIIEHCHPOBATh
JONOJHHUTENbHOE yBeJHUeHHE 3HepPTHH, HeoOXOAWMOe /LIS CO3JaHHSA
HOBBIX MOJIOCTeH (M, KpPOME€ TOTO, IIeHTPaJjbHbIH BHXPb He J[OJIKeH
OhITh CTOMbL GOJbIINM H 06JafaTh CTOJNb GOJBLIOH 3Heprue).

OUTl'. 11.27.
I
i
5 |
= 1
30 |
5K I
SIS !
S
S
é Paapbng
I - TaHMEHUHAJTbHOH
R/Z cocTapasomeH
CKOPOCTH.

Paccrmoanue om yenmpa

[lponos:kas yBeJHUHBATL YHMCJAO BUXpeH, MBI CKOPO OOHapDYKUM,
4YTO SHEPTHS CHCTeMbl Bcerga MoxeT ObITb yMeHblleHa 3a cyeT obpa-
30BaHHs GoJsbllero uuciaa Buxpeid. OQHAKO cyuiecTBYeT oONpejeseH-
HHIH Tpeges AJsi pocTa MX 4ucaa. B cuay yc/JoBHST KBAHTOBAHHA
BUXPeH HalMeHbllee 3HaUeHHe LIUPKYJAUHN A5 BUXPS paBHO 2mh/m.
[TosToMYy 5Heprusi NOCTHraeT HauMeHbIIEro 3HaueHHs, KOTAa BO Bcel
JKHIKOCTH ofpasyercsi Go/blIOe YHCJIO BHXPEBHIX JHHHH C HaHMeHb-
UMM 3HAYEHHEeM LUPKYJSUHH (MBI 6yJeM Ha3blBaTb UX ,eAHHHUYHBIMH
BHXpEBbIMH JHHHAMH®), paclpeje/eHHbIX C TOYTH paBHOMEpHOH
NJoTHOCTBIO. Bcee nMHHM nmapadasenbHbl ocH BpameHusi. [Tockoabky
pOTOpP CKODOCTH paBeH LHPKYJALUH Ha eIMHHUY MNJOWAIH U paBeH
2w, To (cornacHo teopeMe Crokca) moJiydyaem

20" =2,1-10% anHui/CM?, (11.42)
2k

rie ®—cKopocTb B paj/c. JJas ckopocTH o=1 pag/c JHHUH pac-
NoJIOXKeHbl Ha paccTossHUAX npumepHo 0,2 MM ApPyr oT apyra, Tak
YTO pacrnpejesieHHe CKOPOCTH sIBJsieTCSl MPAKTHYECKH OJHOPOAHBIM.
JHeprus, CBsi3aHHAas Cc OJHOH BUXPeBOH /MHHeH, ompenessieTcs
dopmyaoit (11.41). Bri6upas a=4,0A u 6=0,2 MM H MoJBIYSCH
dopmymoit (11.42), aasi nmosHON 3HEPrHH BHXPEBBIX JHHHH Ha elH-

HULY o6beMa TNOJYyYHM

p,0f In (% ) = 14p,oh. (11.43)
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n. 11. CeepxrekyyecTs

CunenoBaTesbHO, NOJHAsl SHEPrusi BUXPEBHIX JHHUH [Js Bpauaro-
Hiefica KUAKOCTH, TOJIMIHHA €J0S KOTOPOH B COCyJae pajHycoM R
paBHa eIHHHUE, COCTaBJAET 14p0m7'mR2. KunerHueckass sHeprus
Bpallalllerocss TBEPAOro Tesa pajiuycoM R ¥ eIMHHYHOH TOJIHIHHBI
paBHa mmp,Ri»*/4. OueHUM OTHOLIEHHe 3THX ABYX BeJHYHH:
4 h 14~ 107 11.44
R 14 (11.44)
(snauenne 10~? noayuero npu R=1 cM u o=1 pazg/c). Jdan
MAaKpPOCKONHUYeCKHX 06pasnoB, HCIOJb3YeMbX B Jab0PaTOPHBIX
VCJOBHAX, JONOJHHTe/NbHas 5HEPrua, uaymas Ha obpas3oBaHHue
BHXpell, Masa. OHH BO3HHKAlOT, €C/JH TBepAblH rejqud BO Bpawiaio-
HeMcsi cocyle paclJaBHTh, CHSB BHellHee jaBJjeHHe. IIpu sTom
pacnpefeneHHe YIJOBOH CcKopocTH OyJer JHIlb He3HAYUTeJbHO

OTJIHYaTbCA OT OXHOPOLHOrO, a NMOBEPXHOCTDL XKHJAKOCTH OyJIeT HMeTb
napa6oJ/Hyeckyw ¢Gopmy.

§ 9
Coobpaxenus,
noaTeepXxaamowme
CyL,ecTBOBAHUE
BUXPEBbIX MUHUA

IlpeanosioKuM, UYTO KHAKUH reJHH pasjeseH Ha BEPXHIOW H
HHJKHIOIO YaCTH C IIOMOIIbIO I1€PeropojikH, NpHYeM BEpPXHfS 4acTb
ABUKETCA co ckopoctoio V (dur. 11.28); npu 3toM npexnoJaraer-

Aeuxcymuiict LA exp (L-,’—;L v-Z Ri) x Py
eenuil ¢
HenofsuscHsii
eesmil I xPeg
OUI'. 11.28.

[loBepxHOCTB, OTHeAfAOWAR ABHKYILHHCS KHAKHA reauit
OT HENOABHXKHOIO (IpejnoJiaraeTcsi, 4TO TPEHHE OTCYTCTBYET).

¢, YTO TPEeHHe OTCYTCTBYyeT. B BepxHell yacTH BOJHOBAR (GyHKUHUS
JKHJIKOCTH CONEPKHT NONOJHHTEJbHBIH MHOXHTEJb

exp <i %V-ZR,W.
T
Ecau y6path pasfensoulyio Neperopoiky, TO MNOSBHTCH AONOJHH-
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§ 9. CywecTsoBaHWe BMXpeBbIX NWHMIA

TeJbHasl M0BEPXHOCTHAsi CBOOOAHAS 3HEPTHSI WJH TOBEPXHOCTHOE
HaTsikeHHe Ha MOBepxHOCTH pasfiena. OQHAKO BBHAY Ne€PHOAHYHO-
CTH BOJIHOBOH (YHKLHH B Toukax, rie exp (im/h)v-R =1, rpaunuua

7N 7N T

4
et il [T08EpTHOCITIHE HAMIANCERUE
omeymsyem

QUr. 11.29.
PaspbiBbl TOBEPXHOCTH pasjeda.

pasjesa U INOBEDXHOCTHOe HaTfAxeHHe OyAyT OTCYTCTBOBaTh. Pas-
Jejsiomas ToBePXHOCTh H3o6paweHa Ha ¢ur. 11.29, rae Bokpyr
pa3pbiBOB BO3HHKAaeT LUUPKyasiuus. Tenepp eCTeCTBEHHO BO3HH-
KaeT BOIPOC—KAKOBBEI HaWJydllHe pasMmepbl 06JacTH pa3pniBa?

! [ H H ’l 1
AN /I AN J \ 7/

Sen” N o

QUr. 11.30.
BuxpeBbie JIHHHH.

BrLiuMcaenHsi MOKas3biBalOT, 4TO 00/1aCTb paspelBa IPeACTaBJsieT
co6ol He mlenab, Kak H3o0paxeHo Ha ¢ur. 11.29, a auuu0, Tak 4to
[OBEPXHOCTh pasjesa HMeeT BHJA, INOKasaHHBd Ha dur. 11.30.
Takum 06pas3oMm, ¢ NMOMOLILBIO MOJOOHBIX PACCyKACHHH MOXKHO TIpHI-
TH K BbIBOAY O CYIIECTBOBAHHH BHXPEBLIX JHHHH.

PaccMoTpuM Temepb, YTO NPOH30HJET, €CJH XKHIKOCTh BhITEKAeT
U3 OTBEDPCTHSI B pe3epByap C MOKOALLEHCS KHAKOCTbIO. Ecau Te-
yenHe Ge3BHXPEBOE, TO Mbl HM€EM KapTHHY, NDEeACTaBJEHHYIO Ha
¢ur. 11.31. Oxoso KpaeB OTBEPCTHsS BO3HHKAIOT OdYeHb OOJIblIHE
CKODOCTH M pasBHBaOTCA GOJblUHe yCKOpeHHA. TedeHHe OOBIYHBIX
JKHAKOCTEH, HanpHMep BOAbl, HOCHT 3Ha4HTe/apHO 0OoJiee CJOXKHLIHU
xapaktep. Jlas rpy6blX OLEHOK TIPEAINOJIONKHUM, UYTO OTBEpPCTHE
HUMeeT BHJ JUIMHHOH Y3KOH IIeJd M 4TO KHAKOCTb BHITEKAeT B BHJE
CTPYH, LWIHPHHA KOTOPOH B MepBbId MOMEHT PaBHa LUIMPHHE OTBepC-
THSI, @ CKOPOCTb HMeeT TaKYVIO )Ke BEeJHYHHY, KaK H B MojBojslled
TpyGe. Toraa INpH BHIXOJAE KHAKOCTH H3 OTBePCTHS BO3HHKaer
KapTUHA THOa NMoka3aHHOH Ha ¢ur. 11.28. OcHoBLIBasich Ha TeX ke
paccyKIeHHAX, KakK H paHblle, Mbl MOXKEM OXMJIaTb MOSABJEHHSA
BUXPEBbIX JHHHH, nokazaHHbXx Ha ¢ur. 11.30 uam ¢ur. 11.32.
Hurterpupys 1o KOHTYpy, H300pa)KeHHOMY IYHKTHPHOH JIMHHeH,

noJy4aem s onh
29
V,:Sﬁv-drzn{——\.
\m)
rJe 7 —4YHC/I0 BHXPEBBHIX JHHHIl Ha IJHHe KoHTypa /. Hucsao BHX-
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'n. 11. Ceepxrekydects

pEﬂ Ha e€AHHHUY IJHHbBI JIHHHH TOKa paBHO

v mV

(@nh/m)  onh’ (11.45)

C kaxJjoft BHXpeBOH JiMHHeH cBfi3aHa onpeJleseHHass 3Heprus.

OUT. 11.31.
BespuxpeBofi MOTOK M3 OTBEPCTHS.

Coraacio (11.41), sHeprusi, nNpPHXOAAWASACA HAa €IMHHIY IJHHBI
BHXpEBOH JIMHHH, MOXeT ObITb 3anucaHa B BHIE

~nprﬁ§ln(%>, (11.46)

rie p-— MJOTHOCTb XHIKOTO refus, d—IHpHHa CTPYH Ha ¢ur, 11.32
N a—paccTOsIHHe MexJ1y aTOMaMH, paBHOe NpHMEPHO 4 A, KakK

OUT. 11.32.
Buxpepble JHHHH B XKHAKOCTH, BhiTeKaomed
H3 OTBEPCTHS.

6Ll10 NPHHATO B KoHUe § 7. BHXpH JOMXKHBE ABHraThecsl CO CKO-
pocThio, paBHo#t V/2, T. e. cO CKOPOCTbIO B MeCTe€ pacHOJOXKEeHHT
ueHTtpa BHXpsi. Takum of6pasom, sHeprusi, HAyILas Ha CO3JaHHc
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§ 9. Cywecrsosatie Buxpesbix AMHMA

BHXpell B eJMHHLY BPeMEHH Ha EIHHHUY JJIHHbI WIeJH, ONpeje-
JisleTcsl MpOHU3BEJEHHEM YABOEHHOro uucaa Buxped (11.45), CKOpoO-
cTH UX ABHxeHusa V/2 u sHeprud ofHoro BHXpA (11.46) u okasw-
BaeTcs paBHOH
E —wmanln<£) (11.47)
wp = oy Wm \@ ) :

YroGel BUXpEBble JHHHH MOIJIH 00pa30BBIBATHCS, KHHETHYECKast
SHEePrHA CTPYH Ha eIHHHIY JJHHBI LIeJH JoJKHA ObiTh Go.blue,

O
— 00 O(é

yem sueprus (11.47). OTHeceHHasa K eIMHHIE [IJHHBI UIEJH KHHE-
THUecKasl 3HepPrusl MOTOKa, BHITEKAIOIEro M3 OTBEPCTHS B €IHHHLY
BpEeMEHH, paBHA

OUr. 11.33.
[pespamenne BUXPEBEIX JHHHR B POTOHBL,

E oroa = m 2= V. (11.48)
Yro6sl HAHTH KPHTHYECKYIO CKOPOCTh, NPHUpaBHsieM sHepruH (11.47)
u (11.48): "
d
vo=d—mln(z). (11.49)

[IpH ckOpOCTH NOTOKA, NpPEBbIIANMEN U,, €r0 3HEprus AOCTAaTOYHA
A5 obpasoBaHusi Buxpell. Ecam pas rpy6o# OLEHKH IOJIOXKHTb
d=10"% cM, Tak yro In(d/a)=06, To moayuUM

v, = 100 cm/e. (11.50)

DKcrnepHMeHTaJ/ bHOe 3HaueHHe npuMepHo paBHO 20 cm/c.

Pacxox/JeHHe 3THX BeJHYHH NOKAa3blBAeT, YTO HCINOJb30BaHHAS
HaMH MOJE/b HBJISETC CJHIIKOM [pOCTOH.

CylecTByeT CBS3b MeXAy BHXPEBbIMH JIHHHSMH H DOTOHA-
mu. HayaB ¢ BHXpeBHIX JIMHHHA, NOKasaHHBIX Ha ¢ur. 11.32, bl
MOJKEM IPOCJeJHTh, KaK OHH IIOCTENeHHO [1peofpasyroTcs B POTOHLI
(¢dur. 11.33). BuxpeBoe KoJbLO MOXeT pPasOHTbCs Ha jiBa KOJbla
MeHblnero pasmepa. [Ipy 3ToM pOTOH MOXKHO DaccMaTpPHBaTh Kak
MaJleHbKOe BHXPeBOe KOJbllo, KaK 3To obcyxkiajock B § 5.

HmMeroTest sKcllepHMEHTabHBIE J10Ka3aTelbCTBa CYLIECTBOBAHHUS
BHXPeBLIX JHHHH; CM., Hanpumep, padore [15—17].
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Fn. 11. Ceepxrekyuects

§ 10
A-nepexogn,
B XMWAKOM renuu

Ecin nam ussectHa dyHkuMa E (p), T.e. 3aBUCHMOCTb 3HEPTHH
BO30YXKJEHHA OT HMNYJbCA, TO MBI MOXKEM BBIUHCJAHTBL CTATHCTHYC-
CKYI0O CYMMY M HaHTH TeNJOeMKOCTb CHCTEMBI, MpeanoJaras, 4ro
BO30yXKJ€HHA ABJAIOTCA HE3aBHCHMBIMH. DTH DacyeThl NPHBOIAT
K KPHBOH 3aBHCHMOCTH TeIJIOGMKOCTH OT TeMIlepaTyphl, KOoTopas
COTJIacyeTcsi C SKCNePUMeHTaJbHOH KPHBOH B 4acTH, MNOKAa3aHHOH
CNJOWHONA JuHHeH Ha ¢ur. 11.34.

¢ PHI. 11.34.

e

1
/
/I \

7
/

N

TennoeMkocTs XKHJIKOTO
reJust.

Ha yuacTke, usob6paxennom
g CNAOWHON NHHHEN, TeopHsA
0 T COTJ1aCyeTCsl ¢ SKCIIEPDHMEHTOM.

OIHaKo 3TOT MOAXOJA He OGBACHSET CYleCTBOBaHHe (a30BOTrO
nepexoja, MOKA3aHHOrO MNYHKTHPHOH JHHHeH Ha ¢ur. 11.34, no-
CKOJIBKY B HEM He YYUTHIBA€TCA B3aHMOJEHCTBHE MeX]y YacTH-
LaMH.

Hna obaacty BOaH3H (Da30BOTO mnepexoja H3yYeHHE CNEKTpa
E(p) Mano uro naer, M IO3TOMY MBI HayHeM oOCYyXKIeHHE 3TOH
npo6seMbl 3aHOBO C NOMOLIBIO JIPYTOr0 METOJA.

Hcnonbsysa wmeros uHTerpaja IO TpaeKTOPHAM, I[IPHXOIHM K
YPaBHEHHIO

e,

e“3F=%Z S S DXDX,. . .DXpdX,. . .dXyX
'p ——
xl.(O):xl.
xl-(U)=pxl-
><exp<(—i§ Zﬁ—{—ZV(x'—x.) dul (11.51)
,ﬁ[ = ] )

Kak Gwisto nmoxaszano B ra. 4, § 1, IpH I0CTaTOYHO BLICOKHX TeM-
nepaTypax YYHTHIBAIOTCS TOJIBKO TOXKAGCTBEHHBIE ME€PECTAHOBKH;
OpH 3TOM MBI NOJy4YaeM MNPHOJHKEHHO KJACCHYECKYI0 CTaTHCTHYe-
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§ 10. A-nepexon B MMAKOM renmm
CKYIO CyMMy rejHsi. B sToM caydae ,0CTaTOYHO BBICOKHe Temme-
. u

paTyphl* O3HayaioT, 4TO HHTerpal (1/h) S(m}cz/.?) HMeeT 60.iblLoe
0

3HaueHHe Aa# x (0) —moJiokeHHs OfHOTo aToMa U x (U)—mnonoxe-
nusi gpyroro atoma. Ecim d-—cpejiHee MeXXaTOMHOE pacCTosiHme,
u

TO BeJHYHHA X B CPejHeM paBHa d/u W MHTerpasn (l/ﬁ) S (mfcg/.?) no

0
NOpPSJAKY BeJHYHHB paBeH mkgTd*/2h*. Tlpu temneparype T 3>2K
mkgTd?
Xp< oh? >>1’

M IMepecTaHOBKH He MOTYT MrpaTh CYUIeCTBEHHOH pOJIH B BbIpae-
aun (11.51). Jdas nuzkux rtemnepatyp T (Gosbuiux suauenud U)
epecTaHOBKH OKa3blBAlOTCA cyllecTBeHHbiMH. Dosee Toro, mpuo.iau-
KeHHe, B KOTOpoM GyHkuus V [X; (u)—x;(1)] CYHTaeTCs HE3aBHCH-
MOl OT u AJA Haubo.lee BAXKHBIX TPAaeKTOPHH, CIPABENIMBO JHUIL
B TOM cJyyae, Korza BejuunHa U maja, Tak YTO KOOpAHHATHI
x (1) &~ x (0) [aOT CywleCTBeHHbIA BKJaA B HHTErpaJs IO TPaeKTOPHH.
JIJI7 HU3KHX TeMIepaTyp x(u) MOXKET CHJbHO MEHSTBCH, CYUIECT-

BeHHO He yBeJuuuBas x°(u), M mostomy V (x;—X;) MOXKET H3me-
HATbCSA BJOJb TPAEKTOPHH.

UTo6bl ONHCATb A-NEPEXOf, Mbl JOJIKHBI pasobpareCs B TOM,
YTO MPOUCXOAHUT NPH HU3KHX Temmeparypax. Kaxiyio TpaekTopiio
B MHTErpaje MOXHO HarJsiJHO MpeICTaBHUTh cebe Kak JBHKEHHe
onpejeseHHON YacTHUB JKHAKOCTH M3 OJAHOH TOYKH NpPOCTPAHCTBA
B apyrytwo. IIpu 5ToM MepeMEeHHYI 4 MOXKHO pacCMaTpuBaTh KakK
BpeMsi, a X;(4)—KaK KOODAMHATYy i-§ YacTHUBI B MOMEHT ,Bpeme-
Hn“ u. Ecam mpu 3TOM nepeMeleHHH 4YacTHIbl BeJHYuHA X, (4)
CTAHOBHTCS CJHIIKOM 6OJbUION MM NoTeHUuan V NpHHUMAeT CJulil-
KoM GoJjbllMe 3HAa4YeHHA, TO JdHHAasi TPAeKTOPHS JaeT JHUIb Majbli
BKJaj B uuTerpana. I[lotenunan V [x;(u)—x;(«)] cTaHoBHTCSH 6GO.b-
MM, eCcJH B MOMEHT ,BpEMeHH“ u 4YacTHHbl { M j OKasblBaloTcs
6H3KO APYT K Apyry. KoHeuHo, Mbl He yTBEpXIaeM, 4YTO X;(u)
NEeACTBUTEbHO SABJASETCS KOOPJIMHATOH HEKOTOPOro atoMa B peaJib-
HBIE MoMeHT BpeMeHH. Ho Tako#l cmoco6 ONHCAHHS IO3BOJSET
5()peKTHBHO HCI0/b30BaTh (PU3HYECKHE HHTYHTHBHbIE IPEICTABIEHHA.

PaccMOTPHM TePecTaHOBKY, B pe3yjbTaTe KOTOPOH yacTHIA H3
nosoxenuss A mepememaercs B MOJOXeHHe B, B TO BpeMs Kak
yacTHIla H3 NoJoxeHHs B nepeMeliaercsi B KAK0e-TO TPeTbe MOJIO-

sxeHue (¢ur. 11.35). PaccmoTpum BKJ1aJ B HHTErpaJl (1/h) ZS (mx*/2),

CBA3aHHBIl ¢ MepeMemieHHeM yactHubl A.
Korna uactuna A mepemelaercss B MoJoxeHue B, OHa H0/XKHa
KaKUM-TO 06pa3oM H30exaTh IepeceyeHHs ¢ JPYTHMH YaCTHUAMH,

393



Fn. 11. Ceepxrekyuecrts

Hanpumep c uactHuell C. Urobbel momacTb B moJsoxenue B 3a Bpe-
Ms 4, yacTHua A JOJIKHA JBHraThcs JOCTATOYHO OLICTPO, MNpeo-
nosieBas 310 paccrosinHe. CKOpPoCTh X 4acTHUB A BeJIHKA M MOXKET
3HAYHTEJbHO YBEJIHYHTbCS, ecaH yacTHua A 6yaer o6XOAUTh uac-
Tany C, uto6bl ¢ HeH He CTONKHYTbeA. [To3TOMY MOXKET OKasaThes
BEIFOJHee, 4TOObl yacTHHA C BBITaJKHBaJach B CTOPOHY C NMYTH
yactuiel A. TlpeAnosoxuM Temnepb, 4TO paccrosiiue ot A no B
PaBHO r H 4TO Ha 3TOM IIYTH HMeeTCs A YacTHL, KOTOpHie JOJKHbI
OLITh BBITOJKHYTH B CTOPOHY. HHCA0 £ N0 MOPAAKY paBHO r/d,

QUr. 11.35.

O O @ O O O [Tepecranoska,

O B pe3yabrare KOTOpoH

o® O o0~ 0 nepenemtacten ws
O NOJIOKEHHS A B OJOKEHHE

O O O B, a Apyrasi 1acTHua— u3

O nojokeHus B B xaxoe-to
O O TPeThbe NOJOKeHUE,

rie d—MexaToMHoe paccrosiune. Kaxkjaas uyacTHUa, Jexawmas Ha

TPAeKTOPHH JBHXKEHHs, JOJXKHA INepeMeCTHTbCs Ha paccTosHHe

nopsaaka d’, 4roObl He 0Ka3aTbCs CJHUIKOM GJIH3KO K yacTHie A.

UactHua A HaxoauTcs BOJH3H uacTHIBl C B TeueHHMe BpeMeHH

nopsaaka u/n, tTak 4to dactHua C B TeUeHHE 3TOro BPEMEHH JIOMKHA

JABHraThcsl CO CKOpocTelo d’/(u/n); NPH 3TOM BKJaj B HHTerpas
u

(l/ﬁ) SZ (m)&,?/Q) OKa3blBaeTCA PAaBHBLIM
61

LA
oh \uin) n= ok '

CnenoBaTenbHO, # 44aCTHI AAAyT BXJaj, PaBHHIH
md®n? _ m <d’ 272
ohu  2h2 d> B-

Bkaag or mepemeleHnsi caMoii wacTuusl A pasen mr?/2h*B. Cie-

J0BaTe/JbHO, YueT B3aHMOAEHCTBHS 4YACTHI[L CBOZMTCS K 3aMEHe

MHOXKHTES  exp (— mr/2h*B) Ha exp (—ymr¥/2h%B), rae y=

= 1+ (d'/d)?.

B nasnbpefimux pacuerax Mbl 6yJeM MoJaraTh, 4TO Y HE 3aBu-
cAT ot r u P. Kax NMokasplBaloT NpHBEJEHHBIE DACCYXKIACHHS, TaKoe
NpeANnoJOKEHHe He ABJsETCS CJHIIKOM Hepa3yMHBIM. (OTMeTHM,
OJHAKO, 4TO JJis NepeMerneHHH nopsaka d He Tpebyercd 6GONbIUHX
nepeMeleHUA JPYrHX YacTHL, TaK YTO Y MOXET OHTh MeHbllle i/
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§ 10. A-nepexon B MAKOM renwm

Magabix r. B ToM cnayuwae, Korja CcKoOpocTb OCOBEHHO BeJIHKa,
TAKXKe MOXET OKasaTbCfl, YTO YaCTHUE BHIrogHeH NpPOATH uepes
06/1aCTb OTHOCHTEJbHO GOJBIIMX 3HAYEHHH NOTEHUHAJSa, YeM Bbi-
3BaTh GBICTPOE mepepacnpejesnenue ApYrux uactuu. CilegoBaTesbHO,
BeJHUMHA 7Y ONATh MOxeT ObiTb MeHbine. OgHako Mbl He Gynem
YUYUTHIBATh 3TH JETaJH.

Y 106HO onpeaeaHTh 5(beKTHBHYIO Maccy m’ COOTHOLLEHHEM

my=m',

TOrJa BBIYUCJEHHBIH BhIllle BKJ4ajJ MOXKET ObTb 3a0HCAH B BHIe
exp (—m'r*/2h*8). TakuM 06pa3zoMm, ¢ TOUKH 3DEeHHs MeToJa HHTer-
PUPOBaHHSA MO TPaeKTOPHAM YacCTHIA B XKHAKOCTH BejeT cebs ro-
JOOHO YacTHle HAeaJbHOTo rasa c¢ maccod m'v,

Mbl NPHXOIHM K Ba)KHOMY BBIBOAY, 4TO B3aHMOJEHCTBHE Mexay
YacTHLAMH HOCHT CKOpee ,KHHETHUeCKHH®, ueM ,IOT€HUHAJbHBIY
xapakrep. KuHeTHuecKoe B3aUMOJeHCTBHE MeHSeTCA KaK r*B, B TO
BpeMs KaK NOTeHLUHaJbHOe —KaK rf (3TO MOXHO MOKa3aTb, OLEHH-
Bas BKJ/aJ MMOTEHLUHala B MHTErpaj 3a CYeT TPaeKTOPHH, KoTopble
NpOXolAT uyepe3 06JacTH ¢ GOJIbLIHM 3HAYEHHEM MOTEHUHAJa).

TakuM o6pasom, cTaTHCTHYECKAasi CYMM@ B CJyuyae HH3KHX TeM-
neparyp NPHHHMAET BHJ

- L m_\oN/ _m — PR,)?
e "N!li-‘-u{(?nﬁw) exp< s 2 (R PR,))X
Xp(Ry Ry ..., Ry)dR,d°R,...d"Ry. (11.52)

ITocneanuit MHOXKHTENb 0GYCJIOBJEH BKJaJOM MOTEHLHAJLHOMN SHep-
THH Haua/JbHOH KOHQHrypaumu. Bup MHOXHTEns (m'/2nh*B)3N/z ge
BIIOJIHE OYEBHJEH, TaK KaK HeJIOCTaTOYHO SCHO, KAaK H3MeHeHHe
3(peKTHBHOM Macchl B MHTerpaje IO TPAEKTODHH MeHSIeT HOPMH-
poBKy HHTerpasa. bosee Touno 610 6bl 3amucaTh HOPMHPYIOLLUIT
MHOXKHTeIb B Buae Kp(m'/2n/k*B)3N/2. st HpOCTOTH MBI He 6ynem
VUHTHIBaTb K. MHOXHTeab p, OueBHAHO, Ma] /5 TeX HAYaJbHbIX
KOHQHUTYpaUHH (COBHAZaIOHX C KOHEYHBIMH KOH(HTY pauusamiu),
B KOTODBIX aTOMbI mNepekphiBatoTcs. Hanpumep, MoxKHO HagesaTbes
MOJNIYyYHTh KAuyeCTBEHHO TMpaBHJ/IbHblE pe3yJbTaThl, BHGpaB p =0
B TOM CJydae, Koria Jiofble 1Be YacTHLUbLI C KOOPAHHATaMu R
OKa3biBAIOTCSl Ha PacCTOsIHHU, MeHblleM b (rae b= 2,6 A), u no-
jaras p=1 BO Bcex oCTaJbHLIX CJAydYasx.

[lepecTaHOBKH 4YaCTHLL MOXKHO HarJIsiHO INPEJCTABHTb B BHJE
MHOTOYTOJIBHHKOB cO cTpeaxamMu. Hanpumep, na ¢ur. 11.36 noka-
34HO HECKOJIbKO LHKJ/OB €IHHHYHOH JJIHHBl (YaCTHLBI, KOTOpHIE He
NepecTaBsIOTCsA); OIHH UMK AJHHOH 2 M 1Ba UMKAA JJHHOH 3.

U [lonyuennvie Bbille pesyanTaTh NpPHMEHHMB TOJMLKO AAs 603e-4acTHIL.
DepMH-uaCTHULI BeAyT ce6s Mo-IpyroMmy.
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Fn. 11, Ceepxrekyuects

Taxum o006pasoM, CcymMMa IepecTaHOBOK 2 B (11.52) cBoauTCcs K
P
CyMMe IO BCeM BO3MOXKHBbIM KOMOHWHALMAM MHOTOYTOJIbHHKOB.

TlokaxeM Tenepb, KaK OLEeHHTb BulpaxeHue (11.52) gas temme-
patyp, 6/MH3KHX K TemnepaTtype nepexoga®. JIpu Takux rtemnepa-
Typax MHOTOYTOJbHHKH, y KOTODHIX JJIMHA CTOPOHB IpeBbllLAeT
cpellHee MeKaTOMHOe paccrosHue d, 1alOT MaJabldl Bkjaax. [lostomy
MOXKHO TPeINoJOKUTh, YTO JJHHA CTOPOH BCEX MHOTOYTOJbHHKOB,
BKJIaJ KOTOPBIX CYLIECTBEH, HMEET BEJHYHHY Mopsiaka d.

O O O O QUr. 11.36.
50a O
O O 0O

o C D O O
O
0pY 500 O

O ITepecTaHOBKH HacTHL.

O O H3o6parken OHH UHKJA AHHON 2
M [Ba UHKJAAa NJAHHON 3.

Jna sananHo# koHpurypauuu atomoB (R,, R,, ..., Ry,) orpa-
HHUUMCS YY€TOM TOJBKO TaKHX NEepecTaHOBOK, A/ KOTOpPbX R; u
PR; umelor 6au3kde 3HaueHHs. [lpn 3ToM H3-3a HaAJAHUHA QYHK-
uMH o BkJaa B uHTerpas (11.52) naer quub Takoe pacnpejesieHue
ATOMOB B IIPOCTpaHCTBe, KOTOpoe OJH3KO K oJHOpoaHoMYy. Pac-

CMOTPHM CYMMY
Sew [—5%’%2‘.(&-—%»2] .

3HauuTeJbHLIE CABULH KOOpPAMHAT aTOMOB R;, NPH KOTOPHIX CO-
XDaHsieTCs OJHOPOJAHOE paclpejeseHHue, NPHBOAAT B pe3yJbTate K
nepecTaHoBKe BCeX aTOMOB H IIO3TOMY OCTaBJsIOT 0e3 H3MeHeHHH
3aMHCAHHYIO BHILIE CYMMY, KOTOpas MeHseTcs JHIL INPH He6oJb-
IIMX cABUTrax KoopAuHaT R;. Bausnue Heboaewux capuros R;, Ko-
TOpLE He NPHUBOAAT K IlepecTaHOBKe aTOMOB, MOXHO Y4ecTb, 3aMe-
nas R;,—PR; cpensuM MexatoMHbIM paccTosinueM d. [losToMy ana
BCSIKOTO OJHOPOJHOTO pacrnpeleseHHs aTOMOB Mbl MOMKEM 3aMeHHTb
CYMMY

’

3 exp [—2;;5 3 (R;— PR[V"

1 Bosee nogpoGHoe H3JOXeHHe cM. B nepBol H3 pabor [10].
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§ 10. A-nepexoa B KMAKOM renumu

caeaywoulefl BeJHUHHOMN:
! m’d*n (p)
Ep: e (—")

rae ' —cCyMMa 1O BceM IepPecTaHOBKAM Ha »KeCTKOH peulerke,
D
A7 KOTOPBIX COOTBETCTBYIOUIHE MHOTOYTOJBbHUKH IMOCTPOEHBI H3

JHHHA. COEIMHAWHX OMuKaAmUX cocenell, U n (p)—MOJHOE YHC/I0
CTOPOH B COBOKYIHOCTH MHOFOYTOJBHHKOB, OIpeJe/eHHOH MepecTa-
HOBKOH P. Mbl MOXeM Tellepb BLIHECTH 3Ty CYMMYy H3-MOjJ HHTer-
paaa B (11.52) u sanucars

’ ’
e~ BF = Const-<L>3N/2 . Z g—mdtn(p)/2hep,
2nh2p )

Bbluncsienne CyMMBL B 3TOM BBIPAXKEHHH MNPEJICTaBJSET ONpeleseH-
HYIO TPyAHOCTb. [TosTOMYy OnycTHM /ABa NMEPBBLIX MHOMHTEJS B Npa-
BOH 4acTH U BBeJeM BEJHYHHY Y= eXp (— m'd2/2fizﬁ). Torza Ham
HYXHO OyJeT BBLIYUCJHTD

e—BF _ Z' Yo,
P

TakuMm o6pasoM, Mb NPUXOAHM K cjelywouell npobaeme. Fmeercs
pelieTka, CoCTOAUIAs U3 TOYEK; Ha 3TOH pelleTKe Mbl MOXKEM CTPOHTh
MHOTOYTOJIbHHKH, COeAHHSsl JHHHSMH OJHKaflude coceiHHe TOUKH.
Kaxno# JHHUH COMOCTAaB/SIETCS] SHEPTHUs (m'd2/2ﬁzﬁ). Heobxoaumo
BbIYHC/IHTh CBOOOIHYIO 3HEPTHIO TaKOH cHcTeMbl. [TonoxHM uHC/I0
MHOTOYTOJIbHHKOB C $§ CTODOHAMH paBHBIM iy, W OGO3HAYHUM UYHCJIO
IEPECTAHOBOK H3 Ay MHOFOYTOJbHHKOB C S CTODOHAMH udepes
C(ny, Ay ...). Torma

e~BF — Y Cly, ny oy=2 /.
Ry, Rg, ...

Brlyucnenne srol CYMMbI TIDOBOJHTCS1 IPH JAONOJHHTEJbHOM oOrpa-
HHYEHHH, B KOTOPO€ BXOJHT I1OJTHOE YHCJO aTOMOB:

*

D sn,=N.

JT0 OrpaHHyYeHHe NPH BBLIYHCJEHHH CYMMbI MOXKHO HCKJIOUHTb C IO-
MOWIbIO OOBIYHOTO METOAA, B KOTOPOM KaIOMy aTOMY IPHIIHCHIBAETCSH
BECOBOH MHOXHTeJb T, a uucjJo N cuHTaercsl mepemeHHbIM (B ru. 1
poab T Hrpaa MHOxHTeab efr). IIpu 3TOM BHIUHCASIETCH CTATHCTH-
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n. 11. Ceepxtexyyects

yeckas CyMMa

@ \ ®
25/15 <ans>
Q=ett= X C<n1,n2,...>y<s=2 JAET e
=DVe PN (11.53)
N

Otrciofga MOXHO HaHTH cpeiHee uuc/J0 uacTHL N, KoTopoe, Kak
MOKHO BHJeTb, ONpelessieTcs Bpra}KEHHeM

Ny =140 _ 5% (11.54)

UTo6Bl BBIYUCJAHTE CTATHCTHYECKYIO CYMMY (11.53), HaM HeoOXO0AHMO
HalTH Kakoi-To cnocol npubaHkeHHOro onpefenenus C (1, n,, ...).
3anuuleM NpPUOJHKEHHOe Bbipa)KeHHe anas C:
R]s
$
C(nl’ Ry - ):H ng! *

S

rie R, eCTb YHCJIO CMOCOGOB MOCTPOEHHsI MHOTOYTOJIBHHKA C § Bep-
LIHHAMH Ha pelneTke H3 (N> Touek (Kaaas CTOPOHA MHOTOYTOJIb-
HHKa coeluHsieT OgaMxafllHe cocelHHe TOUYKH), IT0 NpuHOJIHKEHHE
OCHOBBIBAETCSl HAa CJEAVIOUIHX JNOMYUIeHHAX:

a) Uucsao cnocob60B NMOCTPOEHHS MHOTOYTOJbHHKA ¢ § CTOPOHAMH
npHOJHMXKEHHO He 3aBHCHT OT HaJHuYHs YyxkKe TOCTPOEHHbIX MHOTO-
yroJbHHKOB. B03MOXKHasi KOHKYpeHLUHS MeXAy MHOTOYTOJbHHKaMH
IJI9 JaHHOTO YHCJa aTOMOB YUYHTBLIBAETCHA € MOMOUIBIO MHOXHTEJS T.

6) Ecay JonyCTHTb BO3MOMXHOCTh MePeKPLITHS MHOTOYTOJIbHHUKOB,
TO 3TO He npHBepeT K 6oJbWOH OWHOKE B BBIYHCJIEHHAX.

B) Uucao n; JOCTAaTOYHO MaJjo, Tak 4TO 1Js JAHHOTO YHCJA 7
c/ayya#HO BBIOPaHHBIX MHOTOYTOJbLHHKOB € S CTOPOHaMH BepOST-
HOCTb TOTO, 4TO KakHe-iHGO MHOTOYTOJBHHKH COBNAAyT, MaJja.

Ilpu 3THX NpeanoJOKEHHAX YHCJO CNOCOOOB, KOTOPHIMH MOMXKHO
BbI6paTh #, MHOTOYTOJLHHKOB CO CTOPOHOH §, MPHGJHXKEHHO PaBHO

RS"S/ns!. YuuThiBas JAONYIIEHHE «a», MOJHOE YHCJA0 CNOcoO0B, KO-

TOPLIMH MO2KHO BbIﬁpaTh COBOKYINMHOCTH MHOTOYTOJIbHHKOB H3 ng
MHOrOYyTOJbHHKOB C § CTOPOHAMH, PaBHO

RYs
I]: ng!
Torna ypabHenue (11.53) npuHuMaeT BHA
Ri* 74 RS o (RyD)™ £r = [Rs(wr)s]™s
= 2 ol aren =R O X ==

Rys Ngy «a e =2 ny s
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§ 10. A-nepexoa B MMAKOM rennu

HJH
= kBT[RlT -+ 20 R, (yr)s] . (11.55a)

IlapameTp © ompene/sercs H3 ypaBHEHHS
(N>=R;t+ 22 sR, (y7)s. (11.562)
S=

Teneppr HaMm Hano onpefeauts R,. Ecam s=1, 1o Ham Hajno
ONMpefeJHTh R,—4HCA0 cnoco60B BHIGOpPAa OLHOH TOUKH M3 MOJHOTO
uhcaa <N)>, Koropoe, oueBHAHO, paBHO R,=<N)>. [Tostomy 6yaem
nucatb N BMecTo (N). Urobbl onpefeauth R, B 0o6leM cCJyuae,
BBeJleM /i, — YHCJ/I0 MHOTOYI'OIbHHKOB C S CTOPOHAMH, KOTOPble MOKHO
MOCTPOMTb, HAauHHash ¢ JaHHOrO aroMa. Torja 4mcao cnocoGoB, Ko-
TOPBIMH MOXHO [OCTPOHTb MHOTOYTOJIbHHK C § BePIUHHAMH, HauHHas
¢ moboro u3 N artomos, 6yler paBHO Nhg, HO NPH 3TOM KaxK/blH
MHOTOYTOJIbHHK MBI yuTeM s pas. CaejoBaTenbHO, HaxonuM R ;=N h/s.
Urobel COOHTH TPYAHOCTH, BO3HHKAIOLIHE I[PH DacCMOTPEHHH Tpa-
HHUIL, CHCTeMBI, OyJeM JIJA IPOCTOThI NpejnoJaratb, 4TO CHCTeMa
NOAYHHAETCA INEePHOAMUYECKHM T[PaHHYHBIM ycaoBHsM. Hampumep,
OyJeM CuHTaTh, uTO JByMeDHash CHCTeMa HMeeT TONOJOTHIO Topa.
OuenuM Tenepb Ay AJs [AOCTATOYHO OOJBIIHX S; NIPH 3TOM OyjeM
CYHTATh TeMIepaTypy CHCTEeMBl TaKOH, u4TO MaJble 3HAayeHHs S He
JAl0T CYINECTBEHHOTO BKJaaza B cymMbl B (11.556a) u (11.56a). Ipex-
MOJIOXKHM, UTO YHCJIO GJrKaHIIHX coceledl I/ KaXkJo# TOYKH pe-
uleTKkH paBHo [. PaccMoTpuMm 3afagy o caydalHbIX OayxIaHHAX
Ha peweTke. MMeerca [° paBHOBepOATHBIX cayyadHbIX GayxaHui,
KOTOpble HaYyHHAITCA C JAHHOTO aTOMa H COCTOAT M3 § INATOB.
I1pu BeIgHCJ/IEHHH g HAC HHTEPECYIOT TOJBKO Te OMyxAaHUsA, KOTOPble
3aKaHYHBAIOTCsl B HCXOJAHOH Toyke. OTHOCHTE/bHOE YHCJIO OJY¥XK-
JaHHH, KOTOpHIE 3aKaHYHBAIOTCSI B HCXOJHOH TOYKe, 06GpaTHO
MPONOPUHOHAJbHO 06beMy HPOCTPAHCTBA, B KOTOPOM 3TH Gayxja-
HHS MOTJH Obl 3aKOHYUTbcsl. [IOCKOJABKY pacCTOsiHHE OT HCXOJHOH
TOYKHM JO KOHEYHOH JJs THIHUUHOTO CJaydalHOro GJaYXKIAHHA 10
NMOPAAKY BeJHYUHB paBHO d}s (e d —ITHHA KaxIOro IIara), To
o6beM NPOCTPAHCTBA, B KOTOPOM OKaHYHBAeTCsl THIHYHOE GJyxiaa-
HHe, nponopuuoHaJjen s':. CrenoBarte/bHO, BeJHYHHA A NpoOmOp-
UHOHA/JbHA I5/s’/s 11a GoablHX S, rAe KO3bOHUHEHT [IPONOpPIHO-
HaJbHOCTH HE 3aBHCHT OT §. TakuM o6pasom, BhipaxkeHus (11.55a)
u (11.56a) npuHHUMAaOT BHJ

g=— NkgTt4c Z(W”S (11.556)

I—T-{—CZ (W”s, (11.566)
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In. 11. Ceepxrekyuects

rjie ¢—Ko3pbHLHEeHT NPONOPUHOHANBHOCTH. 51 oueHb GOJbLIHX S
npHBeJAEHHAA BHIUIE OUEHKA BeJHUHHB A HenpaBH/JbHa. Ecau oaua
uenoyka OJyxJaHU# MOXeT OXBATHTL OObeM, CpaBHHMBIH ¢ pas-
MepaMH Bcell CHCTeMsI, TO A, = [5/N, rae (1/N) —BepoSTHOCTL TOro, uto
cJaydannoe 6/1yxJaHHe OKOHUYHTCH B HCXOAHOH Touke (HJH Kakoii-
Jau6o apyroii BhlleenHoH Touke). CiefoBaTesnbHo, Gosee peasu-
CTHYeCKas OlleHKa AJaA h, JOJMKHA HMEThb BHJ
~f— 1 s
hs~< - +N>1.
DTo BbIpaxkeHHe oOHApYXHBaeT INPABHJbHOE IIOBEJEHHe NPH Mpo-
MEXYTOYHHX H OoablIHX s. B moboM caydae, opHako, CyMMb
B BoIpaxkenusx (11.556) u (11.566) cxomarca npu ty/ <1 u pac-
xoaatcs npH 1yl > 1. TIpH [A0CTaTOYHO BHICOKHX TeMmepatypax

OHF. 11.37.

TennoeMrocms

TenJgoeMKocTs BEJH3N

0 7 T A-TOUKH.

3HaueHHe Y MaJOo M CyMMa cxoautcs. IIpm 3THX TeMiiepaTtypax
YHCJO MHOTOYTOJBHHKOB TakKyKe He CJHUIKOM BeJTHKO, TaK UTO
NpPeANoOJOKEHHA «a» «6» H «B» NPEACTABJIAIOTCS JOCTATOYHO peaJiu-
CTHYeCKHMH. TI03TOMY MOXKHO 0KHMAATh, YTO HALIH Pe3yJbTaThl 6y ayT
KaueCTBeHHO NPaBHJBHLIMH Bbille A-TOukH. Brulpaxenus (11.556) u
(11.566) HanoMHMHAOT pe3yabTaTel, NOJyYeHHBle MJs1 Go3e-rasa
(em. 1. 1, § 8), ¥ NPHBOAAT K YBeJNHYEHHIO TENJOEMKOCTH C YMEHb-
meHHeM TeMmnepatypul. PopMa KpHBOH 3aBHCHMOCTH TEIN.JOEMKOCTH
OT TeMmIlepaTypbl B 3TOM cJy4ae nokaszaHa Ha cdur. 11.37.

TakuM o6pa3oM, IpUBeJeHHBIH pacyeT (KOTOpHIH Mpejnoaraercs
cnpaBeluBeIM Aast T > T,) nosBossier OGBSICHHTbL, [OYEMY Ten-
JoeMKocTb C Bo3pacraeT npH npudanxkendd T K T CO CTOPOHEI
f6osee BBICOKHX TeMneparyp. JTOT pacyeT He JaeT, OJIHAKO, TOH
0COGEHHOCTH Ha KpHUBOH TeNJOeMKOCTH, KOTopas II0KasaHa Ha
¢ur. 11.34, uto, Mo-BHAHMOMY, OODBSCHSETCS HCIOJIb30BAHHEM I'py-
6b1X npubIHXeHul NpH nepexoje oT ¢dopmyan (11.52) k (11.55a).
JIpyTHMH CJIOBaMH, Mbl Mpejillo/araeM, yTo 6oJjee NpaBHJBHEIN yyer
pacrnpejie/leHHsl aTOMOB TeJHsl MO 00beMy C IOMOWIbIO PYHKUHH O
B (11.52) npuBener K 3T0fi 0COGEHHOCTH Ha KPHBOH TeIJIOEMKOCTH.
Kukyuu u apyrue asropsl [18,19] B cBoux paboTax MoKasaJd, uTo
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Nurepatypa

H IIPOBECTH 60Jlee TOUHBIE BBIYHCJ/ICHHSA, HAYHHaA C q)OpMlebI

.02), TO MOXHO NOJYYHTh OECKOHEYHBI# pOCT TeNJOeMKOCTH.

3adaua. OGBACHUTL, YeM TNPHBEJEHHLIE Bbillle BLIYHCJEHHS ¢
NIOMOIBI0 MHOTOYTOJILHHKOB OTJHYAlOTCS OT BBIYMCJ/IEHHH, Mpo-
BelleHHbIX B TJ. b ajas npobuembl OHcarepa.
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